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Kurzfassung
Diese Dissertation bescha¨ftigt sich mit der Entwicklung und Anwendung feldtheoretischer Metho-
den zur Untersuchung stark korrelierter Vielteilchensysteme. In diesen stark korrelierten Systemen
treten aufgrund des kollektiven Verhaltens der einzelnen Freiheitsgrade neue physikalische Effekte
auf. Das theoretische Versta¨ndnis dieser Systeme erfordert ha¨ufig computergestu¨tzte Rechenver-
fahren zur Lo¨sung von interagierenden Vielteilchenmodellen frei von jedweden Approximationen.
Im ersten Teil der Arbeit verwenden wir klassische Monte-Carlo-Simulationen in Kombination mit
einem Renormalisierungsgruppenansatz, um die Existenz der “scratched”-XY-Universalita¨tsklasse
eindeutig zu beweisen. Diese Universalita¨tsklasse beschreibt den kontinuierlichen Phasenu¨bergang
aus einer kritischen suprafluiden Phase in Systemen, welche eine zweidimensionale hydrody-
namische Beschreibung erlauben, durch einen Mechanismus grundlegend verschieden von dem
Berezinskii-Kosterlitz-Thouless Scenario, welches von topologischen Defekten getrieben wird.
Dazu untersuchen wir den suprafluiden Phasenu¨bergang bei endlicher Temperatur in einem
modifizierten, zweidimensionalen, klassischen XY-Modell mit eindimensionalen Sto¨rstellen deren
Sta¨rken nach einem Potenzgesetz verteilt sind. Wenn der Exponent abnimmt, nimmt die Be-
deutung der Sto¨rstellen zu und der Mechanismus, welcher den Phasenu¨bergang treibt, wechselt
von der Proliferation von Vortex–Anti-Vortex Paaren zu der “scratched”-XY-Kritikalita¨t, welche
durch einen nicht universellen Sprung des suprafluiden Responsekoeffizienten gekennzeichnet
ist. Die Existenz der “scratched”-XY-Kritikalita¨t bei endlicher Temperatur und ihre Beschrei-
bung durch eine asymptotisch exakte Semi-Renormalisierungsgruppentheorie, welche zuvor fu¨r
den Suprafluid-Isolator Phasenu¨bergang in eindimensionalen Quantensystemen mit starken
Sto¨rstellen entwickelt wurde, wird numerisch in einem speziell dafu¨r entworfenen Modell be-
wiesen, welches minimale Korrekturen durch endliche Systemgro¨ßen aufweist. Im zweiten Teil der
Dissertation wird ein neuer analytischer sowie rechnerischer Ansatz zur Untersuchung stark kor-
relierter Vielteilchensysteme entwickelt. Anstatt die Lo¨sung von Vielteilchenmodellen ausgehend
von einem funktionalem Integral aufzubauen, wie z.B. in Pfadintegral-Quantum-Monte-Carlo-
Simulationen und diagrammatischen Monte-Carlo-Berechnungen, schlagen wir die Verwendung
funktionaler Integro-Differentialgleichungen vor, welche ausgehend von der Dyson-Schwinger-
Gleichung hergeleitet werden. Diese funktionale Integro-Differentialgleichung wird ohne jedwede
Approximation mit einem Homotopie-Ansatz gelo¨st, insbesondere wird dabei die “homotopy anal-
ysis method” eingefu¨hrt. In diesem Ansatz gibt es die Mo¨glichkeit, die funktionalen Ableitungen
exakt zu behandeln und damit leistungsfa¨hige Reihenentwicklungen durchzufu¨hren, welche sich
grundlegend von herko¨mmlichen Reihenentwicklungen in der Stro¨rungstheorie unterscheiden,
d.h., die resultierende Homotopieserie u¨berwindet die u¨blichen Paradigmen sto¨rungstheoretischer
Ansa¨tze in der Quantenfeldtheorie. Auf diese Weise ko¨nnen wir eine vollsta¨ndige Lo¨sung der
Dyson-Schwinger-Gleichung fu¨r das φ4 Modell auf einem zwei dimensionalem Gitter in seinem
stark korrelierten Bereich nahe eines Phasenu¨bergang zweiter Ordnung erzielen. Um zu diesem
Ergebnis ohne jedwede Vereinfachung zu gelangen, entwickeln wir die Expansion der “homotopy
analysis method” in Form von Baumdiagrammen, welches das Speicherproblem von Korrela-
tionsfunktionen ho¨herer Ordnung, wie z.B. der Vier-Punkt-Vertexfunktion, lo¨st. In Analogie zu
diagrammatischen Monte-Carlo Algorithmen fu¨hren wir einen Monte-Carlo-Algorithmus ein, um
alle mo¨glichen Baumdiagramme aufzusummieren, sodass die Homotopieserie auch zu ho¨heren




This thesis deals with the development and application of quantum field theoretic methods for
the study of strongly correlated many-body systems. In these strongly correlated systems new
physical effects arise due to the collective behavior of its individual constituents. The theoretical
understanding of these systems often calls for first-principles computational approaches.
In the first part of the thesis we use classical Monte Carlo simulations together with a renormal-
ization group approach to unambiguously establish the existence of the scratched-XY universality
class. This universality class describes the destruction of the critical superfluid phase in systems
which allow for a two dimensional hydrodynamic description by a mechanism fundamentally
different from the proliferation of topological defects. For that we study the finite-temperature
superfluid transition in a modified two dimensional classical XY model with power-law distributed
“scratch”-like bond disorder. As its exponent decreases, the disorder grows stronger and the
mechanism driving the superfluid transition changes from conventional vortex-pair unbinding to a
strong randomness criticality (termed scratched-XY criticality) characterized by a non-universal
jump of the superfluid stiffness. The existence of the scratched-XY criticality at finite temperature
and its description by an asymptotically exact semi-renormalization group theory, previously
developed for the superfluid-insulator transition in one-dimensional disordered quantum systems,
is numerically proven by designing a model with minimal finite size effects.
In the second part of the thesis we develop a new analytical and computational approach for the
study of strongly correlated many-body systems. Instead of setting up many-body calculations
in a functional integral approach as, e.g., in path integral Quantum Monte Carlo simulations
and diagrammatic Monte Carlo calculations, we propose the use of functional integro-differential
equations obtained from the Dyson-Schwinger equation. This functional integro-differential
equation is solved beyond any truncation scheme using a homotopy approach, in particular the
homotopy analysis method. It gives the possibility to treat the functional derivatives exactly and
provides a powerful series expansion technique fundamentally different from perturbation theory,
i.e., the resulting homotopy series overcomes the usual paradigms of perturbative calculations
in field theory. In that way we provide a full and unbiased solution to the Dyson-Schwinger
equation beyond any truncation scheme illustrated for φ4 theory on a two dimensional square
lattice in its strongly correlated regime close to a second-order phase transition. In order to
arrive at this result we develop the expansion of the homotopy analysis method in terms of
rooted tree diagrams. This also solves the storage problem of higher-order correlation functions,
e.g., the four-point vertex function. Moreover, in the same spirit as diagrammatic Monte Carlo
algorithms are used to sum up all connected Feynman diagrams, we introduce a Monte Carlo
algorithm to sum up all possible rooted tree diagrams which allows us to evaluate the homotopy
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We provide a full and unbiased solution to the Dyson-Schwinger equation illustrated for φ4
theory in 2D. It is based on an exact treatment of the functional derivative δΓ/δG of the
four-point vertex function Γ with respect to the two-point correlation function G within the
framework of the homotopy analysis method (HAM) and the Monte Carlo sampling of rooted
tree diagrams. The resulting series solution in deformations can be considered as an asymptotic
series around G = 0 in a HAM control parameter c0G, or even a convergent one up to the phase
transition point if shifts in G can be performed (such as by summing up all ladder diagrams).
These considerations are equally applicable to fermionic quantum field theories and offer a fresh
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We study the finite-temperature superfluid transition in a modified two-dimensional (2D) XY
model with power-law distributed “scratch”-like bond disorder. As its exponent decreases, the
disorder grows stronger and the mechanism driving the superfluid transition changes from
conventional vortex-pair unbinding to a strong randomness criticality (termed scratched-XY
criticality) characterized by a non-universal jump of the superfluid stiffness. The existence of the
scratched-XY criticality at finite temperature and its description by an asymptotically exact
semi-renormalization group theory, previously developed for the superfluid-insulator transition in
one-dimensional disordered quantum systems, is numerically proven by designing a model with
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In retrospect, the experimental discovery of superconductivity and superfluidity by Heike Kamer-
lingh Onnes in 19111 cannot be underestimated. Not only for the intriguing phenomenology of
the effects on their own and their elusive technical applications, the discovery of superfluidity
and superconductivity is a truly remarkable result. In a broader context, it is the first intriguing
demonstration that a physical system with many degrees of freedom observed at low energies can
show different and unexpected macroscopic behavior completely distinct from its microscopic
constituents. These experimental results ignite theoretical effort to understand the phenomena
of superconductivity and superfluidity, which eventually led to a radically new understanding
of many-body systems. Landau [6] associated to each distinct macroscopic behavior a local
order parameter classifying these macroscopic states into different phases of matter. In his
phenomenological theory, transitions between different phases are described by the continuous
development of a non-zero order parameter and the spontaneous breaking of the underlying
symmetry group. Bogoliubov’s theory of the weakly interacting Bose gas [7] was the starting point
for the theoretical understanding of the microscopic mechanisms at play and the theory developed
by Bardeen, Cooper, and Schrieffer (BCS) in 1957 [8] explained in detail the development of
the superconducting order parameter in Onnes’ experiment. These theories illustrated that the
collective and coherent interplay between the microscopic constituents over long distances of a
system made up of a large number of degrees of freedom leads to the development of a non-zero
order parameter. Together with the concept of the renormalization group [9, 10, 11], this collec-
tion of results is now known as the theory of second-order or continuous phase transitions. These
developments marked a paradigm shift: superfluidity, superconductivity, and other phenomena
described by the theory of second-order phase transitions are not understood in terms of a more
fundamental theory of the behavior of its constituents but by the concerted collective behavior
of the individual constituents governed by already known quantum mechanical laws. Systems
which necessitate such kind of understanding are called strongly correlated systems and the
superconductivity observed by Onnes was just the first example of such a system. From the
theoretical point of view understanding these strongly correlated systems is very challenging and
first-principles computational approaches are almost indispensable. In this thesis we present two
different approaches for the use of computational methods in the study of strongly correlated
systems.
By the time Wilson formalized the renormalization group ideas, which have led to a uni-
fied microscopic understanding of Landau’s concept of a local order parameter, the work of
Berezinskii [12, 13], Kosterlitz, and Thouless [14] demonstrated that there are strongly correlated
systems which demand for understanding beyond the concept of a local order parameter. Two
1Onnes, in his laboratory books, noted on the same day as superconductivity was discovered the unusual behavior
of liquified 4He below 2.2K [3]. In 1938 Pyotr Kapitsa [4] and John F. Allen together with Don Misener [5]
published their experimental results on the phenomenological properties of Helium II (by that time it was
already known that liquid 4He enters a low temperature phase called Helium II).
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dimensional Helium films [15, 16] and related systems [17, 18, 19] are experimental examples
which undergo this Berezinskii-Kosterlitz-Thouless (BKT) transition, which was found by purely
theoretical arguments. The most famous and simplest example for a microscopic model system
hosting a BKT transition is the classical XY model in two dimensions (2D). In this model, a
superfluid to normal liquid phase transition with a diverging correlation length, but without the
development of a local order parameter, is predicted [20]. The transition is driven by topological
defects, in particular the unbinding of vortex–anti-vortex pairs in the phase field of the 2D XY
model.
The question whether there exists in these systems an alternative mechanism for the destruction
of superfluidity fundamentally different from the proliferation of topological defects has been a
contentious one for several decades - especially in the context of disordered critical points. In the
first part of the thesis we give a final and conclusive affirmative answer to this question. For that
we study the finite-temperature superfluid transition in a modified 2D XY model with power-law
distributed “scratch”-like bond disorder. In this model it is possible to isolate the effective
degrees of freedom, which lead to the development of strong correlations and drive the transition
between distinct phases of matter. In that way we can obtain full analytic understanding and
predict the behavior of different observables. In particular, we show that as the exponent of the
power-law distributed “scratch”-like bond disorder decreases, the disorder grows stronger and the
mechanism driving the superfluid transition changes from conventional vortex-pair unbinding to
a strong randomness criticality - termed scratched-XY criticality. The scratched-XY criticality is
analytically described by an asymptotically exact semi-renormalization group theory previously
developed for the superfluid-insulator transition in one-dimensional disordered quantum systems.
We numerically verify its predictions by designing a model with minimal finite size effects - the
scratched-XY model - and use classical Monte Carlo simulations to unambiguously demonstrate
the existence of the scratched-XY universality class. Therefore, the computational approach
is used to check the correctness and reliability by comparing analytic results to first-principles
numerical simulations. In this case numerical simulations are a tool to verify or disprove a theory.
This is obviously the most powerful way to use the computational approach in the study of
strongly correlated systems.
The first part of the thesis is organized as follows. In Sec. 2.1 we review the asymptotically
exact renormalization group theory developed by Kosterlitz [20] for the 2D classical XY model.
In this section we introduce the numerical protocols needed to demonstrate the existence of
the BKT universality class. These protocols will also be used in a later section to verify the
existence of the scratched-XY universality class. In Sec. 2.2 we introduce the perturbative
renormalization group of Kane and Fisher describing the effect of an isolated impurity on the
hydrodynamic description of one-dimensional quantum systems. This is one of the main building
blocks of the semi-renormalization group theory and therefore we re-derive its main result in
the context of the XY model. Finally, in Sec. 2.3 we introduce the scratched-XY model and
show that it is analytically described by an asymptotically exact semi-renormalization group
theory previously developed for the superfluid-insulator transition in one-dimensional disordered
quantum systems. We then use classical Monte Carlo simulations together with the protocols intro-
duced for the BKT universality class to verify the existence of the scratched-XY universality class.
Whereas in the first part of this thesis we use the computational approach to verify analytic
predictions by first-principles numerical calculations, the developments presented in the second
part are driven by a different motivation. There are strongly correlated experimental systems
which defy any complete microscopic understanding. The fractional quantum Hall effect found in
1982 [21] in GaAs-AlGaAs heterojunctions in strong magnetic fields is described in terms of a two
dimensional electron gas forming an intrinsic topological ordered state [22]. This state is described
by a topological or global order parameter and is not formed due to long-range correlations of
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the electrons but by long-range entanglement [23, 24]. Details about the microscopic mechanisms
leading in these systems to the topological order is still under ongoing debate. Frustrated spin
systems with quantum spin liquid ground states [25] are another prominent class of models
where intrinsic topological order is realized. The experimental observation of these ground
states such as in cesium chlorocuprate crystals (Cs2CuCl4) or herbertsmithite (ZnCu3(OH)6Cl2)
is very challenging [26] and under active research [27, 28]. Moreover, the high-temperature
superconductivity found in 1986 by Bednorz and Mu¨ller in copper oxide compounds [29] and
later on in various other types of materials is a type of superconductivity different from the
one found by Onnes. Their unusual high transition temperatures cannot be explained by BCS
theory. Despite decades of experimental and theoretical research much less consensus about their
correct phenomenological description has been reached and the microscopic understanding of
these systems in all their varieties is still subject of ongoing research.
Therefore, the second and not less important motivation for the use of computational approaches
comes from these systems where no or little understanding about microscopic mechanisms driving
the development of strong correlations has yet been reached. In this case the theoretical effort goes
into building microscopic lattice or continuum models and first-principles numerical simulations
are used to solve these models. The computational approach aims to identify the effective degrees
of freedom dominating the low energy collective behavior in these models and consequently also
in the experimental systems. Common to all these systems is that the strong correlations arise
due to non-trivial interaction effects between the microscopic degrees of freedom. Unfortunately,
for the experimental systems which are the least understood the interacting microscopic models -
thought to capture the physics correctly - pushes the established computational approaches to
their limits. Experimental systems, which feature intrinsic topological order, are modeled either
by frustrated spin systems or interacting fermionic/bosonic systems in the presence of strong
magnetic fields or non-trivial band topology. The most prominent model, which is thought to
elucidate the physics of high-temperature superconductors, is the Hubbard model. In this model
the interplay between a variety of effects [30] can be studied, including the unusual normal state
behavior [31] of the high-Tc materials.
One of the most versatile techniques to solve these models in the strongly correlated regime is
the Quantum Monte Carlo (QMC) approach. Unprecedented insight has been gained with path
integral Monte Carlo methods for bosonic cold atomic systems [32, 33, 34] and even large scale
ab-initio simulations of superfluid and supersolid 4He [35, 36] are possible. For fermionic systems
in the presence of special symmetries, e.g., particle-hole symmetry, determinant Monte Carlo
simulations are a powerful tool [37, 38, 39]. However, in the absence of a positive expansion
scheme, which is the case in generic situations, Quantum Monte Carlo algorithms scale expo-
nentially and no further progress can be made. Diagrammatic Monte Carlo (diagMC) [40, 41]
has been introduced to circumvent the exponential scaling of QMC algorithms on the system
volume and inverse temperature in the case of a non-positive expansion. Instead of performing
the calculations like QMC approaches in a finite simulation box diagMC works directly in the
thermodynamic limit. It uses the perturbative Feynman diagrammatic expansion to sample the
series of connected Feynman diagrams by Markov chain Monte Carlo techniques. The scaling is
therefore exponential in the expansion order of the perturbative series. However, the biggest
obstacle for the diagMC approach is that in general the perturbative series is asymptotic or
divergent. The analytic continuation of the perturbative series into the strongly correlated
regime, where the single particle picture breaks down, is an unsolved problem ever since the use
of perturbation theory. Another set of techniques, which work directly in the thermodynamic
limit, are self-consistent field theories based on the embedding of impurity problems. They are
the true workhorse techniques for cutting edge ab-initio studies of strongly correlated systems
in material science. The most prominent example is the dynamical mean field theory (DMFT)
[42, 43], which is most successful in describing the local physics of the interaction driven metal-
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insulator transition. In order to incorporate non-local correlations, extensions to DMFT have
been proposed, e.g., the dynamical cluster approximation (DCA) [44] and the dynamical vertex
approximation (DΓA) [45]. These extensions rely on the non-trivial solution of complicated
impurity problems and further progress towards establishing the quality of the approximations
in the strongly correlated regime relies on the development of more advanced impurity solvers.
Even before the advent of large-scale computational approaches, the renormalization group ideas
were used as a powerful semi-analytic tool in the form of the perturbative renormalization group
[46, 47]. The development of the functional renormalization group (fRG) [48] provided a more
intuitive computational framework of the renormalization group ideas. Nevertheless, in general,
the resulting fRG equations are too complex to be solved without truncations and the quality
of these approximations in the strongly correlated regime is a delicate issue. Common to the
above methods is that they are all formulated in a functional integral approach. Another class of
techniques study ground state properties of interacting quantum many-body models directly in
the Hamiltonian approach, most prominently exact diagonalization (ED) techniques. In order
to overcome the direct scaling of ED with the dimension of the Hilbert space, the large scale
numerical optimization of ansatz wavefunctions has been introduced. It is well known that the
DMRG algorithm developed by White in 1992 [49] is equivalent to the variational optimization
of an ansatz wavefunction represented in terms of matrix product states (MPS) [50], a special
form of tensor network states. It can be rigorously shown that the approximation quality of the
matrix product states is bounded by the ground state area law of entanglement entropy and
therefore encounter severe difficulties at dimensions larger than one. Further tensor network
states such as projected entangled pair states (PEPS) [51] and the multi-scale entanglement
renormalization ansatz (MERA) [52] have been explored to extend the variational calculations
to 2D but much less is established about their approximation quality.
It may not be a coincidence that for the strongly correlated systems, which are the least under-
stood, these established methods are very limited and one can easily argue that due to the lack
of first-principles numerical methods our understanding of these systems is so poor. Therefore,
despite decades of research, developing new first-principles methods for strongly correlated
many-body systems remains an active field of research in theoretical physics.
The second part of this thesis is dedicated to these developments.
We first suggest to compare the computational complexity of the above established first-principles
methods in terms of their scaling with respect to the physical relevant quantity in the strongly
correlated regime, the correlation length. Based on this, we show that both Quantum Monte
Carlo simulations and diagrammatic Monte Carlo calculations asymptotically scale exponentially
in the strongly correlated regime. Nevertheless, we identify the flexibility of the quantum field
theoretic approach based on perturbation theory as the major advantage to overcome the lim-
itations of established methods. We demonstrate this flexibility but also its main limitations,
the convergence properties of these series expansions, by discussing the calculation of critical
properties from the quantum field theoretic method.
In order to overcome these limitations, we introduce a fundamentally different approach - both
from the analytic and computational perspective - to quantum field theoretic many-body calcula-
tions. Instead of setting up many-body calculations in a functional integral approach as, e.g., in
path integral Quantum Monte Carlo simulations and diagrammatic Monte Carlo calculations, we
propose the use of functional integro-differential equations obtained from the Dyson-Schwinger
equation (DSE) [101]. This functional integro-differential equation is solved beyond any trunca-
tion scheme by using the homotopy analysis method, which gives us the possibility to treat the
functional derivatives exactly and provides a powerful series expansion technique fundamentally
different from perturbation theory, i.e., the resulting homotopy series can overcome the usual
paradigms of perturbative calculations in field theory. By developing various new computational
techniques, we provide a full and unbiased solution to the Dyson-Schwinger equation beyond
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any truncation scheme illustrated for φ4 theory on a 2D square lattice in its strongly correlated
regime close to a second-order phase transition. We use this non-trivial though representative
microscopic model due to its simplicity as a benchmark for our new computational approach.
Although we have not yet applied our method to the model systems driving our research efforts,
the final result is obtained without any simplifications from first-principles and consequently we
are confident that the above considerations are equally applicable to these model systems.
The development is guided by the solution of two problems in different fields of computational
many-body physics. First, we point out a possible solution to the convergence issues of pertur-
bation theory in field theory limiting, e.g., the applicability of diagrammatic Monte Carlo in
the strongly correlated regime. Second, our approach shows how to handle functional integro-
differential equations beyond any truncation scheme and may also be used for the functional
renormalization group equation or Hedin’s equations.
The second part of the thesis is organized as follows. In Ch. 3 we discuss the comparison between
the computational complexity of QMC and diagMC. Ch. 4 reviews the perturbative field theory
approach to strongly correlated systems for the example of the 2D φ4 model in the continuum.
The main developments of the second part of this thesis are discussed in Ch. 5. In Sec. 5.1,
we illustrate the derivation of the functional closure of the DSE on the two-particle level first
for the φ4 model in 0D and in Sec. 5.2 for a field theory with general two-body interaction.
In Sec. 5.3 we introduce the homotopy analysis method for the solution of the 0D toy model.
Sec. 5.4 introduces the diagrammatic language of rooted trees and a Markov chain Monte Carlo
algorithm to sum up all rooted tree diagrams for the example of an elementary integral equation.




Application of computational methods





Strong disorder criticality in (1+1)D and
the superfluid transition
It is well known that in spatial dimensions D ≤ 2 long-range order is destroyed by thermal
fluctuations for systems with continuous symmetry and short-range interactions [53]. However, the
2D XY model describing the superfluid to normal liquid (SF–NL) transition at finite temperature
can still undergo a Berezinskii-Kosterlitz-Thouless (BKT) transition driven by the proliferation
of topological defects, in particular the unbinding of vortex and anti-vortex pairs [14, 20, 12, 13].
This transition features a universal jump of the superfluid stiffness Λ at the critical temperature
Tc, i.e., Λ(Tc)/Tc = 2/pi at the transition.
The fundamental question whether there exists an alternative mechanism for the destruction
of superfluidity fundamentally different from the proliferation of topological defects has been
a contentious one for several decades – especially in the context of the one-dimensional (1D)
superfluid–Bose-glass (BG) quantum phase transition [54, 55, 56]. While in the weak disorder
regime the transition is driven by the proliferation of instanton–anti-instanton pairs [“vertical”
vortex–anti-vortex pairs in the (1 + 1)-dimensional superfluid phase field] with a universal
critical Luttinger liquid parameter Kc = 3/2 [57, 58], the possibility of a different mechanism
in the strong disorder regime can not be ruled out. Using the strong disorder renormalization
group (SDRG) method, Altman et al. claimed that the Coulomb blockade physics of weak
links (strong potential barriers) can give rise to a new criticality in the strong disorder regime
[59, 60, 61, 62]. However, in this case the SDRG is uncontrolled as the fixed point solutions violate
the assumptions under which the approximate RG equations have been derived. Based on the
Kane-Fisher physics of weak links [63, 64], Pollet et al. developed an asymptotically exact theory
of the 1D superfluid-insulator transition and showed that rare weak links can destroy superfluidity
and give rise to a new criticality, the so-called scratched-XY (sXY) criticality [65, 66, 67]. The
hallmark of the transition is the relation Kc = 1/ζ, where ζ is a microscopic, irrenormalizable
parameter characterizing the scaling behavior of the bare strength of the typically weakest links,
J
(L)
0 ∼ 1/L1−ζ , in a system of size L.
However, the explicit relationship between ζ and the microscopic parameters is unknown, and
extracting ζ numerically or experimentally requires great effort. Strong finite size effects in the
1D Bose-Hubbard model with diagonal disorder were so far preventing a solid numerical proof
for the validity of the sXY scenario [67] – even to the extent that despite several large-scale
simulations, a consensus of the nature of the superfluid-insulator transition in the strong disorder
regime has not been reached [68, 69, 62, 70].
In this part of the thesis, we study the superfluid transition in a classical 2D XY model with power-
law distribution of parallel “scratches”. Due to its simplicity, this model shows minimal finite
size effects and ζ can be determined analytically. These properties enable us to unambiguously
demonstrate the existence of the sXY university class and verify the theory by Pollet et al. for 1D
superfluid-insulator transitions. We also show that the theory by Altman et al. fails to describe
the strong disorder critical point. Moreover, thanks to the fact that in the scratched-XY model
9
ζ is controlled by a microscopic parameter, an experimental verification for this new criticality
for a finite temperature phase transition is feasible.
In this part of the thesis we provide a self-contained discussion of the sXY universality class
in the context of the classical statistical field theory of the XY model. We do not introduce
the low energy, long wavelength description of one dimensional interacting quantum systems
where this new universality class was first suggested. In a first step we review the (SF–NL)
transition of the classical XY model in 2D. We outline the main steps of the derivation of the
coupled set of RG equations describing the BKT transition and afterwards discuss the analysis
of numerical finite size data with respect to the solution of the RG equations. These protocols
can be easily generalized to the strong disorder regime. Thereafter, we discuss the derivation
of the Kane-Fisher RG equation, which is the main building block of the asymptotically exact
renormalization group theory developed by Pollet et al. for 1D superfluid-insulator transitions.
In the last part we apply the renormalization group theory of Pollet et al. to the scratched-XY
model and use the fitting protocols introduced for the BKT transition to analyze the numerical
data in the strong disorder regime.
2.1. The XY model and the superfluid–normal
liquid transition
In this section we review the physics of the clean two dimensional classical XY model. We discuss
the renormalization group analysis of the Berezinskii-Kosterlitz-Thouless (BKT) transition, which
describes the unbinding of vortex–anti-vortex pairs. For later use we review how to derive from
the solution of the RG equations the hallmark of the BKT transition: the universal jump of the
superfluid stiffness and the exponential divergence of the correlation length at the transition.
Moreover, we show how the renormalization group flow of the superfluid stiffness, which is
obtained from the solution of the RG equations, can be fitted to numerical finite size data from
classical Monte Carlo simulations.







cos (θr − θr+µˆ) . (2.1)
We consider the model on a 2D square lattice with linear size L where r = (x, y) is the site index
and µˆ ∈ {xˆ, yˆ} is the unit vector along the bond in µ-direction connecting nearest neighbour
sites with a spin coupling J . This model has a global U(1) symmetry as the phase field θ can be
simultaneously shifted by a constant θr → θr + δ for all r leaving the Hamiltonian invariant.
In order to determine the properties of the system at low temperatures we calculate the correlation
function









where Z is the partition function of the system, β = 1/T the inverse temperature, and Re denotes
the real part of a complex number. At low temperatures it can be assumed that the phase θr is
slowly varying with r and therefore the classical XY model may be approximated by a classical






This theory has a high-energy cutoff determined by some small microscopic length scale L0
measured in units of the lattice constant. At this length scale we have introduced the coarse
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Figure 2.1.: A vortex in the phase field θ with charge q = 1. For the example the singular
configuration in the phase field is given by θ(r) = φ, where φ is the angle in polar
coordinates.
grained continuous superfluid phase field θ(r) and the microscopic superfluid stiffness Λ(L0).
Calculating the correlation function within the harmonic approximation, we obtain [71]
G(r) ∝ |r|− 12K(L0) . (2.4)
We have introduced the dimensionless parameter K(L0) = piβΛ(L0). This shows that for any
finite temperature T the correlation function has a power law decay and therefore no long-range
ordered phase can exist. This rules out any spontaneous breaking of the U(1) symmetry and
consequently any second-order phase transition. In a much more general context this is in
agreement with the Mermin-Wagner theorem [53], which states that in spatial dimensions D ≤ 2
long-range order is destroyed by thermal fluctuations for systems with continuous symmetry
and short-range interactions. On the other hand, at high temperatures, the correlation function
(2.2) can be computed within a high temperature series expansion. In this approximation an
exponentially decaying correlation function is found [71],
G(r) ∝ e−|r|/ξ, (2.5)





These results suggest two different regimes. From the theory of second-order phase transitions
it is well known that at criticality the correlation function has a power-law decay governed by
the universal exponent η. For the XY model in its harmonic approximation we find a power-law
decay governed by the microscopic model parameter η = 12K(L0) . This is in violation with the
expectations of the renormalization group ideas, which hints that the harmonic theory is a too
simplified approximation.
In the work of Berezinskii [12, 13] and Kosterlitz, Thouless [14] it was pointed out that the
harmonic theory neglects the periodicity of the variable θ. Taking this periodicity into account,
singular configurations in the phase field emerge as local minima. The effective degrees of freedom
in these configurations are called vortices and are defined by the line integral along a closed
contour C, ∮
C
dr∇θ(r) = 2piq where q ∈ Z. (2.6)
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Vortices are topological defects in the phase field as the vortex only contributes with charge q if
the closed contour C encircles the singularity, irrespective of the shape of C. An example of a
vortex with charge q = 1 is shown in Fig. 2.1. Simple thermodynamic considerations show that
indeed the topological defects can drive a phase transition.
The energy of a single vortex Ev in the harmonic approximation can be written as [71]






The core energy Ec(L0) accounts for contributions on small length scales beyond the harmonic
approximation such that Ev is independent of L0.
Therefore, as there are (L/L0)2 positions to introduce the singular configuration, the partition







where we have introduced the vortex fugacity y(L0) = e−βE
c(L0). The partition function grows
macroscopically large for K(L0) < 2 favouring free vortices for T > piΛ(L0)/2 whereas for
K(L0) > 2 no free vortices appear.
This simple argument suggests qualitatively different regimes but raises the questions about the
role of a collection of defects, especially vortex–anti-vortex pairs, i.e., pairs of defects of opposite
charge. In the following we review that these pairs renormalize the superfluid stiffness such that





The superfluid stiffness Λµ on a square lattice in µ direction can be determined by the response
of the free energy F = −T lnZ to twisted-boundary conditions in µ direction [73],
Λµ = lim
L→∞





and we define Λ =
√∏
µ Λµ. The asymptotically exact renormalization group theory describing
the phase transition in detail and developed in Ref. [20] is reviewed in the following.
2.1.1. Renormalization group theory of the 2D classical XY model
In order to account for the singular vortex configurations in the phase field we split the field
θ = θa + θs in an analytic and a singular part, where the latter accounts for the vortex
configurations. Parameterizing the vortex part as ∇θs = −zˆ ×∇φ the field φ is determined in
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Figure 2.2.: The RG trajectories in terms of the rescaled vortex fugacity y˜ and x˜ = 2 − K.
The trajectories are labeled by the RG invariant A = x˜2 − y˜2 where A > 0 (red)
corresponds to the superfluid phase and A < 0 (blue) to the normal liquid phase.
Without loss of generality it is assumed that the system can be tuned through the
transition by fixing the microscopic parameters and only varying the temperature T ,
i.e., A ∝ −B(T − Tc) (dashed line) where Tc is the critical temperature and B > 0
is a constant of microscopic origin.
Therefore, we can determine the energy of a field configuration in the presence of a given vortex
configuration by taking into account the solution of the 2D electrostatic problem (2.11),
HXY ≈ Λ(L0)2
∫











In order to arrive at this expression we have to demand charge neutrality of the vortex configura-
tion, i.e., ∑i qi = 0, and account for self interactions of each vortex by the vortex core energies
E
(c)

















In the following only vortices with |q| = 1 are considered. Assuming that there is a low
concentration of vortex pairs the contribution coming from these pairs can be integrated out
perturbatively. Accounting for vortex pairs between the minimum size of L0 and L′0 = L0(1 + d`),
K is renormalized to [73]
K(L′0) = K(L0)− 4piK(L0)2y(L0)2d`, (2.14)
and by rescaling distances such that the original cutoff is restored the vortex fugacity is renor-
malized to, cf. (2.7),
y(L′0) = y(L0) + (2−K(L0)) y(L0)d`. (2.15)
Introducing y˜ = 2
√





d` = (2−K)y˜. (2.17)
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Although the RG equations have been derived perturbatively to order y2, i.e., assuming that
only a single vortex–anti-vortex pair renormalizes K at each length scale, the equations are
asymptotically exact for K > 2 because in this case the vortex fugacity inevitably vanishes at
large length scales.
From the coupled RG equations we obtain the previously discussed Nelson-Kosterlitz criterion,
Kc = 2, (2.18)
and therefore we see that K exhibits a finite universal jump at the transition. The critical






d` = x˜y˜. (2.20)
The RG invariant is given by A = x˜2 − y˜2 and is an analytic function of the microscopic model
parameters and the temperature T . Fig. 2.2 shows that for A > 0 the RG trajectories describe
a flow which asymptotically approaches the fixed line with y = 0 defining the superfluid phase
whereas A < 0 describes the normal liquid phase with y → ∞ and A = 0 corresponds to the
critical point. Without loss of generality it can be assumed that the microscopic model parameters
are fixed and only the temperature is varied to tune the system through the transition. Therefore,
A can be expanded as A ∝ −B(T − Tc) where Tc is the critical temperature and B > 0 is a




(√|A|(`+ C)) , (2.21)
where for A > 0 , f(z) = tanh z and for A < 0, f(z) = − tan−1 z and C is another RG invariant.
The flow at the critical point (A = 0) is given by
x˜(`) = − 1
`+ C . (2.22)
Although the superfluid stiffness exhibits a finite jump at the transition, the RG equations
(2.16) describe a continuous transition, i.e., the correlation length diverges upon approaching
the transition from the normal liquid side. The correlation length is given as the length scale at
which vortex–anti-vortex pairs dissociate, i.e., y(` = ln ξ) ≈ 1, and perturbation theory breaks
down. From (2.21) and y(`) ≈ x(`) close to the transition, i.e., A ≈ 0, one obtains [71]
ξ ∝ e b√τ . (2.23)
The constant b depends on the microscopic model and we have introduced the detuning from
the critical point τ = (T − Tc)/Tc. Therefore, the correlation length diverges continuously
at the transition point by the unusual universal behavior (2.23), which is not a power law as
for second-order phase transitions. The behaviour of the correlation length is important to
qualitatively understand the stability of the critical point in the presence of disorder. The limit
of weak disorder can be analysed using the Harris criterion [74]. It simply states that a critical


















Figure 2.3.: The superfluid stiffness of the classical XY model in systems of linear size L =
16, 32, 64, 128, 256, 512 at various temperatures T . For L → ∞ the superfluid
stiffness develops a jump at the critical temperature Tc from a universal finite value
2Tc/pi to zero.





where, as usual, the detuning from the phase transition point is denoted by τ and for uncorrelated
disorder the effective dimensionality of randomness is Dr = D, the dimensionality of the system.
For the BKT transition the correlation length diverges faster than any power law, cf. (2.23). In
the context of the Harris criterion this implies ν = ∞. Therefore, we conclude that for small
disorder the superfluid transition is driven by the usual BKT mechanism of the unbinding of
vortex–anti-vortex pairs. Nevertheless, in the following we analyze the classical XY model in
the presence of “scratch”-like disorder, i.e., disorder in the form of line defects. It is known that
for line defects the effective dimensionality of the randomness is reduced to Dr = D − 1 [75]
and therefore the effect of weak disorder is already more severe. For the classical XY model
Harris’ criterion is still satisfied, but it is more likely that line defects can lead to a new strong
randomness criticality. Before discussing the classical XY model in the presence of line defects,
we introduce the fitting protocols to study the BKT transition numerically.
2.1.2. Numerical analysis
The BKT transition in the XY model can be numerically studied by measuring the superfluid
stiffness Λ(`) with ` = lnL in systems of finite size L (measured in units of the microscopic
lattice spacing) and fitting the data to the RG flow (2.21), (2.22). In path integral Monte Carlo
simulations the superfluid stiffness in a finite square system can be easily determined by the
Pollock-Ceperley formula [76] of winding number statistics,
Λµ(`) = T 〈W 2µ〉MC, (2.25)
where µ ∈ {x, y} is the label of spatial direction, Wµ is the winding number in that direction,
and 〈. . . 〉MC refers to statistical averaging.
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Figure 2.4.: The Weber-Minnhagen [78] mean-square-error σ by fitting the flow of Λ(lnL) for
L = 16, 32, 64, 128, 256, 512 (blue dots) and L = 128, 256, 512 (yellow squares) to
the critical flow (2.26) of the BKT universality class. The sharpe minimum of σ
determines the critical temperature Tc = 0.892(2) for the 2D classical XY model.
The numerical data for the superfluid stiffness at different temperatures T and for different
system sizes is shown in Fig. 2.3. It can be obtained by the classical Worm algorithm [77].
The data is analyzed with the protocol introduced by Weber and Minnhagen [78]. For each




`+ C . (2.26)
The fit depends on a single parameter, the RG invariant C. Therefore, the mean-square-error is
minimal at the critical temperature Tc. Fig. 2.4 shows that the mean-square-error has a clear
minimum at Tc = 0.892(2). We will use the same fitting protocol for the superfluid transition in
the presence of strong disorder. This procedure is based on the fact that there is only a single
parameter to fit and the accuracy is drastically reduced if two parameters have to be fitted. The
result for the critical temperature can be compared with high accuracy results for the BKT
transition, which report Tc = 0.8935(1) [79]. To obtain this high accuracy results, higher-order
corrections to the perturbative RG equations (2.16) have to be taken into account [79, 80, 81].
2.2. Kane-Fisher renormalization of a single
barrier
Before studying the classical XY model in the presence of “scratch”-like bond disorder, we discuss
the effect of a single barrier in the harmonic approximation of the superfluid phase field. In this










dxdy (∇θi(r))2 − t
T
∫
dy cos(θ+(y)− θ−(y)) (2.27)
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Figure 2.5.: The coupling of the harmonic modes of the superfluid phase field over a barrier
described by model (2.27). θi (i = 1, 2) labels the phase field of the left and right
superfluid and θ− and θ+ are the values of the left and right phase field at the
barrier.
The measure of the functional integral over θi is denoted by d(θi) and again r = (x, y).
It describes the coupling of the harmonic modes of the superfluid phase field over a barrier of
bare strength t at x = 0. Formally, we separated the infinite system into two subsystems with
θi (i = 1, 2) labeling the phase field of the left and right superfluid, i.e., θ1(r) = 0 for x > 0 and
θ2(r) = 0 for x < 0. The fields θ− and θ+ are the values of the left and right phase field at x = 0,
i.e., θ−(y) = θ1(0, y) and θ+(y) = θ2(0, y). The model is schematically illustrated in Fig. 2.5
If the y-direction is identified with the imaginary time direction for one-dimensional quantum
systems in equilibrium, (2.27) is exactly the model considered by Kane and Fisher [63, 64] to
describe the physics of interacting spinless fermions or bosons in 1D in the presence of a single
isolated large potential barrier, i.e., the coupling of two semi-infinite Luttinger liquids over a
single barrier. The main result of their analysis is presented in this section as it is one of the
main building blocks in the next section. Using a RG approach, Kane and Fisher showed that
for K > 1 the barrier is irrelevant at large length scales and the phase field becomes continuous
across the link whereas for K < 1 the barrier cuts the system into two pieces such that the phase
fields are independent of each other.
To show this for model (2.27), we integrate out the harmonic fluctuation of the superfluid phase
field away from the barrier at x = 0. For this we introduce the field
θ(r) =
{
θ1(r) for x ≤ 0
θ2(r) for x > 0
(2.28)
and the auxiliary field λ(y). In terms of the new fields the partition function for (2.27) can be
rewritten up to numerical constants as,
S = K2pi
∫
dxdy (∇θ)2 − t
T
∫








d(θ, θ0, λ) e−S (2.29)
where we use the representation of the delta distribution to introduce the effective field θ0(y)
at x = 0 and denote r± = (0±, y). In this representation we first integrate out the field θ and













The field θ˜0 denotes the Fourier transform of θ0 and we explicitly indicate the high-momentum
cutoff Λ of the continuum model (2.27), which holds up to some microscopic length scale, which
is set to unity.
The effective model is equivalent to the Caldeira-Leggett model in a periodic potential and the
RG analysis used by Fisher and Zwerger [82] to study this model is by now a textbook example
for the perturbative momentum shell RG [83, 84]. We split the field θ0 into fast and slow modes,








The action (2.30) is split into Seff[θ] = S0[θ] + t/TS1[θ] and to first order in t/T the partition
function is rewritten as
Z =
∫





d(θf ) e−S0[θf ]
∫





Therefore, integrating out the fast modes rescales the bare strength of the barrier by a factor of
b−
1
K . Restoring the high-momentum cutoff for the slow modes rescales the distances to y′ = y/b








The dimensionless quantity K is not renormalized to any order in t/T [82].
Therefore, we see that for K < 1 the renormalized strength of the barrier flows to 0 and therefore
cuts the system into two independently fluctuating superfluid phase fields. For K > 1 the
renormalized strength of the barrier flows to larger values and the flow has to stop at some length




This length scale is referred to as the clutch scale because at this length scale not only perturbation
theory breaks down but also the phase field to the left and right of the barrier can be considered
to be a single fluctuating superfluid phase field. As the high-momentum cutoff is fixed and all
length scales are measured in units of a fixed microscopic length scale it is important to note for
the next section that if we consider the model (2.27) in a finite box of size L the system size is
rescaled to L/L∗ when the clutch scale L∗ = exp(`∗) is reached. With this discussion we have
gathered all necessary ingredients for the discussion of the 2D classical XY model in the presence
of power-law distributed “scratches”, which, as we will show, hosts a new strong randomness
critical point.
2.3. The scratched-XY model
Finally, in this section, we introduce the scratched-XY model and show that in this model
the critical superfluid phase is destroyed by a fundamentally different mechanism from the




J0(r, µˆ) cos(θr − θr+µˆ), (2.36)
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where r = (x, y) is the site index of the square lattice, µˆ ∈ {xˆ, yˆ} a unit vector along the bonds,
and J0(r, µˆ) the corresponding coupling. Our units are J0(r, yˆ) = 1 and lattice spacing a = 1.





0 dJ0 , J0 ∈ [0, 1] , (2.37)
where Γ < 1 is the only parameter of the model. The bare strength of the typically deepest
scratch J (L)0 in a square lattice with linear size L can be estimated by imposing that finding at




p(J0)dJ0 ∼ 1 . (2.38)






where ζ = 1− Γ . (2.39)
Another property of the distribution is that on every new length scale the expectation value of
the number of the typically deepest scratches corresponding to the new scale is just one. This
follows directly from (2.38).
Without disorder, i.e., Γ = 0, we recover the clean XY model (2.1). As we have reviewed,
it undergoes a BKT transition at a critical temperature Tc(Γ = 0) = Tc = 0.8935(1). The
scratched-XY model can also be seen as the generalization of the famous McCoy-Wu model [85]
from Z2 symmetry to U(1) symmetry. In contrast to the McCoy-Wu model where the Ising (Z2)
universality in 2D with ν = 1 is unstable against introducing line defects the BKT universality is
stable against introducing weak “scratch”-like bond disorder, cf. Sec. 2.1. Therefore, in the limit
of weak disorder, Γ→ 0, the mechanism driving the superfluid transition does not change.
In the following we will use the semi-renormalization group theory developed by Pollet et al. to
show that at strong disorder the superfluid phase gets destroyed by a fundamentally different
mechanism and the phase transition is described by a new universality class. It will also become
clear that Tc(Γ = 1) = 0 in analogy with the diluted Ising model [86].
2.3.1. Semi-renormalization group theory of the scratched-XY model
We consider the scratched-XY model (2.36) for temperatures T < Tc(Γ = 0). Because of the
presence of deep scratches with J0  1, starting from mesoscopic scales, the system can be viewed
as superfluid regions joined by barriers formed by single or consecutive scratches. Therefore, in
addition to the topological defects, the superfluid stiffness in the x-direction will be renormalized
by the barriers connecting adjacent superfluid regions. Quantitatively, the action S that describes







dxdy (∇θi)2 − t
T
∫
dy cos(θ+ − θ−) . (2.40)
We have rescaled x and y and K = βpi
√
ΛxΛy. Here θi (i = 1, 2) is the phase field of the left
and right superfluid, θ− and θ+ are the values of the left and right phase field at x = 0, and
t is proportional to the bare strength of the barrier. The renormalization of the strength of
the barrier by harmonic modes in the phase field, reviewed in Sec. 2.2, is described by the
19







where t(`) is the renormalized strength of the barrier at length scale `. Since the critical value
Kc ≥ 2 (vortex–anti-vortex pairs will proliferate below K = 2), the bare strength t will be
renormalized towards strong couplings and the RG flow (2.41) stops at the clutch scale `∗ where
t(`∗)/T ∼ 1 [66, 67]. When the clutch scale is reached, the system size has been rescaled by a
factor 1/L∗ with L∗ = exp(`∗). At scales much bigger than the clutch scale, the effect of the
barrier on renormalizing the superfluid stiffness is






where `0 is some mesoscopic scale. The effect of a single weak barrier on the superfluid stiff-
ness of a finite (1+1)D system in its harmonic approximation is discussed in more detail in App. A.
In the following we assume that the barriers are formed by single scratches and consecutive
scratches play a subdominant role (numerically justified later). In the scratched-XY model
with well-separated typical deepest scratches, cf. Eq. (2.38), it is possible to write down a flow
equation which accounts for the renormalization effect of the scratches on different length scales
successively, i.e., we set up a renormalization group flow in the system size. Moreover, the
theorem of self-averaging [65] allows us to write the RG equation in terms of the median of Λ−1x
instead of the full distribution. This theorem guarantees that the distribution of the superfluid
stiffness (along the x direction in our case) flows towards a δ-like distribution in the superfluid
phase including the critical point [65].






Rewriting Eq. (2.43) in terms of the parameter K and introducing w(`) = L∗/L leads to
dK(`)
d` = −w K
3 , (2.44)
where we have rescaled w to absorb unimportant coefficients. The clutch scale implicitly depends
on the system size through the strength of the typical deepest scratch. Due to the Kane-Fisher
RG the typical deepest scratch picks up a renormalization factor,








































Figure 2.6.: A plot of the disorder averaged K(lnL) for L = 16, 32, . . . , 512. The brown dashed
line is a plot of the critical 1/ζ line. We find a critical value of Γc = 0.764(2) (vertical
grid line) with a non-universal value of Kc = 4.24(4) (upper horizontal grid line) at
the transition. The non-universal value of Kc is larger than in the BKT case where
Kc = 2 (lower horizontal grid line).
On the right-hand side we used the Taylor expansion of K(`) together with (2.44) to substitute
K(`∗) = K(`) to leading order in w.
Therefore, for 1/ζc > 2, a new strong randomness criticality emerges where the superfluid
transition is driven by scratches and the vortex–anti-vortex pairs play a subdominant role.
Consequently, we can neglect the vortex–anti-vortex pairs in studying this new criticality, and
the critical condition is given by
Kc = 1/ζc. (2.48)
To analyze the coupled RG-equations we perform the same analysis as for the BKT transition.
Near the strong randomness critical point, it is convenient to introduce x(`) = K(`)− ζ−1c and
linearize the RG equations (2.44), (2.47),
dx˜
d` = −w˜ (2.49)
dw˜
d` = −2x˜w˜ , (2.50)
where x˜ = x ζ2c (1− ζc)−1/2 and w˜ = w/ (2 ζc(1− ζc)) are rescaled x and w, respectively. The
RG invariant A = w˜ − x˜2 is an analytic function of the microscopic parameters ζ and T , and
A = 0 corresponds to the critical flow. At fixed temperature and near the critical point (T, ζc),
A ≈ B(ζc − ζ) where B is a constant, and ζ = 1− Γ acts as the tuning parameter. The solution
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Figure 2.7.: The log-log plot of the distribution of renormalized strengths t(`) at Γ = 0.7 for
L = 8, 16, 32 from 8× 105, 1.2× 106, 2.0× 106 disorder realizations (in contrast to
a few thousands in [70]). The slope of the tail keeps changing until small enough
t(`) (requiring a sufficient number of disorder realizations) is reached. The tail part
on the log-log scale is perfectly fitted by a linear line with a slope 0.43(1), which
agrees with the exponent 1/Γ− 1 within error bars. Therefore, the barriers joining
adjacent superfluid regions are formed by the individual deepest scratches.
where A > 0 , f(z) = tan z on the superfluid side, A < 0, f(z) = tanh z on the disordered side,
and C is another RG invariant. The flow at the critical point (A = 0) is given by
x˜(`) = 1
`+ C . (2.52)
The solutions of the RG equations (2.49) are used to extrapolate finite size data to infinite system
size. To this end, we define the universal scaling function F (z),





where z = (ζc − ζ)(lnL + C)2. The universal scaling function F (z) has the property F (0) =
2(1 − ζc)/ζ2c . Therefore, using the semi-renormalization group theory we have obtained full
analytic control over the scratched-XY model and derived the renormalization group flow for
K(`). In the following we will use classical Monte Carlo simulations to numerically obtain the
flow of K(lnL) with system size L and show that this flow is perfectly described by the one
derived from the semi-renormalization group theory.
2.3.2. Numerical analysis
To numerically establish the strong randomness criticality, we study the superfluid response
of the scratched-XY model at fixed temperature, T = 0.2, by tuning Γ. For a square lattice
with linear size L, we first draw L random scratches J0 according to the power law distribution
(2.37). We then perform simulations by using the classical Worm algorithm [77]. In writing
down Eq. (2.43), we assumed that the barriers joining adjacent superfluid regions are formed
22
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(ln(L) + C) over (ζc − ζ)(lnL + C)2.
With ζc = 0.236(4) and C = 3.86(5), all the finite size data collapse onto a single
line satisfying the constraint F (0) = 2(1 − ζc)/ζ2c . The critical Kc is given by
Kc = 1/ζc = 4.24(7) > 2 as predicted by the strong randomness criticality.
by the single deepest scratches, i.e., the distribution of the bare strength of the barriers p(t) at
large length scales is given by (2.37). We justify this assumption by studying the distribution
of the renormalized barrier strengths, p(t(`)), from a large number of disorder realizations in
systems with mesoscopic system sizes L. Since strong barriers act as Josephson junctions, the
supercurrent response j under a phase twist ϕ is given by
j = ∂F
∂ϕ
= t(`) exp(−TL/2Λ) sinϕ, (2.54)
where F is the free energy of the system under a phase twist in the x-direction, Λ is the superfluid
stiffness of the left and right superfluids, t(`) is the renormalized strength of the barrier, and
exp(−TL/2Λ) accounts for the effect of supercurrent states at finite temperature [87]. The
renormalized strength t(`) can then be readily related to the winding number fluctuations in the
x-direction by taking a second-order derivative of F with respect to ϕ. Since t(`) is obtained
through the supercurrent response under a phase twist across the system, t(`) is determined
irrespective of the microscopic origins. As the clutch scales of anomalously strong barriers will be
much bigger than L, they will pick up a common factor due to the Kane-Fisher renormalization
(2.41). Consequently, the tail of the distribution of the renormalized barrier strengths p(t(`))
will be the same as the distribution of the bare barrier strengths. As can be seen from Fig. 2.7,
the tail part of the distribution of p(t(`)) is described by the same power-law distribution as
(2.37). Therefore, the barriers joining adjacent superfluid regions are formed by the single deepest
scratches. Moreover, the power law exponent of the tail of p(t(`)) does not flow with system
size. This is in sharp contrast to the theory of Altman et al., which predicts a flow of the power
law exponent governing the tail of the distribution of the renormalized strength of the barriers,
i.e., strong barriers are joined to form even stronger barriers. The value of t(`) at which this
power law behaviour sets in decreases for increasing system sizes. Therefore, a large number
(> 106) of disorder realizations is needed to resolve the genuine tail behavior. Moreover, it should
be pointed out that although the renormalized strength of the barrier as well as the superfluid
stiffness is determined through the supercurrent response under a phase twist across the system,
these are distinct physical quantities. We have argued that the tail part of the distribution of
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Figure 2.9.: The Weber-Minnhagen [78] root-mean-square-error σ by fitting the flow of K(lnL)
for L = 16, 32, 64, 128, 256, 512 to the critical flow of the sXY criticality (red dots,
lower and left axis) and to the BKT criticality (blue squares, upper and right axis).
While σ displays a sharp minimum at Γc = 0.764(2) for the sXY RG, there is no
such minimum for the BKT RG.
the renormalized strengths is given by anomalously strong barriers such that the clutch scale is
much bigger than the system size. Consequently, the Kane-Fisher RG flow is not yet completed
and the whole system is still described by the harmonic modes of two superfluid phase fields
weakly coupled to each other, cf. Sec. 2.2. Thus, a single harmonic description for the whole
system does not hold at the length scales probed by the system size and therefore calculating
the superfluid stiffness also has to account for this.
Having justified the key assumption in deriving the strong randomness RG equations, we continue
to perform measurements for different system sizes in order to verify the sXY criticality. As
already introduced the superfluid stiffness is related to the winding number statistics by the
Pollock-Ceperley formula [76],
Λµ = T 〈W 2µ〉 , (2.55)
where µ ∈ {x, y} is the label of spatial direction, Wµ is the winding number in that direction, and
〈· · · 〉 refers to statistical averaging. Since the RG equations (2.44), (2.47) can also be understood
in terms of the mean of the full distribution (medians are only needed for the inverse quantities)
we average over a big number of disorder realizations (typically 5000 or more) to extract the
observables. To determine the strong randomness critical point, we need to extract K(∞) from
our finite size data. This is accomplished by the previously discussed data collapse technique.
With the choice of ζc = 0.236(4), C = 3.86(5), all the finite size data fall onto a single line within
error bars. From Eq. (2.48), the critical value of K is Kc = 1/ζc = 4.24(7), which is consistent
with the condition of the strong random criticality Kc > 2. That the numerically obtained flow
of K is described by the sXY scenario is further supported by performing a single parameter
Weber-Minnhagen fit of our finite size data to the critical RG flow for different values of Γ. For
the flow at the critical point, the root-mean-square-error σ is expected to show a sharp minimum
[78]. As shown in Fig. 2.9, σ indeed exhibits a sharp minimum at a point, i.e., the critical point.
For completeness, we also demonstrate that σ does not display a sharp minimum for a fit to the
critical BKT flow in a broad region where the phase transition, if any, should occur. As we have
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seen the BKT critical flow (2.22) is given by
K(`) = 2 + 1
`+ C , (2.56)
where Kc = 2 from the Nelson-Kosterlitz relation [72]. As can be seen from Fig. 2.6, at Γ = 1.35,
K(ln 128) is already smaller than the universal value 2. Therefore, Γc,BKT < 1.35 as K(lnL)
decreases monotonically along the RG flow. However, no minimum for σ can be found, cf.
Fig. 2.9, implying that the RG flow can not be captured by the BKT criticality.
Therefore, we have shown that the introduced scratched-XY model hosts a new strong randomness
criticality, the scratched-XY criticality, where the superfluid phase is destroyed by scale dependent
scratches instead of the unbinding of vortex–anti-vortex pairs. We used the asymptotically exact
semi-renormalization group theory developed for superfluid-insulator transitions in 1D disordered
quantum systems to analytically obtain the RG flow of K(`) = piβ
√
Λx(`)Λy(`), which predicts
a non-universal jump of Kc = 1/ζc at the transition, where ζ is an irrenormalizable microscopic
quantity characterizing the power-law distribution of the scratches. These analytic predictions
are confirmed by numerical finite size data obtained from first-principles numerical simulations of
the scratched-XY model. The flow of K(lnL) with system size L can be perfectly fitted onto the
one obtained from the solution of the RG equations. Therefore, we unambiguously demonstrate
the existence of the scratched-XY universality class.
One of the key insights, which brought the necessary analytic control and made a solid numerical
proof of the scratched-XY universality feasible, is equally well important for the design of possible
experimental systems realizing this universality class. The disorder must couple directly through
a power law to the phase fluctuations of the effective bosonic degrees of freedom because otherwise
this power law has to be determined from measurements of a large collection of samples. A
realization where such a coupling may be possible are 2D Josephson junction arrays where the
individual phase fields of the superconducting islands can establish global phase coherence due to
the tunneling of Cooper pairs between the islands [118], i.e., disorder can directly couple to the
phase field through the strength of the tunneling barrier. Existing techniques make it possible to
study the BKT-transition in 2D Josephson junction arrays [17]. In order to introduce disorder
in these systems such that the power law exponent of its distribution can be determined, the
strength of the tunneling barriers, i.e., the distance between the individual islands, have to be
controlled to high accuracy.
From the theoretical side an interesting question is how the scratched-XY universality class
is connected to the BKT universality class at weak disorder. We have established the nature
of the finite-temperature phase transition in the strong disorder regime, which deep in the
strong disorder regime happens at low temperatures and larges values of K. Therefore, the
renormalization of the superfluid stiffness by thermally excited vortex–anti-vortex pairs, which
drive the transition at weak disorder, can be neglected. At intermediate strength of disorder,
where Kc ' 2, this renormalization due to vortex–anti-vortex pairs has to be taken into account
on the same footing as the renormalization due to scale dependent scratches. In the clean XY
model, discussed in Sec. 2.1, a second order perturbative analysis for a low concentration of




where y˜ denotes the rescaled vortex fugacity. In the presence of scratches repeating this analysis
at second order of perturbation theory yields a term which describes the renormalization of K(`)
due to the interacting between single scratches and single vortices, which are thermally excited
as vortex–anti-vortex pairs. The question is, if this is a relevant mechanism which leads to a
25




2K2 − wK3, (2.58)
where w denotes the weak link term.
This concludes the first part of the thesis where we have used the computational approach to
demonstrate and verify the analytic predictions of a theory. In the next chapter we turn to a




Development of new computational






In the last decades numerous Monte Carlo techniques have been developed to simulate strongly
correlated electronic or bosonic systems in the presence of the numerical sign problem. The
driving force behind the current developments is that still no general method has emerged which
can answer the question of how to generically simulate these systems efficiently. The larger the
number of proposed methods is the harder it will be to theoretically compare a priori different
methods as they all rely on different parameters which are inherent to the method and determine
the accuracy of the numerical results. Currently, the performance of these algorithms is measured
in terms of how fast computational time increases if these control parameters are tuned. This
can lead to misdirecting conclusions in comparing different methods. Moreover, and even more
important, considering the scaling of the computational time with respect to method dependent
parameters makes it hard to establish the potentials and limitations of these unbiased Monte
Carlo methods in the strongly correlated regime.
We suggests that the scaling of computational time has to be assessed with respect to the relevant
physical quantities. We compare the computational time of different Monte Carlo algorithms,
which are used in the simulation of strongly correlated systems, on the basis of the theory
of second order phase transitions. Within this theory, the strong correlations develop due to
the divergence of the correlation length ξ between some microscopic degrees of freedom at the
phase transition point, which separates different phases with distinct macroscopic properties.
Therefore, the relevant physical quantity is ξ. Fortunately, due to the theory of second order
phase transitions, the thermodynamic quantify ξ can be related back to the microscopic detuning
parameter τ from the phase transition point. Based on these theoretical considerations we will
compare conventional quantum Monte Carlo algorithms (QMC) with diagrammatic Monte Carlo
algorithms (diagMC) and in that way elucidate the role of the correlation length as an effective
measure of the required system size in the analysis of the computational complexity.
The result of this comparison shows that generically for both Monte Carlo methods the com-
putational time has to be increased exponentially with respect to the detuning from the phase
transition, i.e., entering the strongly correlated regime comes at the expense of an exponential
increase in computational time. Nevertheless, we want to stress that this discussion is purely
based on theoretical considerations, which only describe the asymptotic scaling of the computa-
tional time. In practical applications, depending on the problem at hand, it is sometimes possible
to extract the physical information before it becomes necessary to perform simulations in the
asymptotic scaling regime. Based on this we identify the fundamental advantage of diagMC
over QMC. Inherent to the diagrammatic language is the flexibility to set up different expansion
schemes which can be adapted to the physical problem at hand and makes it possible to obtain
information before the asymptotic exponential scaling barrier is reached. This flexibility is absent
in QMC schemes, which rely on brute force numerical calculations of the functional integral in a
finite simulation box. Therefore, in essence, the diagMC approach should be better thought of
as a semi-analytic technique where an indispensable ingredient is to first choose the expansion
scheme carefully.
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We start with a review of the computational complexity of classical and quantum Monte Carlo
simulations as it was discussed by Troyer and Wiese [88]. The expectation value of an observable












the partition function of the system with Hamiltonian H at inverse
temperature β and Tr denotes the summation over a complete set of many-body states.










with p(c) = exp (−βE(c)) the Boltzmann weight of the configuration c with energy E(c) belonging
to the high-dimensional configuration space C, e.g., of Fock states, and A(c) the evaluation of
the operator A in configuration c. In the Monte Carlo simulation the average is replaced by the
sample mean over independent and identically distributed random configurations. The stochastic






with Var(A) the variance of A and τA, the autocorrelation time of the time series for A(ci) of
length N , accounting for possible correlation between the samples. For a large class of bosonic
systems and certain fermionic systems with special symmetries all Boltzmann weights are sign
definite and a Markov chain Monte Carlo process can be set up to calculate the observables
stochastically. In case of sign non-definite weights, one introduces the sign s(c) = p(c)/|p(c)| (or,
more generally, the phase in case of complex weights) of the configuration c, and rewrites the














where the sampling takes place with respect to the bosonic system Z ′ = ∑c∈C |p(c)| and is
denoted by 〈. . . 〉′.
Since 〈s〉 = Z/Z ′ = exp(−βLd∆f) with ∆f the free energy density difference between the

















The number of independent and identically distributed random configurations is denoted by
Niid. If we fix the relative statistical error s for a system of linear size L and assume that the
computational time to collect Niid samples scales at most polynomially with L, the computational
time increases exponentially if the system size is doubled. QMC simulations are all performed on
finite lattices and finite inverse temperatures and it is the extensiveness of the system in which
the exponential scaling is usually understood.
We now assume we are interested in an accurate answer valid for (or at least extrapolated to)
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the thermodynamic limit in the strongly correlated regime. Systematic errors due to the finite
size of the simulation box are given by
L ∼ e−L/ξ, β ∼ e−β∆. (3.7)
Here ∆ is the energy gap of the system, which only has to be taken into account for quantum
phase transitions. The simulation time should be chosen such that the statistical error s is of
the same order as the finite size errors L, β. Fixing the target error  = s = L,β and taking
into account that the correlation length behaves like ξ ∼ τ−ν and ∆ ∼ τ z close to the (quantum)
phase transition, the computational time scales with the detuning τ from the transition point in
the following way:
tτ ∼ eA/τνd+z . (3.8)
The detuning τ is defined by τ = |r − rc| /rc where r is some microscopic parameter, which can
be used to tune the system through the second order phase transition at rc and A is some τ
independent constant.
Therefore, as expected, we find an exponential increase in computational time if we try to enter
the strongly correlated regime τ → 0 for a fixed final error .
Diagrammatic Monte Carlo (diagMC) calculations use a different approach as they can be
formulated for connected correlation functions directly in the thermodynamic limit. We want to
determine the increase of computational time in diagMC calculations in the strongly correlated
regime, i.e., with small detuning τ from a phase transition point. DiagMC calculations compute
the observables automatically in the thermodynamic limit by a series expansion in terms of
connected Feynman diagrams, i.e., H = H0 + λH1 where H0 is a non-interacting Hamiltonian












In Ref. [89] it was shown that the computational time tM to compute M coefficients in the
truncated series AM =
∑M
n=0Anλ
n scales in the best case exponentially with M ,
tM ∝ aM . (3.10)
It has been argued by Rossi et al. [89] that inside the convergence radius a polynomial scaling
can result as a cancellation between the exponential cost and the exponential convergence of
the series, i.e., M = |Am − 〈A〉|/〈A〉 ∝ b−M , with b > 1 a constant, from which it follows that
M ∝ log −1M and finally log tM ∝ log −1M .
The interpretation by Rossi et al. puts different nuances than the one by Troyer and Wiese [88].
We reconcile both interpretations and show that an exponential scaling of the computational
time in the strongly correlated regime is unavoidable. The strongly correlated regime is defined
as the regime where the correlation length between some microscopic degrees of freedom starts
to diverge because the system is tuned close to a second order phase transition. In this regime
the correlation length plays the role of an “effective” system size in either formulation. As we
have already reviewed above this leads for QMC simulations to an exponential increase of the
computational time upon entering the strongly correlated regime.
As diagMC works directly in the thermodynamic limit, from a mathematical point of view the
divergence of the correlation length is caused by the presence of a non-analytic point in the free
energy density, which theoretically describes the second order phase transition. Without loss of
generality we assume that the critical point is determined by some critical value of the parameter
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Figure 3.1.: The assumed analytic structure of the observable A(λ) in the complex λ plane. The
singularity at λc corresponds to the phase transition point. The precise nature
of the singularity and its neighbourhood in the complex plane are unknown and
unimportant for the discussion in the main text. The strongly correlated regime
close to the phase transition point is indicated by the shaded region.
λ, i.e., τ ∝ (λc − λ)/λc. We furthermore assume that ultimately the convergence radius for
A(λ) is determined by the physical singularity λc lying on the real axis in the complex λ-plane.
Therefore, all further singularities of A(λ), which lie closer to the origin, have already been
taken into account, e.g., by appropriate resummation techniques. These assumptions about the
analytic structure of the observable A(λ) are illustrated in Fig. 3.1 where the strongly correlated
regime is highlighted by the shaded region.
Entering the strongly correlated regime τ → 0 comes at the expense of considering the observables
A(λ) close to a non-analytic point, i.e., close to the convergence radius of the power series in λ.
Thus, the constant b > 1 in the exponential convergence becomes effectively λ-dependent as the










Therefore, the maximal expansion order for a fixed desired error scales with the detuning τ as




This leads to an increase of the computational time in approaching the strongly correlated regime
in the following form,
tτ ∼ eB/τ , (3.13)
where B is some τ independent constant. Therefore, we find an exponential increase of the
computational time upon entering the strongly correlated regime.
The divergence of the truncation order in approaching the strongly correlated regime essentially
leads to the exponential scaling of the computational time in the strongly correlated regime. In
the following example we illustrate this behaviour. We consider the 2D Ising model where exact




















Figure 3.2.: The divergence of the susceptibility of the 2D Ising model approximated by the high
temperature (HT) series for different approximation orders starting from M = 24 up
to M = 324 in steps of ∆M = 50.
where the lattice sum is over nearest neighbours only, and K is the product of the inverse
















for the 2D Ising model are known up to order 324 [90]. The high-temperature series is such that
the convergence is guaranteed up to the critical temperature. Therefore, the analytic structure
of χ(K) is exactly as it was assumed in Fig. 3.1 with λ replaced by K.
Fig. 3.2 shows the divergence of the susceptibility for different approximation orders starting
at M = 24 in steps of ∆M = 50 up to the maximal order of M = 324. As can be observed in
Fig. 3.2, the approximation of the high temperature series up to order M = 324 can be considered
to be the exact analytic answer for τ > 0.02. Therefore, in the following we only take detunings
τ > 2% into account and regard the high-temperature series with maximal approximation order
to be the exact result.
Fig. 3.3 illustrates qualitatively how the truncation error  = |χM − χexact| /χexact decreases
with larger approximation orders M for different detunings τ . It highlights that already for
moderate detunings τ ≈ 10% around M ≈ 50 expansion coefficients are needed to converge
the high temperature series expansion with a truncation error  ≈ 1%. Moreover, the inset of
Fig. 3.3 shows that by fixing the desired truncation error and looking for the minimal truncation
order Mmin such that the high temperature series drops below this truncation error we can
indeed establish the relation Mmin ∼ 1/τ . Together with the assumption that the computational
time to calculate the M -th order truncation scales exponentially this consequently leads to an
exponential increase in computational time if the strongly correlated regime is approached. To
avoid misleading conclusions it should be pointed out that there are more efficient algorithms
which calculate the M -th order coefficients of the high-temperature series for the 2D Ising model




















Figure 3.3.: The truncation error  = |χM − χexact| /χexact depending on the approximation order
M for different detunings τ starting from τ = 2.5% to τ = 17.5% in steps of δτ = 5%.
For small detunings a large number of expansion coefficients is needed in order to
obtain a reasonable truncation error. The inset shows the divergence of the minimal
truncation order for a target truncation error as the phase transition is approached.
The inset takes just one representative example for  = 5%. The slope on the
log-log scale can be read off to be ≈ −1.05, i.e., M ∼ τ−1 and thus tτ ∼ eB/τ if the




In the last section we compared the computational complexity of different Monte Carlo schemes
in the strongly correlated regime. The standard Quantum Monte Carlo approaches rely on the
direct calculation of the functional integral in a finite simulation box. Approaching the strongly
correlated regime comes at the expense of an exponentially increasing computational time. In
order to identify the dominant collective long wavelength fluctuations of the system the size of
the simulation box has to be increased upon approaching a transition with diverging correlation
length.
On the other hand we also argued that diagrammatic Monte Carlo techniques scale generically
exponentially upon approaching the strongly correlated regime. In contrast, they do not rely
on a finite simulation box but on power series expansion techniques of the functional integral
in the thermodynamic limit, i.e., on perturbative methods. Calculating an observable, e.g.,
the susceptibility of the system to an external perturbation which is coupled to the dominant
long wavelength fluctuation, close to a second order phase transition, needs a large number of
expansion coefficients in order to obtain controlled results.
Nevertheless, the diagrammatic language of series expansions is much more flexible than the
direct brute force calculation of the functional integral in a finite simulation box. In order to
predict the qualitative and quantitative behaviour of a model, series expansion techniques can
be applied on top of more sophisticated calculation schemes than the direct perturbative series
expansion of the functional integral. In this section we consider such perturbative calculations
for the Z2-symmetric φ4 theory in the continuum limit. The motivation for this comes from
different directions. Firstly, it will demonstrate the flexibility of the diagrammatic language of
series expansions. In order to calculate the critical exponents, e.g., of the correlation length, it is
not strictly necessary to calculate the observables, e.g., the correlation function, directly in the
strongly correlated regime and afterwards extract from their behaviour the critical exponents.
Based on one particle irreducible Feynman diagrams it is possible to set up an expansion directly
for the inverse of the correlation length or, using the perturbative renormalization group, even
for universal quantities, to obtain accurate results with only a modest amount of expansion
coefficients. Secondly, it will give an introduction to the divergence of perturbation theory
for a specific example. It highlights the limitations of the perturbative approach but also its
power if convergent expansions for a field theory can be found. Without the tools of resumming
the perturbative series, guided by the knowledge of the analytic structure of the functional
integral in the complex coupling parameter plane, no quantitatively correct results can be
gained. Overcoming the convergence problems of perturbation theory is the driving force for the
developments presented in this part of the thesis. Thirdly, as we use the Z2-symmetric φ4 theory
on a square lattice as a benchmark for our solution of the Dyson-Schwinger equation, we review
its counterpart in the continuum - lying in the same universality class - to set the stage for the
following discussions.
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4.1. Perturbative series expansions


















The measure of the functional integral is denoted by d(φ) and a large momentum cutoff Λ is
assumed for the functional integral to be a well defined object.
We study the low energy properties of the system in 2D and try to establish that this model
features a second order phase transition where the model is scale invariant due to the presence
of a non-trivial, i.e., non-Gaussian, long wavelength fixed point of the renormalization group.
This long wavelength fixed point is common to all other microscopic models within the same
universality class and determines their critical properties.
Especially, we want to quantitatively describe the behaviour of the above model in the continuum
limit close to that transition point. The massive continuum limit, Λ→∞, in 2D can be easily
taken by introducing the counterterm δm2I in a reparametrization
φB = φI (4.2)
λB = 6m4−DI λI (4.3)
m2B = m2I + δm2I (4.4)






where the non-interacting 2-point correlation function is then given by
G0(p) = (p2 +m2I)−1. (4.6)







































〈. . . 〉0 = 1
Z
∫
d(φ)e−S0[φ] . . . . (4.9)
The average 〈. . . 〉0 is evaluated using Wicks theorem [91] where each generated term in this
evaluation can be diagrammatically represented by standard Feynman diagrams with respect to
the non-interacting 2-point correlation function G0. Since the normalization of the functional
integral in 〈. . . 〉0 is with respect to the full partition function Z, all Feynman diagrams including
vacuum bubbles are set to zero. The introduced counterterm δm2I sets all Feynman diagrams
including tadpole subdiagrams to zero and therefore the theory is free of any divergencies in
the limit Λ→∞. The inverse of the 2-point correlation function is denoted by Γ(2)(x1, x2) and
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the inverse of the correlation length ξ−1 can be defined by Γ(2)(p2 = −ξ−2) = 0. From the
perturbative series expansion of Γ(2) in momentum space one finds [92]
ξ−2
m2I
= 1− 1.5λ2I + 4.08599λ3I − 14.655869(22)λ4I + 65.97308(43)λ5I
− 347.8881(28)λ6I + 2077.703(36)λ7I − 13771.04(54)λ8I .
(4.10)
This perturbative series expansion is based on summing up all one-particle irreducible Feynman
diagrams. In App. B we also review the perturbative calculation of the beta function in the fixed
dimensional expansion [93], which describes the renormalization group flow of the renormalized
coupling constant λR. Its series expansion is given by [92]
β(v)
2 =− v + v
2 − 0.7161736v3 + 0.930768(3)v4
− 1.5824(2)v5 + 3.2591(9)v6 − 7.711(5)v7,
(4.11)
where v = 3λR/8pi. Since the expansion coefficients in both cases are quickly growing, indicating
zero convergence radius of the series, we can not study the behaviour of the correlation length
around a possible second order phase transition nor can we conclude from a zero in the beta
function that such a long wavelength fixed point exists. Therefore, in the next subsection we
review resummation methods, which convert the perturbative series into a convergent expansion
and consequently into a powerful tool.
4.2. Divergence of perturbation theory and
resummation
Perturbation theory around some analytic solvable non-interacting model is generically only
valid for small perturbations. The mathematical reason is the possible singular behaviour of
the model in the complex coupling constant plane. This behaviour of perturbation theory for
field theory and its physical understanding was first pointed out by Dyson in the context of
quantum electrodynamics [94]. He argued that if quantum electrodynamics would be formally
considered for an arbitrary small but negative fine structure constant α, any physical state
would be unstable against the spontaneous creation of an arbitrary number of electron-positron
pairs. Thus, any observable F (α) in quantum electrodynamics is ill defined for α < 0 and
thus F (α) can not be an analytic function around α = 0. This implies that the convergence
radius of the perturbative series in the coupling constant α is zero. Nevertheless, the series is
asymptotic, i.e., the perturbative series can be controlled to exponential accuracy in α. The
behaviour found for quantum electrodynamics is generic to a large class of systems although
there are important exceptions such as fermionic lattice systems at finite temperature where the
perturbative expansion has a finite convergence radius [95] and we comment on these systems
at the end of this subsection. These systems should not be confused with lattice systems at
finite temperature with a finite number of degrees of freedom, cf. the first part of this thesis,
where observables are analytic functions and even physical non-analytic features, such as phase
transitions, are regularized.
For calculating scattering amplitudes in quantum electrodynamics the convergence issues sets no
practical limitations to the accuracy of perturbative calculations because the physical α ≈ 1/137
is indeed very small. In contrast, for strongly interacting systems, where there is no single physical
small parameter, perturbative series expansions with zero convergence radius are meaningless
without further additional analytic understanding of the model system. For the φ4 model studied
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S2
<latexit sha1_base64="aaMKCGbpG193FwT+IGY+TE1CkB4=">AAAB13i cbZC7TgJBFIbP4g3xhlrabCQmVmSXmGBJtLHEIBcDGzI7HGDCzOxmZtZINsTO2FjY6OP4HL6NA26h4F99Od+Z5PwTxpxp43lfTm5tfWNzK79d2Nnd2z8oH h61dJQoik0a8Uh1QqKRM4lNwwzHTqyQiJBjO5xcz337AZVmkbwz0xgDQUaSDRklxo4ajX6lXyx5ZW8RdxX8DEqQpd4vfvYGEU0ESkM50brre7EJUqIMoxx nhV6iMSZ0QkbYtSiJQB2kj4tbZ+5vnRKh9VSEM/dMEDPWy24+/M91EzO8DFIm48SgpHbFumHCXRO585LugCmkhk8tEKqYPcylY6IINfYrCraxv9xvFVqVs u+V/duLUu0q656HEziFc/ChCjW4gTo0gcIIXuEdPpx758l5dl5+VnNO9uYY/sR5+waL84Yv</latexit><latexit sha1_base64="aaMKCGbpG193FwT+IGY+TE1CkB4=">AAAB13i cbZC7TgJBFIbP4g3xhlrabCQmVmSXmGBJtLHEIBcDGzI7HGDCzOxmZtZINsTO2FjY6OP4HL6NA26h4F99Od+Z5PwTxpxp43lfTm5tfWNzK79d2Nnd2z8oH h61dJQoik0a8Uh1QqKRM4lNwwzHTqyQiJBjO5xcz337AZVmkbwz0xgDQUaSDRklxo4ajX6lXyx5ZW8RdxX8DEqQpd4vfvYGEU0ESkM50brre7EJUqIMoxx nhV6iMSZ0QkbYtSiJQB2kj4tbZ+5vnRKh9VSEM/dMEDPWy24+/M91EzO8DFIm48SgpHbFumHCXRO585LugCmkhk8tEKqYPcylY6IINfYrCraxv9xvFVqVs u+V/duLUu0q656HEziFc/ChCjW4gTo0gcIIXuEdPpx758l5dl5+VnNO9uYY/sR5+waL84Yv</latexit><latexit sha1_base64="aaMKCGbpG193FwT+IGY+TE1CkB4=">AAAB13i cbZC7TgJBFIbP4g3xhlrabCQmVmSXmGBJtLHEIBcDGzI7HGDCzOxmZtZINsTO2FjY6OP4HL6NA26h4F99Od+Z5PwTxpxp43lfTm5tfWNzK79d2Nnd2z8oH h61dJQoik0a8Uh1QqKRM4lNwwzHTqyQiJBjO5xcz337AZVmkbwz0xgDQUaSDRklxo4ajX6lXyx5ZW8RdxX8DEqQpd4vfvYGEU0ESkM50brre7EJUqIMoxx nhV6iMSZ0QkbYtSiJQB2kj4tbZ+5vnRKh9VSEM/dMEDPWy24+/M91EzO8DFIm48SgpHbFumHCXRO585LugCmkhk8tEKqYPcylY6IINfYrCraxv9xvFVqVs u+V/duLUu0q656HEziFc/ChCjW4gTo0gcIIXuEdPpx758l5dl5+VnNO9uYY/sR5+waL84Yv</latexit><latexit sha1_base64="aaMKCGbpG193FwT+IGY+TE1CkB4=">AAAB13i cbZC7TgJBFIbP4g3xhlrabCQmVmSXmGBJtLHEIBcDGzI7HGDCzOxmZtZINsTO2FjY6OP4HL6NA26h4F99Od+Z5PwTxpxp43lfTm5tfWNzK79d2Nnd2z8oH h61dJQoik0a8Uh1QqKRM4lNwwzHTqyQiJBjO5xcz337AZVmkbwz0xgDQUaSDRklxo4ajX6lXyx5ZW8RdxX8DEqQpd4vfvYGEU0ESkM50brre7EJUqIMoxx nhV6iMSZ0QkbYtSiJQB2kj4tbZ+5vnRKh9VSEM/dMEDPWy24+/M91EzO8DFIm48SgpHbFumHCXRO585LugCmkhk8tEKqYPcylY6IINfYrCraxv9xvFVqVs u+V/duLUu0q656HEziFc/ChCjW4gTo0gcIIXuEdPpx758l5dl5+VnNO9uYY/sR5+waL84Yv</latexit>
a)
<latexit sha1_base64="uI1n86sL/th944 5wBeJ7+Ig4zdo=">AAAB1nicbZC7SgNBFIbPxluMt6ilzWIQtAm7EtAyaGMZxVwgWcLZydlk yOyFmVkxLLETGwsbfR2fw7dxErfQxL/6ON8ZOP/4ieBKO86XVVhZXVvfKG6WtrZ3dvfK+wc tFaeSUZPFIpYdHxUJHlFTcy2ok0jC0BfU9sfXM99+IKl4HN3rSUJeiMOIB5yhNqM7POuXK0 7VmcdeBjeHCuRp9MufvUHM0pAizQQq1XWdRHsZSs2ZoGmplypKkI1xSF2DEYakvOxxfurU/q 0zDJWahP7UPglRj9Simw3/c91UB5dexqMk1RQxs2JckApbx/asoz3gkpgWEwPIJDeH2WyEE pk2P1Eyjd3FfsvQOq+6TtW9rVXqV3n3IhzBMZyCCxdQhxtoQBMYBPAK7/Bhdawn69l6+Vkt WPmbQ/gT6+0b5LOFyw==</latexit><latexit sha1_base64="uI1n86sL/th944 5wBeJ7+Ig4zdo=">AAAB1nicbZC7SgNBFIbPxluMt6ilzWIQtAm7EtAyaGMZxVwgWcLZydlk yOyFmVkxLLETGwsbfR2fw7dxErfQxL/6ON8ZOP/4ieBKO86XVVhZXVvfKG6WtrZ3dvfK+wc tFaeSUZPFIpYdHxUJHlFTcy2ok0jC0BfU9sfXM99+IKl4HN3rSUJeiMOIB5yhNqM7POuXK0 7VmcdeBjeHCuRp9MufvUHM0pAizQQq1XWdRHsZSs2ZoGmplypKkI1xSF2DEYakvOxxfurU/q 0zDJWahP7UPglRj9Simw3/c91UB5dexqMk1RQxs2JckApbx/asoz3gkpgWEwPIJDeH2WyEE pk2P1Eyjd3FfsvQOq+6TtW9rVXqV3n3IhzBMZyCCxdQhxtoQBMYBPAK7/Bhdawn69l6+Vkt WPmbQ/gT6+0b5LOFyw==</latexit><latexit sha1_base64="uI1n86sL/th944 5wBeJ7+Ig4zdo=">AAAB1nicbZC7SgNBFIbPxluMt6ilzWIQtAm7EtAyaGMZxVwgWcLZydlk yOyFmVkxLLETGwsbfR2fw7dxErfQxL/6ON8ZOP/4ieBKO86XVVhZXVvfKG6WtrZ3dvfK+wc tFaeSUZPFIpYdHxUJHlFTcy2ok0jC0BfU9sfXM99+IKl4HN3rSUJeiMOIB5yhNqM7POuXK0 7VmcdeBjeHCuRp9MufvUHM0pAizQQq1XWdRHsZSs2ZoGmplypKkI1xSF2DEYakvOxxfurU/q 0zDJWahP7UPglRj9Simw3/c91UB5dexqMk1RQxs2JckApbx/asoz3gkpgWEwPIJDeH2WyEE pk2P1Eyjd3FfsvQOq+6TtW9rVXqV3n3IhzBMZyCCxdQhxtoQBMYBPAK7/Bhdawn69l6+Vkt WPmbQ/gT6+0b5LOFyw==</latexit><latexit sha1_base64="uI1n86sL/th944 5wBeJ7+Ig4zdo=">AAAB1nicbZC7SgNBFIbPxluMt6ilzWIQtAm7EtAyaGMZxVwgWcLZydlk yOyFmVkxLLETGwsbfR2fw7dxErfQxL/6ON8ZOP/4ieBKO86XVVhZXVvfKG6WtrZ3dvfK+wc tFaeSUZPFIpYdHxUJHlFTcy2ok0jC0BfU9sfXM99+IKl4HN3rSUJeiMOIB5yhNqM7POuXK0 7VmcdeBjeHCuRp9MufvUHM0pAizQQq1XWdRHsZSs2ZoGmplypKkI1xSF2DEYakvOxxfurU/q 0zDJWahP7UPglRj9Simw3/c91UB5dexqMk1RQxs2JckApbx/asoz3gkpgWEwPIJDeH2WyEE pk2P1Eyjd3FfsvQOq+6TtW9rVXqV3n3IhzBMZyCCxdQhxtoQBMYBPAK7/Bhdawn69l6+Vkt WPmbQ/gT6+0b5LOFyw==</latexit>
b)
<latexit sha1_base64="cwR5fr3xFnwj/j5t36yiFyQihLs=">AAAB1nicbZC7TsMwFIaP y62UW4GRJaJCgqVKUCUYK1gYC6IXqY0qxz1prTpOZDuIKiobYmFggdfhOXgb3JIBWv7p0/mOpfM7SATXxnW/SGFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC +nvn2AyrNY3lvJgn6ER1KHnJGjR3dBWf9csWtuvM4y+DlUIE8jX75szeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP3scX7q1PmtMxppPYmCqXMSUTPSi242/M91UxNe+hmXS WpQMrtiXZgKx8TOrKMz4AqZERMLlCluD3PYiCrKjP2Jkm3sLfZbhtZ51XOr3m2tUr/KuxfhCI7hFDy4gDrcQAOawCCEV3iHD9IhT+SZvPysFkj+5hD+hLx9A+Ylhcw=</latexit><latexit sha1_base64="cwR5fr3xFnwj/j5t36yiFyQihLs=">AAAB1nicbZC7TsMwFIaP y62UW4GRJaJCgqVKUCUYK1gYC6IXqY0qxz1prTpOZDuIKiobYmFggdfhOXgb3JIBWv7p0/mOpfM7SATXxnW/SGFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC +nvn2AyrNY3lvJgn6ER1KHnJGjR3dBWf9csWtuvM4y+DlUIE8jX75szeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP3scX7q1PmtMxppPYmCqXMSUTPSi242/M91UxNe+hmXS WpQMrtiXZgKx8TOrKMz4AqZERMLlCluD3PYiCrKjP2Jkm3sLfZbhtZ51XOr3m2tUr/KuxfhCI7hFDy4gDrcQAOawCCEV3iHD9IhT+SZvPysFkj+5hD+hLx9A+Ylhcw=</latexit><latexit sha1_base64="cwR5fr3xFnwj/j5t36yiFyQihLs=">AAAB1nicbZC7TsMwFIaP y62UW4GRJaJCgqVKUCUYK1gYC6IXqY0qxz1prTpOZDuIKiobYmFggdfhOXgb3JIBWv7p0/mOpfM7SATXxnW/SGFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC +nvn2AyrNY3lvJgn6ER1KHnJGjR3dBWf9csWtuvM4y+DlUIE8jX75szeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP3scX7q1PmtMxppPYmCqXMSUTPSi242/M91UxNe+hmXS WpQMrtiXZgKx8TOrKMz4AqZERMLlCluD3PYiCrKjP2Jkm3sLfZbhtZ51XOr3m2tUr/KuxfhCI7hFDy4gDrcQAOawCCEV3iHD9IhT+SZvPysFkj+5hD+hLx9A+Ylhcw=</latexit><latexit sha1_base64="cwR5fr3xFnwj/j5t36yiFyQihLs=">AAAB1nicbZC7TsMwFIaP y62UW4GRJaJCgqVKUCUYK1gYC6IXqY0qxz1prTpOZDuIKiobYmFggdfhOXgb3JIBWv7p0/mOpfM7SATXxnW/SGFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC +nvn2AyrNY3lvJgn6ER1KHnJGjR3dBWf9csWtuvM4y+DlUIE8jX75szeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP3scX7q1PmtMxppPYmCqXMSUTPSi242/M91UxNe+hmXS WpQMrtiXZgKx8TOrKMz4AqZERMLlCluD3PYiCrKjP2Jkm3sLfZbhtZ51XOr3m2tUr/KuxfhCI7hFDy4gDrcQAOawCCEV3iHD9IhT+SZvPysFkj+5hD+hLx9A+Ylhcw=</latexit>
 
<latexit sha1_base64="t8Vjc3HkWM+VA6NdEiDlzlx7Lmg=">AAAB23icbZA7TwJBFIXv4gvxhVraTCQmVmTXmGBJt LHERB4JbMjd4QITZh+ZmTWSDZWdsbGw0R/j7/DfOOAWCp7qyz3nJvfcIJFCG9f9cgpr6xubW8Xt0s7u3v5B+fCopeNUcWryWMaqE6AmKSJqGmEkdRJFGAaS2sHkZu63H0hpEUf3ZpqQH+IoEkPB0dhRuydtdID9csWtuguxVfByqECuRr/82RvEPA0 pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8eF/fO2G87w1DraRjM2FmIZqyXvfnwP6+bmuGVn4koSQ1F3EasN0wlMzGbF2UDoYgbObWAXAl7GONjVMiNfUfJNvaW+61C66LquVXv7rJSv867F+EETuEcPKhBHW6hAU3gMIFXeIcPx3eenGfn 5SdacPKdY/gj5+0b0HuIMA==</latexit><latexit sha1_base64="t8Vjc3HkWM+VA6NdEiDlzlx7Lmg=">AAAB23icbZA7TwJBFIXv4gvxhVraTCQmVmTXmGBJt LHERB4JbMjd4QITZh+ZmTWSDZWdsbGw0R/j7/DfOOAWCp7qyz3nJvfcIJFCG9f9cgpr6xubW8Xt0s7u3v5B+fCopeNUcWryWMaqE6AmKSJqGmEkdRJFGAaS2sHkZu63H0hpEUf3ZpqQH+IoEkPB0dhRuydtdID9csWtuguxVfByqECuRr/82RvEPA0 pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8eF/fO2G87w1DraRjM2FmIZqyXvfnwP6+bmuGVn4koSQ1F3EasN0wlMzGbF2UDoYgbObWAXAl7GONjVMiNfUfJNvaW+61C66LquVXv7rJSv867F+EETuEcPKhBHW6hAU3gMIFXeIcPx3eenGfn 5SdacPKdY/gj5+0b0HuIMA==</latexit><latexit sha1_base64="t8Vjc3HkWM+VA6NdEiDlzlx7Lmg=">AAAB23icbZA7TwJBFIXv4gvxhVraTCQmVmTXmGBJt LHERB4JbMjd4QITZh+ZmTWSDZWdsbGw0R/j7/DfOOAWCp7qyz3nJvfcIJFCG9f9cgpr6xubW8Xt0s7u3v5B+fCopeNUcWryWMaqE6AmKSJqGmEkdRJFGAaS2sHkZu63H0hpEUf3ZpqQH+IoEkPB0dhRuydtdID9csWtuguxVfByqECuRr/82RvEPA0 pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8eF/fO2G87w1DraRjM2FmIZqyXvfnwP6+bmuGVn4koSQ1F3EasN0wlMzGbF2UDoYgbObWAXAl7GONjVMiNfUfJNvaW+61C66LquVXv7rJSv867F+EETuEcPKhBHW6hAU3gMIFXeIcPx3eenGfn 5SdacPKdY/gj5+0b0HuIMA==</latexit><latexit sha1_base64="t8Vjc3HkWM+VA6NdEiDlzlx7Lmg=">AAAB23icbZA7TwJBFIXv4gvxhVraTCQmVmTXmGBJt LHERB4JbMjd4QITZh+ZmTWSDZWdsbGw0R/j7/DfOOAWCp7qyz3nJvfcIJFCG9f9cgpr6xubW8Xt0s7u3v5B+fCopeNUcWryWMaqE6AmKSJqGmEkdRJFGAaS2sHkZu63H0hpEUf3ZpqQH+IoEkPB0dhRuydtdID9csWtuguxVfByqECuRr/82RvEPA0 pMlyi1l3PTYyfoTKCS5qVeqmmBPkER9S1GGFI2s8eF/fO2G87w1DraRjM2FmIZqyXvfnwP6+bmuGVn4koSQ1F3EasN0wlMzGbF2UDoYgbObWAXAl7GONjVMiNfUfJNvaW+61C66LquVXv7rJSv867F+EETuEcPKhBHW6hAU3gMIFXeIcPx3eenGfn 5SdacPKdY/gj5+0b0HuIMA==</latexit>
C1
<latexit sha1_base64="+X3KECKZWafKyTV7i8+nnZi0dyw =">AAAB5XicbZDLSsNAFIZPvNZ6adSlm8EiuCqJCLosduOygr1AG8LJdNoOnVyYmYgl5BHciRsXbvQ5fA7fxknNQlv/1cf5z 4H/P0EiuNKO82WtrW9sbm1Xdqq7e/sHNfvwqKviVFLWobGIZT9AxQSPWEdzLVg/kQzDQLBeMGsVfu+BScXj6F7PE+aFOIn4m FPUZuTbtWGIekpRZK3cz9zct+tOw1mIrIJbQh1KtX37cziKaRqySFOBSg1cJ9FehlJzKlheHaaKJUhnOGEDgxGGTHnZ4yJ5T n7bGYZKzcMgJ2dFJrXsFcP/vEGqx9dexqMk1SyiZsV441QQHZOiMhlxyagWcwNIJTfBCJ2iRKrNY6qmsbvcbxW6Fw3Xabh3l /XmTdm9AidwCufgwhU04Rba0AEKKbzCO3xYE+vJerZeflbXrPLmGP7IevsGOLqL7Q==</latexit><latexit sha1_base64="+X3KECKZWafKyTV7i8+nnZi0dyw =">AAAB5XicbZDLSsNAFIZPvNZ6adSlm8EiuCqJCLosduOygr1AG8LJdNoOnVyYmYgl5BHciRsXbvQ5fA7fxknNQlv/1cf5z 4H/P0EiuNKO82WtrW9sbm1Xdqq7e/sHNfvwqKviVFLWobGIZT9AxQSPWEdzLVg/kQzDQLBeMGsVfu+BScXj6F7PE+aFOIn4m FPUZuTbtWGIekpRZK3cz9zct+tOw1mIrIJbQh1KtX37cziKaRqySFOBSg1cJ9FehlJzKlheHaaKJUhnOGEDgxGGTHnZ4yJ5T n7bGYZKzcMgJ2dFJrXsFcP/vEGqx9dexqMk1SyiZsV441QQHZOiMhlxyagWcwNIJTfBCJ2iRKrNY6qmsbvcbxW6Fw3Xabh3l /XmTdm9AidwCufgwhU04Rba0AEKKbzCO3xYE+vJerZeflbXrPLmGP7IevsGOLqL7Q==</latexit><latexit sha1_base64="+X3KECKZWafKyTV7i8+nnZi0dyw =">AAAB5XicbZDLSsNAFIZPvNZ6adSlm8EiuCqJCLosduOygr1AG8LJdNoOnVyYmYgl5BHciRsXbvQ5fA7fxknNQlv/1cf5z 4H/P0EiuNKO82WtrW9sbm1Xdqq7e/sHNfvwqKviVFLWobGIZT9AxQSPWEdzLVg/kQzDQLBeMGsVfu+BScXj6F7PE+aFOIn4m FPUZuTbtWGIekpRZK3cz9zct+tOw1mIrIJbQh1KtX37cziKaRqySFOBSg1cJ9FehlJzKlheHaaKJUhnOGEDgxGGTHnZ4yJ5T n7bGYZKzcMgJ2dFJrXsFcP/vEGqx9dexqMk1SyiZsV441QQHZOiMhlxyagWcwNIJTfBCJ2iRKrNY6qmsbvcbxW6Fw3Xabh3l /XmTdm9AidwCufgwhU04Rba0AEKKbzCO3xYE+vJerZeflbXrPLmGP7IevsGOLqL7Q==</latexit><latexit sha1_base64="+X3KECKZWafKyTV7i8+nnZi0dyw =">AAAB5XicbZDLSsNAFIZPvNZ6adSlm8EiuCqJCLosduOygr1AG8LJdNoOnVyYmYgl5BHciRsXbvQ5fA7fxknNQlv/1cf5z 4H/P0EiuNKO82WtrW9sbm1Xdqq7e/sHNfvwqKviVFLWobGIZT9AxQSPWEdzLVg/kQzDQLBeMGsVfu+BScXj6F7PE+aFOIn4m FPUZuTbtWGIekpRZK3cz9zct+tOw1mIrIJbQh1KtX37cziKaRqySFOBSg1cJ9FehlJzKlheHaaKJUhnOGEDgxGGTHnZ4yJ5T n7bGYZKzcMgJ2dFJrXsFcP/vEGqx9dexqMk1SyiZsV441QQHZOiMhlxyagWcwNIJTfBCJ2iRKrNY6qmsbvcbxW6Fw3Xabh3l /XmTdm9AidwCufgwhU04Rba0AEKKbzCO3xYE+vJerZeflbXrPLmGP7IevsGOLqL7Q==</latexit>
C2
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Figure 4.1.: a) The analytic continuation of the 0D toy model for λ± = −|λ|± 0+ by rotating the
contour of integration to arg(φ) = ∓pi/4 denoted by C±. The difference between the
contour integrations along C± can be deformed into the contour integration along
C1/2 running over the subleading saddle points S1/2 at φ2 = −6/λ. b) The contours
of integration used in the dispersion relation approach. Through a closed contour,
which avoides all singularities (symbolically indicated by the dashed black line), the
contributions coming from the contour integrations, which are depicted in green, can
be related to each other.
in this section Dyson’s argument has been made quantitative for the first time by Bender and
Wu [96, 97]. They provided the necessary analytic information to turn perturbation theory into
a powerful tool in the non-perturbative regime.
We illustrate the crucial steps in understanding the perturbative series expansion of the φ4 model







2− λ4!φ4 . (4.12)
The above integral for λ < 0 does not converge for arbitrary small coupling constants. This







has zero convergence radius.
We want to understand the behaviour of the singularity for λ→ 0− by considering the analytic
continuation of Z(λ) into the complex plane, λ ∈ C. For Re (λ) > 0 the integral is always
convergent and the analytic continuation can be defined by rotating the contour of integration
along the real line, φ ∈ R, onto a contour C in the complex plane on which Re (λφ4) > 0 is
satisfied. Therefore, the behaviour of the integral for λ ∈ R, λ < 0 can be studied by considering
the analytic continuation for λ± = −|λ| ± 0+, which is obtained by rotating the contour in the
positive/negative direction. The discontinuity along the cut on the negative real λ-axis is given
by






2− λ4!φ4 , (4.14)
where the contours C± are along arg(φ) = ∓pi/4 and shown in Fig. 4.1 a). The difference between
the integral can be evaluated for |λ| → 0 by saddle point techniques where the integrant has
a leading order saddle point at φ = 0 and two subleading saddle points at φ2 = −6/λ. The
contribution of the leading order saddle point cancels in the difference between the contour
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integrations and to leading order the discontinuity is given by the deformation of the difference
of contours, C1/2, shown in Fig. 4.1 a) running over the subleading saddle points [91],
Z(−|λ|+ 0+)− Z(−|λ| − 0+) = −2√pii e 32λ . (4.15)
From the behaviour of the discontinuity we can determine the large order behaviour of the power






λ′ − λ. (4.16)
The closed contour of integration in the complex coupling constant plane around λ′ = λ is
denoted by C, cf. Fig. 4.1 b). As Z(λ) is analytic in the whole λ plane except for the cut
along the negative real axis the contour can be deformed such that Z(λ) can be related to the















The last equality only holds in the limit m → ∞ since the main contribution to the integral
comes in this limit from the λ→ 0− behaviour of the discontinouity. Therefore, as we already
argued qualitatively, the power series has zero convergence radius, which shows up quantitatively
as the factorial growth of the coefficients bm. With this analytic result it is now possible to devise
powerful resummation schemes of the divergent series.
We illustrate this for the perturbative expansion of the φ4 model in 2D where we discussed the
series expansions (4.10), (4.11) in the previous subsection. Along the same line of arguments as
for the 0D case together with advanced saddle-point techniques the large order behaviour of the
perturbative series for the n-point correlation functions G(n) = ∑mG(n)m λmI is found to be [98]
G(n)m = γn (−a)m Γ(m+ βn + 1) for m→∞, (4.18)
where βn = n2 + 1 and from the leading saddle-point configuration the constant a, independent
of the type of correlation function, can be numerically determined to be a = 0.683708 . . . [98, 92].
Γ(x) denotes the Gamma function and γn a constant - unimportant to the following discussion -
specific to the type of correlation function and obtained in Ref. [98].





I , in units of mI . From (4.10) we have
ξ−1(λI) = 1− 0.75λ2I + 2.04299λ3I − 7.60918λ4I + 34.5188λ5I
− 181.738λ6I + 1080.29λ7I − 7121.29λ8I .
(4.19)
The standard resummation approach for this series is to use conformal Borel resummation


































Figure 4.2.: The inverse of the correlation length as a function of λI . The continuum limit is
taken by setting all Feynman diagrams with tadpole subdiagrams to zero. The
results for different truncation orders M of the perturbative series are obtained by
the resummation scheme discussed in the main text. Due to the fast convergence
of the series after resummation the critical point is determined to be λI,c ≈ 2.80
and the correlation length exponent ν ≈ 1.0. The original series is asymptotic and
therefore only valid around the non-interacting limit in the weakly correlated regime.
along the complete real line t > 0. In the definition of the generalized Borel transform we account





which determines the convergence radius of the generalized Borel transform. In order to evaluate




1− u2 ↔ u(t) =
√
1 + at− 1√
1 + at+ 1
(4.23)
to perform the analytic continuation to arbitrary t > 0. It maps the complex t-plane into the
unit disc of the complex u-plane where the negative real axis starting from t < −1/a is mapped
onto the boundary of the unit disc. Therefore,







converges everywhere inside the unit disc. The additional parameter s has been added to obtain
more control over the resummation results [99, 92]. From the inverse transformation (4.21)






















(1− u)s . (4.26)
The free parameters b, s are varied such that the obtained convergence is fastest.
















Figure 4.3.: The beta function in terms of the rescaled renormalized coupling v = 3λR/8pi
after the resummation procedure discussed in the main text is used. Convergence
can be observed already for a small number of perturbative coefficients used in the
resummation. The beta function has a zero at v ≈ 1.83 corresponding to a non-trivial
long wavelength fixed point.
result for β(v) is given in Fig. 4.3 where b = 1/2, s = 3 is used. The results demonstrate that it
is possible to obtain with only a few number of coefficients the existence of a non-trivial universal
long wavelength fixed point with 8piλ?R/3 ≈ 1.83 where upon approaching the critical point of the
chosen scheme, λI,c ≈ 2.80, the correlation length diverges with the universal power law ξ ∝ τ−ν
where ν ≈ 1.0 and τ = |λI − λI,c|/λI .
Nevertheless, care must be taken in discussing the generality and accuracy of the results. The
result on the divergence of the correlation length has been obtained by choosing to resum the
series for the inverse of the correlation length, (4.19), instead of the series for the squared
inverse of the correlation length, (4.10). This is obviously guided by the prior knowledge that
the considered model belongs to the 2D Ising universality class where it is known that ν = 1.
Although ξ−1(λI) has to be non-analytic at the transition point, i.e., ξ−1(λI) < 0 for λI > λI,c is
clearly unphysical, this non-analyticity does not affect the accuracy of the resummed series (4.19)
too much such that a low truncation order suffices. It can be numerically checked that resumming
(4.10) does not even lead to qualitative results. Therefore, the high accuracy of the obtained
results for the divergence of the correlation length is highly model specific. On the contrary,
perturbative renormalization group functions were implicitly assumed to be analytic functions at
the fixed point since the analytic continuation assumes that the generalized Borel transform has
singularities only on the negative real axis. Consequently, under this assumption, they are the
correct quantities to compute in order to obtain high accuracy results with a small number of
expansion coefficients. This assumption turned out to be wrong and confluent singularities due to
corrections to the leading order scaling appear in the renormalization group functions, which in
2D are worse than in, e.g., 3D. For the large amount of literature on this issue consult Sec. 2.4.3 of
Ref. [100] and references therein. In particular, the universal value for the renormalized coupling
strength λ?R in 2D obtained by different methods do not agree with each other and error bars of
the field theory approach are underestimated. For an overview of results from different methods
consult Sec. 3.2 of Ref. [100] and specific references therein. This is attributed to the singular
behaviour of the renormalization group functions at the fixed point. In order to increase the
reliability and accuracy of the result more series coefficients would be needed and assuming that
these can only be obtained with exponential computational time the asymptotic scaling regime
discussed in the first section will be quickly reached.
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In conclusion, the discussion of the results shows that, in general, it is unavoidable that the
required number of series coefficients grows in the strongly correlated regime, which leads -
under the assumptions of the previous section - to an exponential increase in computational
time. Nevertheless, due to the flexibility of series expansion techniques it is possible to obtain
qualitative and quantitative results - however with a more conservative error bar - before this
asymptotic scaling regime is reached.
We illustrated that, even in the strongly correlated regime, series expansion techniques are due
to their flexibility a powerful computational technique. This power crucially hinges upon finding
convergent series expansions and choosing the correct quantity which should be expanded. We
have discussed that expansions around non-interacting limits are in general not convergent and
illustrated that resumming the series is highly non-trivial. Unfortunately, resummation methods
are only understood for a restricted class of systems. For models with a finite convergence radius,
e.g., the 2D Hubbard model at finite temperature, the situation is even worse. Although the
perturbative series is guaranteed to converge in the weakly interacting Fermi liquid regime [95],
the series does not converge in the strongly correlated regime where the single particle picture
breaks down and the resummation program can not be applied due to very limited understanding
of the high order asymptotics of the perturbative series.
The main motivation for the following sections of this thesis is to develop a computational tool
which circumvents the convergence problems of perturbative series expansion techniques but
benefits from the same advantages and generality as the Feynman diagrammatic technique. We
establish a method, based on the functional integro-differential representation of the Dyson-
Schwinger equation, which goes beyond the usual paradigms of perturbation theory and has the
potential to overcome the convergence issues without resorting to prior analytic knowledge.
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5
Functional closure and solution of the
Dyson-Schwinger equation
Although we found from the discussion of the computational complexity of Quantum Monte
Carlo simulations and diagrammatic Monte Carlo calculations that the asymptotic scaling of the
computational effort is exponential in the strongly correlated regime, we argued and illustrated
in the previous section that the flexibility of the field theoretic method is the key advantage.
Therefore, the most promising research directions to overcome the limitations of established
computational methods in the strongly correlated regime are those which are built upon the field
theoretic approach. We also discussed and illustrated that this power crucially hinges upon the
convergence properties of the perturbative series. In general, the perturbative series is asymptotic
or divergent and the series has to be analytically continued into the strongly correlated regime.
The reliability of these resummation methods can only be guaranteed with additional analytic
understanding of the many-body theory under consideration and this information has only been
obtained for a very restricted class of models.
The aim of this chapter is to provide an alternative to the perturbative series expansion of the
field theoretic method which enjoys the same flexibility and broad applicability. Instead of setting
up field theoretic calculations within the language of functional integrals, we use functional
integro-differential equations. This functional integro-differential equation is obtained from the
Dyson-Schwinger equation (DSE). The prime advantage of the language of functional integro-
differential equations is that series expansion methods in this formulation do not necessarily
rely on the harmonic paradigm of perturbation theory in field theoretic calculations. There are
powerful non-perturbative series expansion techniques for the solution of non-linear ordinary
differential equations. One of these methods is the homotopy analysis method (HAM). It embeds
the differential equation under consideration into a homotopy which, in that way, continuously
transforms the solution of an auxiliary problem into the full solution of the non-linear differential
equation. We work out the generalization of the homotopy analysis method to solve the full
DSE by writing them as a closed set of functional integro-differential equations. Within this
formulation there exists a semianalytic way to treat the functional derivatives and the DSE is
solved without resorting to an infinite expansion of the successive n-point correlation functions.
Nevertheless, we use a functional integro-differential equation for correlation functions on the
two-particle level, i.e., the four-point vertex function. Such higher-order correlation functions are
known to be notoriously difficult to treat numerically due to their dependence on four space-time
coordinates. Therefore, the computational tools developed in this chapter moreover provide a
general way to deal with such high-dimensional n-point correlation functions. The main technique
we develop for that is the expansion and stochastic summation of the homotopy analysis method.
We introduce rooted tree diagrams representing the expansion of the homotopy analysis method
in a diagrammatic language and a Markov chain Monte Carlo algorithm that stochastically sums
up all rooted tree diagrams in the same spirit as diagrammatic Monte Carlo algorithms sum
up all connected Feynman diagrams. We use the developed algorithm for the full and unbiased
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solution of the Dyson-Schwinger equation beyond any truncation scheme illustrated for φ4 theory
on a 2D square lattice in its strongly correlated regime close to a second-order phase transition.
We observe the divergence of the magnetic susceptibility in the strongly correlated regime up to
a maximal correlation length ξ ≈ 4. Due to the numerical sign problem in the expansion order,
discussed in general in Ch. 3, we cannot go deeper into the strongly correlated regime.
The structure of this chapter is the following. In Sec. 5.1, we discuss the derivation of the closed
set of Dyson-Schwinger equations for the 0D analog of the φ4 model. In Sec. 5.2 we generalize
the derivation of the coupled set of equations to interacting many-body models with arbitrary
two-body interaction. Sec. 5.3 introduces the homotopy analysis method and discuss the solution
of the 0D toy model. In order to generalize the solution strategy presented for the 0D case,
we develop in Sec. 5.4 the expansion of the homotopy analysis method in terms of rooted tree
diagrams on the basis of a simple integral equations. Based on this example we introduce the
Markov chain Monte Carlo algorithm for the sampling of rooted tree diagrams. Finally, in
Sec. 5.5 we apply these new methods to the φ4 theory in 2D.
5.1. Functional closure for a 0D toy model
The ideas developed in this chapter are most easily demonstrated for the case of a 0D field
theory. In this section we derive the closed system of equations defining the field theory under
consideration for a simple toy model. Consider the 1D integral
Z[J ] =
∫
dφ e−S[φ]+Jφ with S[φ] = 12kφ
2 + λ4!φ
4, (5.1)














The n-point correlation function in the presence of a non-vanishing source field is denoted by
G
(n)
J . Although in this example the generating functional Z[J ] is a real-valued function and
the n-point correlation functions are real numbers, we will, nevertheless, use the terminology of
(quantum) field theory (FT) as there will be no ambiguities. The DSE [101] can be derived by
introducing an infinitesimal shift δ in the integration variable, φ → φ+ δ, and expanding the






Z[J ] = JZ[J ]. (5.3)
The first derivative of the action S which respect to the field φ is promoted to a differential
operator by the substitution φ = ddJ .
The DSE (5.3) is a definition of the generating functional in terms of a differential equation
equivalent to the definition of Z[J ] through (5.1). For a realistic FT (5.3) turns into a functional
integro-differential equation, whereas (5.1) turns into a functional integral. We can determine
Z[J ] either by directly calculating the functional integral in (5.1) or solving the differential
equation (5.3). The later approach is explored in this part of the thesis.
Ultimately, at the end of the calculation we are interested in determining the correlation func-
tions G(n) for the model (5.1). Although Z[J ] encodes through is Taylor series expansion the
information about all n-point correlation functions, it is not very useful in practical calculations.
Starting from (5.3) we derive in the following a closed set of equations where the correlation
functions are determined through the solution of this set of equations.
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We first note that it is more convenient to work with connected n-point correlation func-
tions G(n)c or even one-particle irreducible n-point vertex functions Γ(n)c . Therefore, in a first step










where G(n)c,J denotes the connected correlation function in the presence of a non-vanishing source
field J . After that we can perform a Legendre transform to introduce the generating functional
for the n-point vertex functions, Γ˜[Φ],
Γ˜[Φ] = JΦ− F [J ] where dF [J ]dJ = Φ. (5.5)
We have introduced the shorthand Φ for the expectation value of φ in the presence of a non-










where Γ(n)Φ denotes the n-point vertex function in the presence of a non-vanishing Φ. Plugging

















where we have used that
dΓ˜
dΦ = J (5.9)
due to the definition of Γ˜ through the Legendre transform. With this we can easily rewrite the








1 = dΓ˜dΦ , (5.10)
which for the action in (5.1) gives
kΦ + λ6 Φ













This is the desired DSE for Γ˜[Φ], which can be used as a starting point to derive a differential
equation for the vertex functions. Before discussing this derivation we want to illustrate the
usual approach to solve (5.11).
The DSE (5.11) can be formally solved by deriving an infinite tower of recursion relations








Therefore, differentiating (5.11) successively with respect to Φ and setting Φ = 0 afterwards
yields an infinite tower of equations for the vertex functions,




Γ(4) = λ− 3λ2 G





Γ(6) = −5λ2 G









Γ(8) = . . .
. . .
Γ(n) = . . . .
We use the shorthand notation G = G(2) = G(2)c for the two-point correlation function. For a
classical FT or quantum FT the n-point vertex function is a rank nD or n(D + 1) tensor and
therefore for practical reasons the infinite tower has to be truncated at some point. Various
truncation schemes are studied but current computational power does not allow to generically
include the four-point vertex function in untruncated form.
The differential equation derived in the following will give a practical way to go beyond any
truncation scheme. The main idea to close the hierarchy is to consider the generating functional to
be a functional of the inverse non-interacting two-point correlation function k, Z[k] = Z[J = 0, k].
Therefore, we can write,
G(4) = −2dGdk +G
2. (5.14)
Using the relation between Γ(4) and G(4) we can rewrite (5.14) to




where we use, here and in the following, the notation Γ(4) = Γ. Therefore, the four-point vertex
function can be obtained by differentiating the inverse of the two-point correlation function with
respect to the inverse bare two-point correlation function k.
We can use the first equation in (5.13) to obtain

























where we denote the derivative with respect to G as Γ′. This differential equation defines a
universal functional Γ[G].
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The discussed closure of the DSE for Γ˜ gives a coupled set of equations,









Thus the 0D toy model (5.1) can be defined in terms of a differential equation useful for practical
calculations of G and Γ.
Before going into detail how to solve this coupled set of equations we discuss the derivation for a
general FT.
5.2. Functional closure for an interacting field
theory
In this section we derive a closed system of functional integro-differential equations for general
interacting many-body models with arbitrary two-body interactions. These equations define the
many-body theory under consideration in a functional integro-differential formulation.
5.2.1. Correlation functions and functional derivatives
To find a closed set of equations for correlation functions we write high order correlation functions
as functional derivatives of low order correlation functions. In this section we show how we define
the functional derivatives in a collective index notation.
In Sec. 5.1 the algebraic 0D field theory
Z[J ] =
∫
dφ e−S[φ]+Jφ with S[φ] = 12kφ
2 + λ4!φ
4 (5.21)











We extend the definition of the generating functional Z[J ] with a 1-point source term J to a
two-point source term. The inverse non-interacting two-point correlation function k can be
regarded as a two-point source term. Therefore, the partition function Z = Z[J = 0] is considered
to be a generating functional with respect to k, Z = Z[k]. The two-point correlation function
G = G(2) can be obtained by differentiation with respect to the two-point source term k,




In order to practically use (5.23), Z[k] has to be computed for arbitrary k ∈ R and afterwards
the derivative has to be evaluated at k = kphys.
We first discuss the extension to a FT for the prototypical Z2 symmetric φ4 model on a lattice




















In this case G−10 ∈ RL×L with L the number of lattice sites and G−10;i,j = G−10;i,j;phys = −i,j+m2δi,j
where  is the discretized Laplace operator in D dimensions. The measure of the functional
integral is denoted by d(φ). The n-point correlation function carries now additional lattice indices
and is defined as
G
(n)




d(φ) e−S[φ]φi1 . . . φin . (5.25)
In analogy with the 0D case we consider Z = Z[J = 0] = Z[G−10 ] and write the two-point
correlation function as







Therefore, Z[G−10 ] has to be computed for arbitrary G−10 ∈ RL×L and only after the derivative
has been taken the expression is evaluated in the subspace of physical G−10 = G−10;i,j;phys.
In particularly, although G−10;i,j;phys lies inside the subspace of translational invariant G
−1
0 the
calculation of Z[G−10 ] must not be restricted to this physical subspace. Translational invariance
can only be restored after the functional derivative of Z[G−10 ] is evaluated at G−10;phys.
The following argument [102] illustrates that this is indeed indispensable. The four-point









Model (5.24) is translational invariant and therefore G(4) depends on three relative distances,
e.g., i1 − i2, i1 − i3, i1 − i4. If translational invariance is already restored before taking the
functional derivative in (5.27), i.e., taking the functional derivative only in the restricted subspace
of translational invariant G−10 , the right hand side depends only on two relative distances i1 − i2,
i3− i4. In this case the functional derivative does not provide the full information about all values
of the four-point correlation function. This shows that it is crucial to consider G−10 ∈ RL×L and
not perform the calculation in a restricted subspace.
We can also consider an argument based on diagrammatic reasonings which is closer to the
actual computational techniques introduced in this chapter. The above result can be obtained by
taking into account the following considerations. Formally, a FT can also be defined through its
series expansion of correlation functions in terms of Feynman diagrams. The functional derivative
with respect to G0 (related to the one with respect to G−10 through the chain rule of functional
differentiation) can be considered for each diagram. The action of this derivative on a single
Feynman diagram is diagrammatically represented by removing one G0 line in all possible ways.
The result of cutting a single G0 line is a new diagram with two additional external legs, which
can be a Feynman diagram in the series expansion of a higher order correlation function. The
precise relation will be derived in the following chapter. We consider this process for a specific
example where translational invariance is already restored before taking the functional derivative.








G0(p1 − p5 − p6)G0(p5)G0(p6) =∫
p5
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<latexit sha1_base64="1Cq+sI7nFeho/ww0NbuiI XwrF9Q=">AAAB6XicbZC7TsNAEEXHPEN4GVLSOERINEQ24lVG0FAGiTyk2LLWm02yyq692l0jLCsfQYdoKGj gK/gO/oZNcAEJt5mrOTPS3IkEo0q77pe1tLyyurZe2ihvbm3v7Np7+22VpBKTFk5YIrsRUoTRmLQ01Yx0hSS IR4x0ovHNlHceiFQ0ie91JkjA0TCmA4qRNq3QrojQ86snflWE50W9CO2aW3dnchaNV5gaFGqG9qffT3DKSaw xQ0r1PFfoIEdSU8zIpOynigiEx2hIesbGiBMV5I+z6yfOb5wjrlTGo4lzxJEeqXk2bf7HeqkeXAU5jUWqSYz NiGGDlDk6caaxnT6VBGuWGYOwpOYwB4+QRFib55RNYm8+36Jpn9Y9t+7dndUa10X2EhzAIRyDB5fQgFtoQgs wZPAK7/Bhja0n69l6+RldsoqdCvyR9fYN6m2Lcw==</latexit><latexit sha1_base64="1Cq+sI7nFeho/ww0NbuiI XwrF9Q=">AAAB6XicbZC7TsNAEEXHPEN4GVLSOERINEQ24lVG0FAGiTyk2LLWm02yyq692l0jLCsfQYdoKGj gK/gO/oZNcAEJt5mrOTPS3IkEo0q77pe1tLyyurZe2ihvbm3v7Np7+22VpBKTFk5YIrsRUoTRmLQ01Yx0hSS IR4x0ovHNlHceiFQ0ie91JkjA0TCmA4qRNq3QrojQ86snflWE50W9CO2aW3dnchaNV5gaFGqG9qffT3DKSaw xQ0r1PFfoIEdSU8zIpOynigiEx2hIesbGiBMV5I+z6yfOb5wjrlTGo4lzxJEeqXk2bf7HeqkeXAU5jUWqSYz NiGGDlDk6caaxnT6VBGuWGYOwpOYwB4+QRFib55RNYm8+36Jpn9Y9t+7dndUa10X2EhzAIRyDB5fQgFtoQgs wZPAK7/Bhja0n69l6+RldsoqdCvyR9fYN6m2Lcw==</latexit><latexit sha1_base64="1Cq+sI7nFeho/ww0NbuiI XwrF9Q=">AAAB6XicbZC7TsNAEEXHPEN4GVLSOERINEQ24lVG0FAGiTyk2LLWm02yyq692l0jLCsfQYdoKGj gK/gO/oZNcAEJt5mrOTPS3IkEo0q77pe1tLyyurZe2ihvbm3v7Np7+22VpBKTFk5YIrsRUoTRmLQ01Yx0hSS IR4x0ovHNlHceiFQ0ie91JkjA0TCmA4qRNq3QrojQ86snflWE50W9CO2aW3dnchaNV5gaFGqG9qffT3DKSaw xQ0r1PFfoIEdSU8zIpOynigiEx2hIesbGiBMV5I+z6yfOb5wjrlTGo4lzxJEeqXk2bf7HeqkeXAU5jUWqSYz NiGGDlDk6caaxnT6VBGuWGYOwpOYwB4+QRFib55RNYm8+36Jpn9Y9t+7dndUa10X2EhzAIRyDB5fQgFtoQgs wZPAK7/Bhja0n69l6+RldsoqdCvyR9fYN6m2Lcw==</latexit><latexit sha1_base64="1Cq+sI7nFeho/ww0NbuiI XwrF9Q=">AAAB6XicbZC7TsNAEEXHPEN4GVLSOERINEQ24lVG0FAGiTyk2LLWm02yyq692l0jLCsfQYdoKGj gK/gO/oZNcAEJt5mrOTPS3IkEo0q77pe1tLyyurZe2ihvbm3v7Np7+22VpBKTFk5YIrsRUoTRmLQ01Yx0hSS IR4x0ovHNlHceiFQ0ie91JkjA0TCmA4qRNq3QrojQ86snflWE50W9CO2aW3dnchaNV5gaFGqG9qffT3DKSaw xQ0r1PFfoIEdSU8zIpOynigiEx2hIesbGiBMV5I+z6yfOb5wjrlTGo4lzxJEeqXk2bf7HeqkeXAU5jUWqSYz NiGGDlDk6caaxnT6VBGuWGYOwpOYwB4+QRFib55RNYm8+36Jpn9Y9t+7dndUa10X2EhzAIRyDB5fQgFtoQgs wZPAK7/Bhja0n69l6+RldsoqdCvyR9fYN6m2Lcw==</latexit>
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<latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJC YqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e 8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+ a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJC YqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e 8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+ a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJC YqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e 8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+ a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJC YqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e 8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+ a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit>
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k3
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k4
<latexit sha1_base64="CUkne2n2HBcUkIKp+HbKSKZ2vaQ=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJ EZQ6JLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcIm+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3djnu1XrniVt15yD J4OVQgT6NX/uz2Y5ZGKA0TVOuO5yYmyKgynAmclrqpxoSyMR1ix6KkEeoge5zfOiW/dUYjrSdROCUnETUjvehmw/9cJzWDiyDjMkkNSmZXrBukgpiYzEqSPlfIjJhYoExxexhhI6ooM/YrSraxt9hvGZpnVc+teje1Sv0y716EIz iGU/DgHOpwDQ3wgcEQXuEdPpx758l5dl5+VgtO/uYQ/sR5+waxnYZJ</latexit><latexit sha1_base64="CUkne2n2HBcUkIKp+HbKSKZ2vaQ=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJ EZQ6JLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcIm+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3djnu1XrniVt15yD J4OVQgT6NX/uz2Y5ZGKA0TVOuO5yYmyKgynAmclrqpxoSyMR1ix6KkEeoge5zfOiW/dUYjrSdROCUnETUjvehmw/9cJzWDiyDjMkkNSmZXrBukgpiYzEqSPlfIjJhYoExxexhhI6ooM/YrSraxt9hvGZpnVc+teje1Sv0y716EIz iGU/DgHOpwDQ3wgcEQXuEdPpx758l5dl5+VgtO/uYQ/sR5+waxnYZJ</latexit><latexit sha1_base64="CUkne2n2HBcUkIKp+HbKSKZ2vaQ=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJ EZQ6JLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcIm+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3djnu1XrniVt15yD J4OVQgT6NX/uz2Y5ZGKA0TVOuO5yYmyKgynAmclrqpxoSyMR1ix6KkEeoge5zfOiW/dUYjrSdROCUnETUjvehmw/9cJzWDiyDjMkkNSmZXrBukgpiYzEqSPlfIjJhYoExxexhhI6ooM/YrSraxt9hvGZpnVc+teje1Sv0y716EIz iGU/DgHOpwDQ3wgcEQXuEdPpx758l5dl5+VgtO/uYQ/sR5+waxnYZJ</latexit><latexit sha1_base64="CUkne2n2HBcUkIKp+HbKSKZ2vaQ=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJ EZQ6JLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcIm+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3djnu1XrniVt15yD J4OVQgT6NX/uz2Y5ZGKA0TVOuO5yYmyKgynAmclrqpxoSyMR1ix6KkEeoge5zfOiW/dUYjrSdROCUnETUjvehmw/9cJzWDiyDjMkkNSmZXrBukgpiYzEqSPlfIjJhYoExxexhhI6ooM/YrSraxt9hvGZpnVc+teje1Sv0y716EIz iGU/DgHOpwDQ3wgcEQXuEdPpx758l5dl5+VgtO/uYQ/sR5+waxnYZJ</latexit>
p5
<latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJC YqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e 8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+ a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJC YqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e 8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+ a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJC YqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e 8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+ a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJC YqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e 8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+ a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit>
p6
<latexit sha1_base64="iAM59XHK40lZBRcbMH8PL3Vki7c=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqo ShICxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh +DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7 hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO7voZQ</latexit><latexit sha1_base64="iAM59XHK40lZBRcbMH8PL3Vki7c=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqo ShICxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh +DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7 hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO7voZQ</latexit><latexit sha1_base64="iAM59XHK40lZBRcbMH8PL3Vki7c=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqo ShICxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh +DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7 hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO7voZQ</latexit><latexit sha1_base64="iAM59XHK40lZBRcbMH8PL3Vki7c=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqo ShICxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh +DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7 hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO7voZQ</latexit>
p1
<latexit sha1_base64="Cl3fs9ZJANW9ffyEFOLUWA+YZ1s=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAI rspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutFt0iXdUjm oBLP4i0ByKEOeWrf02enFLJWoLBPUmDYJEhtmVFvOBE6KndRgQtmIDrDtUFGJJsweZ7dO/N86o9KYsYwm/rGkdmjm3XT4n2untn8RZlwlqUXF3Ipz/VT4NvanJf0e18isGDugTHN3mM+GVFNm3VcUXWMy328RGqcVElTIzV m5epl3L8AhHMEJEDiHKlxDDerAYACv8A4f3r335D17Lz+rS17+5gD+xHv7BrSJhks=</latexit><latexit sha1_base64="Cl3fs9ZJANW9ffyEFOLUWA+YZ1s=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAI rspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutFt0iXdUjm oBLP4i0ByKEOeWrf02enFLJWoLBPUmDYJEhtmVFvOBE6KndRgQtmIDrDtUFGJJsweZ7dO/N86o9KYsYwm/rGkdmjm3XT4n2untn8RZlwlqUXF3Ipz/VT4NvanJf0e18isGDugTHN3mM+GVFNm3VcUXWMy328RGqcVElTIzV m5epl3L8AhHMEJEDiHKlxDDerAYACv8A4f3r335D17Lz+rS17+5gD+xHv7BrSJhks=</latexit><latexit sha1_base64="Cl3fs9ZJANW9ffyEFOLUWA+YZ1s=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAI rspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutFt0iXdUjm oBLP4i0ByKEOeWrf02enFLJWoLBPUmDYJEhtmVFvOBE6KndRgQtmIDrDtUFGJJsweZ7dO/N86o9KYsYwm/rGkdmjm3XT4n2untn8RZlwlqUXF3Ipz/VT4NvanJf0e18isGDugTHN3mM+GVFNm3VcUXWMy328RGqcVElTIzV m5epl3L8AhHMEJEDiHKlxDDerAYACv8A4f3r335D17Lz+rS17+5gD+xHv7BrSJhks=</latexit><latexit sha1_base64="Cl3fs9ZJANW9ffyEFOLUWA+YZ1s=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAI rspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutFt0iXdUjm oBLP4i0ByKEOeWrf02enFLJWoLBPUmDYJEhtmVFvOBE6KndRgQtmIDrDtUFGJJsweZ7dO/N86o9KYsYwm/rGkdmjm3XT4n2untn8RZlwlqUXF3Ipz/VT4NvanJf0e18isGDugTHN3mM+GVFNm3VcUXWMy328RGqcVElTIzV m5epl3L8AhHMEJEDiHKlxDDerAYACv8A4f3r335D17Lz+rS17+5gD+xHv7BrSJhks=</latexit>
 p1 p5 p6
<latexit sha1_base64="RR2kpQ7Gy04xznAVBmGudVXgE3A=">AAAB9nicbZC7TsNAEEXH4RXCy0BJsxAh0 RDZiFcZQUMZJPKQEstabzbJKuu1tbtGiay0fAYdoqGggZbv4G9YBxch4TZzNHdGmjtBzJnSjvNtFZaWV1bXiuuljc2t7R17d6+hokQSWicRj2QrwIpyJmhdM81pK5YUhwGnzWB4m/nNRyoVi8SDHsfUC3FfsB4jWJuWb6NT1 DlEse9mJeeLGb707bJTcaZCi+DmUIZcNd/+6nQjkoRUaMKxUm3XibWXYqkZ4XRS6iSKxpgMcZ+2DQocUuWlo2mUCZq1UxwqNQ6DCToOsR6oeS9r/ue1E9279lIm4kRTQcyI8XoJRzpC2Q9Ql0lKNB8bwEQycxgiAywx0eZTJ ZPYnc+3CI2ziutU3PvzcvUmz16EAziCE3DhCqpwBzWoA4EneIMP+LRG1rP1Yr3+jhasfGcf/sh6/wHMhY3f</latexit><latexit sha1_base64="RR2kpQ7Gy04xznAVBmGudVXgE3A=">AAAB9nicbZC7TsNAEEXH4RXCy0BJsxAh0 RDZiFcZQUMZJPKQEstabzbJKuu1tbtGiay0fAYdoqGggZbv4G9YBxch4TZzNHdGmjtBzJnSjvNtFZaWV1bXiuuljc2t7R17d6+hokQSWicRj2QrwIpyJmhdM81pK5YUhwGnzWB4m/nNRyoVi8SDHsfUC3FfsB4jWJuWb6NT1 DlEse9mJeeLGb707bJTcaZCi+DmUIZcNd/+6nQjkoRUaMKxUm3XibWXYqkZ4XRS6iSKxpgMcZ+2DQocUuWlo2mUCZq1UxwqNQ6DCToOsR6oeS9r/ue1E9279lIm4kRTQcyI8XoJRzpC2Q9Ql0lKNB8bwEQycxgiAywx0eZTJ ZPYnc+3CI2ziutU3PvzcvUmz16EAziCE3DhCqpwBzWoA4EneIMP+LRG1rP1Yr3+jhasfGcf/sh6/wHMhY3f</latexit><latexit sha1_base64="RR2kpQ7Gy04xznAVBmGudVXgE3A=">AAAB9nicbZC7TsNAEEXH4RXCy0BJsxAh0 RDZiFcZQUMZJPKQEstabzbJKuu1tbtGiay0fAYdoqGggZbv4G9YBxch4TZzNHdGmjtBzJnSjvNtFZaWV1bXiuuljc2t7R17d6+hokQSWicRj2QrwIpyJmhdM81pK5YUhwGnzWB4m/nNRyoVi8SDHsfUC3FfsB4jWJuWb6NT1 DlEse9mJeeLGb707bJTcaZCi+DmUIZcNd/+6nQjkoRUaMKxUm3XibWXYqkZ4XRS6iSKxpgMcZ+2DQocUuWlo2mUCZq1UxwqNQ6DCToOsR6oeS9r/ue1E9279lIm4kRTQcyI8XoJRzpC2Q9Ql0lKNB8bwEQycxgiAywx0eZTJ ZPYnc+3CI2ziutU3PvzcvUmz16EAziCE3DhCqpwBzWoA4EneIMP+LRG1rP1Yr3+jhasfGcf/sh6/wHMhY3f</latexit><latexit sha1_base64="RR2kpQ7Gy04xznAVBmGudVXgE3A=">AAAB9nicbZC7TsNAEEXH4RXCy0BJsxAh0 RDZiFcZQUMZJPKQEstabzbJKuu1tbtGiay0fAYdoqGggZbv4G9YBxch4TZzNHdGmjtBzJnSjvNtFZaWV1bXiuuljc2t7R17d6+hokQSWicRj2QrwIpyJmhdM81pK5YUhwGnzWB4m/nNRyoVi8SDHsfUC3FfsB4jWJuWb6NT1 DlEse9mJeeLGb707bJTcaZCi+DmUIZcNd/+6nQjkoRUaMKxUm3XibWXYqkZ4XRS6iSKxpgMcZ+2DQocUuWlo2mUCZq1UxwqNQ6DCToOsR6oeS9r/ue1E9279lIm4kRTQcyI8XoJRzpC2Q9Ql0lKNB8bwEQycxgiAywx0eZTJ ZPYnc+3CI2ziutU3PvzcvUmz16EAziCE3DhCqpwBzWoA4EneIMP+LRG1rP1Yr3+jhasfGcf/sh6/wHMhY3f</latexit>
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Figure 5.1.: Feynman diagrams in momentum space contributing to different correlation functions
for φ4 theory with action (5.24). The lines represent non-interacting two-point
correlation functions G0 whereas the interaction vertex is represented by the dot.
Due to the local interaction momentum is conserved at each vertex. a) The second
order contribution to the self-energy. Due to the translational symmetry of the
φ4 model incoming and outgoing momenta have to be equal and G0 depends only
on a single momentum variable. b) A second order contribution to the four-point
vertex function depending on the four external momentum variables ki. Due to
translational symmetry, δ(k1 +k2 +k3 +k4), the four-point vertex function effectively
depends on three momentum variables. c) The second order diagram contributing to
the self-energy without assuming translational symmetry. Therefore, incoming and
outgoing momenta do not have to be equal and the two-point correlation function
lines depend on 2-momentum variables.
Due to translational invariance G0 is diagonal in momentum space and depends only on a single
momentum variable. The resulting diagram obtained from this functional differentiation is
depicted in Fig. 5.1 b). It contributes to the Feynman diagrammatic expansion of the four-point
vertex function. However, as we already assumed translational invariance before taking the
derivative we can obtain information only in the subspace k1 = −k4 = p1, k2 = −k3 = −p3.
The contribution for arbitrary external momentum variables is given by the functional derivative
of the diagram in Fig. 5.1 c). Translational invariance is not taken into account yet and therefore







G0(p5,−p4 − p7 − p8)G0(p6, p7)G0(−p1 − p5 − p6, p8)
]∣∣∣∣
G0=G0,phys
= δ(p1 + p2 + p3 + p4)
∫
p5
G0(p1 + p2 − p5)G0(p5)
(5.29)
which is exactly the analytic expression for Fig. 5.1 b) with ki = pi.
This result can be generalized to more complicated symmetries such as interacting fermions with
spin σ on a lattice with a translational invariant hopping matrix h and local on-site Hubbard









where G−1,ψ¯ψ0;i,j,σ,σ′(τ, τ ′) = G
−1
0;i,j,σ,σ′;phys(τ, τ ′) = δσ,σ′δ(τ − τ ′) [(∂τ − µ) δi,j + hi,j ] and the interact-
ing part Sint describes a local interaction which does not break U(1) symmetry nor SU(2) spin
symmetry nor does it violate translational invariance in space and imaginary time.
We focus in the following on the U(1) symmetry leading to particle number conservation but note
that exactly the same argument can be used for SU(2) spin symmetry. A second order diagram
contributing to the self-energy for this model is given in Fig. 5.2 a). We only consider the labels of
the diagram due to the U(1) symmetry where incoming lines denote ψ and outgoing lines denote
ψ¯. Due to the U(1) symmetry particle number is conserved and the number of ingoing lines
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a) b) c)
Figure 5.2.: Feynman diagrams for the fermionic model with free action (5.30) and Hubbard
type interactions. The lines represent non-interacting two-point correlation functions
G0 whereas the interaction vertex is represented by the dot. The diagrams are only
labeled by the arrows on the lines which corresponds to U(1) symmetry. Further
labels are suppressed. Incoming lines represent ψ¯-fields and outgoing lines represent
ψ-fields. As the Hubbard type density-density interaction preserves U(1) symmetry
the number of ingoing and the number of outgoing lines on each vertex have to
be equal. a) The second order diagram contributing to the diagonal part of the
self-energy. The number of incoming and outgoing lines are equal and therefore the
diagram contributes to the diagonal component of the self energy. b) A second order
diagram contributing to the four-point vertex function. c) The second order diagram
contributing to the off-diagonal part of the self-energy. There are two incoming lines
but no outgoing lines therefore the diagram contributes only in the case of broken
U(1) symmetry.
equals the number of outgoing lines. Taking the derivative of this diagram with respect to Gψ¯ψ0 ,
we obtain the diagram in Fig. 5.2 b) which contributes to the four-point correlation function. The
diagram in Fig. 5.2 a) is not the only diagram which upon cutting a single propagator line leads
to the diagram in Fig. 5.2 b). If we allow for U(1) symmetry breaking we can also consider the
diagram in Fig. 5.2 c) which contributes to the off-diagonal part of the self-energy. The particle
number is not conserved for this diagram as there are two incoming lines but no outgoing lines.
The diagram includes an off-diagonal G0 line, Gψ¯ψ¯0 , which is indicated by two arrows on that
line pointing in different directions. Cutting this G0 line also leads to the diagram in Fig. 5.2 b)
which preserves particle number conservation. This example shows, in analogy with translational
invariance, that at an intermediate stage of the calculation U(1) symmetry can be broken and
only after the derivative has been taken all symmetries of the action have to be respected.
Concluding, we showed that in general G−10 has to be defined outside the subspace of physical
inverse non-interacting two-point correlation functions. The full space is given by a collective









The collective index i summarizes all possible field labels of the considered model. For (5.30)
i = (±, τ, xi, σ) where i = (+, τ, xi, σ) labels ψ¯xi,σ(τ) and i = (−, τ, xi, σ) labels ψxi,σ(τ). The
inverse non-interacting two-point correlation function G−10;i,j is therefore defined in this collective
index space with properties discussed in the following.
5.2.2. Dyson-Schwinger equation for interacting many-body systems











The fields φi are either complex numbers if they represent bosonic degrees of freedom or anti-
commuting Grassmann numbers for fermionic degrees of freedom. They are labeled by a single
collective index i which summarizes all possible labels for the fields as introduced in Sec. 5.2.1.
The action can be formally defined on a lattice or in continuous space where x is taken to be a
discrete variable or a continuous variable respectively. The inverse of the non-interacting Greens
function G−10 should be thought of as a symmetric/antisymmetric matrix (for bosons/fermions) in
the space of the collective index i and the matrix elements of the two-body interaction are given
by a fully symmetric/antisymmetric tensor V . Summation over repeated indices is implicitly
assumed.
The Dyson-Schwinger equation for model (5.32) can be derived by introducing the generating







For bosons the source fields Ji are complex numbers while for fermions they are Grassmann
numbers anti-commuting with itself and with the fields φi. The measure of the functional integral
is denoted by d(φ). All n-point correlation functions can be generated by functional derivatives
of the generating functional with respect to the source fields,
G
(n)








The Dyson-Schwinger equation is derived by considering a linear shift ∆ of a single field variable
in the functional integral for the generating functional. For fermions ∆ has to be a Grassmann
number while for bosons ∆ is a complex number. The elements in the functional integral for the
generating functional transform under this shift as
φi1 → φi1 + ∆
d(φ)→ d(φ)





























Here and in the following the upper sign in ± or ∓ is for the bosonic case where the lower sign
is for the fermionic case. The differential form of the Dyson-Schwinger equation is obtained by








Z[J ] = 0. (5.37)
This is a functional integro-differential equation for the generating functional Z[J ]. This equation
can be formally solved by using the Taylor series expansion of the generating functional in terms










i1,...,inJin . . . Ji1 . (5.38)
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The relations between the expansion coefficients, i.e., the n-point correlation functions, can be
obtained by successive differentiation of (5.37) with respect to the source fields Ji and setting the
sources to Ji = 0 afterwards. This yields an infinite tower of integral equations for the n-point





i5,i4,i3,i2 = ±δi1,i2 . (5.39)
This equation relates the two-point correlation function with the four-point correlation function.
The four-point correlation function can be split into a disconnected part and a connected
part which on the other hand can be factorised into a contribution coming from the two-
point correlation function and a genuine four-point contribution, the four-point vertex function.
Therefore, we rewrite (5.39) such that it relates the two-point correlation function G with the
four-point vertex function Γ. In principle this can be done by introducing further generating
functionals for one-particle irreducible correlation functions but as we only need the connection
between correlation functions on the four-point level we will directly introduce the relations
between them.





i1,i2,i3,i4−Gi1,i2Gi3,i4 ∓Gi1,i3Gi2,i4 −Gi1,i4Gi2,i3 (5.40)
and the four-point vertex function is related to G(4)c by
Γ1,2,3,4 = −G−11,5G−12,6G−13,7G−14,8G(4)c;5,6,7,8. (5.41)
Here and in the following we use the short hand notation in = n for the collective index in.
Plugging these relations into (5.39) and solving for the inverse of the two-point correlation
function, we obtain
G−11,2 =G−10;1,2 − Σ1,2




The self-energy Σ1,2 has been introduced as a short hand notation for the contributions coming
from the interaction part. The above equation is a single equation for two unknown correlation
functions and therefore constitutes an underdetermined set of equations. In the following section
we derive a closed set of equations.
5.2.3. Closed Dyson-Schwinger equation for interacting many-body
systems
Based on the Dyson-Schwinger equation (5.42) which relates the inverse two-point correlation
function with the four-point vertex function we derive a closed set of functional integro-differential
equations. The solution of this set of differential equations gives direct access to the two-point
correlation function G and to the four-point vertex function Γ.



















We have used that
δG−10;1,2
δG−10;3,4
= 12 (δ1,3δ2,4 ± δ1,4δ2,3) . (5.44)








The four-point vertex function can also be written as a functional derivative with respect to G−10
by plugging the above identity (5.45) into the definition of the four-point vertex function (5.41).
The final result is











Up to now all identities are only based on the general rules of functional differentiation and are
not specific to any form of the action S[φ]. To make the connection to the considered model
(5.32), we can in principle use the identity (5.46) in the Dyson-Schwinger equation (5.42) to define
a coupled set of equations for a functional G[G0]. Numerically more favourable is a universal
function Γ[G]. Therefore, in the following we will use the self-energy Σ1,2 obtained from the
Dyson-Schwinger equation (5.42) and plug this expression into the identity (5.46).
We obtain the following expression after a long but straightforward calculation










The last term can be simplified by noting that second order functional derivatives commute.























































Figure 5.3.: The coupled set of equations defining model (5.32) is closed through a functional
integro-differential equation. Each diagram is in one-to-one correspondence with the
terms in (5.53), (5.54). The non-interacting two-point correlation function G0;i,j is
denoted by a thin line, the two-point correlation function Gi,j by a bold line, and
the bare vertex by a dot. The correct convolution of lattice indices can be obtained
by standard diagrammatic rules. The terms without functional derivatives involve
the permutation of external indices and is denoted by the factor 3.
This identity is used to rewrite the last term in (5.48) such that the four-point vertex is given by











Formally (5.42), (5.50) form a closed set of equations where the four-point vertex function should
be thought of as a functional of the inverse of the non-interacting two-point correlation function.
It is much more desirable to define the four-point vertex function as a functional of the two-point



















This relation transforms (5.50) into a definition of the four-point vertex function as a universal
functional Γ[G] in the language of a functional integro-differential equation. The complete set of
closed Dyson-Schwinger equations is given by
G−11,2 = G−10;1,2 − Σ1,2
Σ1,2 = ∓12V1,2,3,4G4,3 +
1
6V1,3,4,5G5,6G4,7G3,8Γ6,7,8,2, (5.53)













The equations are diagrammatically depicted in Fig. 5.3.
55
Solver I
<latexit sha1_base64="WrQ3Z+1NIxMUldywMvdA+HJW+u0=">AAAB5Xicb ZC7TsNAEEXHPEN4xEBJYxEhUUU2QoIygga6IMhDSqJovZkkq6wf2h2jRJY/gQ7RUNDAd/Ad/A2b4AISbnU09440d/xYCk2u+2WtrK6tb2wWtorbO7t7JXv/oKG jRHGs80hGquUzjVKEWCdBEluxQhb4Epv++HrmNx9RaRGFDzSNsRuwYSgGgjMyo55d6hBOKL2PpEk5t1nPLrsVdy5nGbwcypCr1rM/O/2IJwGGxCXTuu25MXVTp khwiVmxk2iMGR+zIbYNhixA3U0n88sz57edskDraeBnzknAaKQXvdnwP6+d0OCym4owTghDbiLGGyTSociZVXb6QiEnOTXAuBLmMIePmGKczGOKprG32G8ZGm cVz614d+fl6lXevQBHcAyn4MEFVOEGalAHDgm8wjt8WEPryXq2Xn6iK1a+cwh/ZL19A0AKi/E=</latexit><latexit sha1_base64="WrQ3Z+1NIxMUldywMvdA+HJW+u0=">AAAB5Xicb ZC7TsNAEEXHPEN4xEBJYxEhUUU2QoIygga6IMhDSqJovZkkq6wf2h2jRJY/gQ7RUNDAd/Ad/A2b4AISbnU09440d/xYCk2u+2WtrK6tb2wWtorbO7t7JXv/oKG jRHGs80hGquUzjVKEWCdBEluxQhb4Epv++HrmNx9RaRGFDzSNsRuwYSgGgjMyo55d6hBOKL2PpEk5t1nPLrsVdy5nGbwcypCr1rM/O/2IJwGGxCXTuu25MXVTp khwiVmxk2iMGR+zIbYNhixA3U0n88sz57edskDraeBnzknAaKQXvdnwP6+d0OCym4owTghDbiLGGyTSociZVXb6QiEnOTXAuBLmMIePmGKczGOKprG32G8ZGm cVz614d+fl6lXevQBHcAyn4MEFVOEGalAHDgm8wjt8WEPryXq2Xn6iK1a+cwh/ZL19A0AKi/E=</latexit><latexit sha1_base64="WrQ3Z+1NIxMUldywMvdA+HJW+u0=">AAAB5Xicb ZC7TsNAEEXHPEN4xEBJYxEhUUU2QoIygga6IMhDSqJovZkkq6wf2h2jRJY/gQ7RUNDAd/Ad/A2b4AISbnU09440d/xYCk2u+2WtrK6tb2wWtorbO7t7JXv/oKG jRHGs80hGquUzjVKEWCdBEluxQhb4Epv++HrmNx9RaRGFDzSNsRuwYSgGgjMyo55d6hBOKL2PpEk5t1nPLrsVdy5nGbwcypCr1rM/O/2IJwGGxCXTuu25MXVTp khwiVmxk2iMGR+zIbYNhixA3U0n88sz57edskDraeBnzknAaKQXvdnwP6+d0OCym4owTghDbiLGGyTSociZVXb6QiEnOTXAuBLmMIePmGKczGOKprG32G8ZGm cVz614d+fl6lXevQBHcAyn4MEFVOEGalAHDgm8wjt8WEPryXq2Xn6iK1a+cwh/ZL19A0AKi/E=</latexit><latexit sha1_base64="WrQ3Z+1NIxMUldywMvdA+HJW+u0=">AAAB5Xicb ZC7TsNAEEXHPEN4xEBJYxEhUUU2QoIygga6IMhDSqJovZkkq6wf2h2jRJY/gQ7RUNDAd/Ad/A2b4AISbnU09440d/xYCk2u+2WtrK6tb2wWtorbO7t7JXv/oKG jRHGs80hGquUzjVKEWCdBEluxQhb4Epv++HrmNx9RaRGFDzSNsRuwYSgGgjMyo55d6hBOKL2PpEk5t1nPLrsVdy5nGbwcypCr1rM/O/2IJwGGxCXTuu25MXVTp khwiVmxk2iMGR+zIbYNhixA3U0n88sz57edskDraeBnzknAaKQXvdnwP6+d0OCym4owTghDbiLGGyTSociZVXb6QiEnOTXAuBLmMIePmGKczGOKprG32G8ZGm cVz614d+fl6lXevQBHcAyn4MEFVOEGalAHDgm8wjt8WEPryXq2Xn6iK1a+cwh/ZL19A0AKi/E=</latexit>
Solver II
<latexit sha1_base64="R5dQhP1bo uAQxqP3BD37SXZuKhI=">AAAB5nicbZC7TgJBFIbP4g3xtmppM5GYWJFdY6Il 0UY6jHJJYENmhwEmzF4yc5ZANvsKdsbGwkZfw+fwbRxwCwX/6sv5/5Oc//ixF Bod58sqrK1vbG4Vt0s7u3v7B/bhUVNHiWK8wSIZqbZPNZci5A0UKHk7VpwGv uQtf3w791sTrrSIwkecxdwL6DAUA8EomlHPtrvIp5g+RNKkSK2W9eyyU3EWIq vg5lCGXPWe/dntRywJeIhMUq07rhOjl1KFgkmelbqJ5jFlYzrkHYMhDbj20un i9Iz8tlMaaD0L/IycBRRHetmbD//zOgkOrr1UhHGCPGQmYrxBIglGZN6Z9IXi DOXMAGVKmMMIG1FFGZrPlExjd7nfKjQvKq5Tce8vy9WbvHsRTuAUzsGFK6jCH dShAQwm8Arv8GGNrCfr2Xr5iRasfOcY/sh6+wbUGIxE</latexit><latexit sha1_base64="R5dQhP1bo uAQxqP3BD37SXZuKhI=">AAAB5nicbZC7TgJBFIbP4g3xtmppM5GYWJFdY6Il 0UY6jHJJYENmhwEmzF4yc5ZANvsKdsbGwkZfw+fwbRxwCwX/6sv5/5Oc//ixF Bod58sqrK1vbG4Vt0s7u3v7B/bhUVNHiWK8wSIZqbZPNZci5A0UKHk7VpwGv uQtf3w791sTrrSIwkecxdwL6DAUA8EomlHPtrvIp5g+RNKkSK2W9eyyU3EWIq vg5lCGXPWe/dntRywJeIhMUq07rhOjl1KFgkmelbqJ5jFlYzrkHYMhDbj20un i9Iz8tlMaaD0L/IycBRRHetmbD//zOgkOrr1UhHGCPGQmYrxBIglGZN6Z9IXi DOXMAGVKmMMIG1FFGZrPlExjd7nfKjQvKq5Tce8vy9WbvHsRTuAUzsGFK6jCH dShAQwm8Arv8GGNrCfr2Xr5iRasfOcY/sh6+wbUGIxE</latexit><latexit sha1_base64="R5dQhP1bo uAQxqP3BD37SXZuKhI=">AAAB5nicbZC7TgJBFIbP4g3xtmppM5GYWJFdY6Il 0UY6jHJJYENmhwEmzF4yc5ZANvsKdsbGwkZfw+fwbRxwCwX/6sv5/5Oc//ixF Bod58sqrK1vbG4Vt0s7u3v7B/bhUVNHiWK8wSIZqbZPNZci5A0UKHk7VpwGv uQtf3w791sTrrSIwkecxdwL6DAUA8EomlHPtrvIp5g+RNKkSK2W9eyyU3EWIq vg5lCGXPWe/dntRywJeIhMUq07rhOjl1KFgkmelbqJ5jFlYzrkHYMhDbj20un i9Iz8tlMaaD0L/IycBRRHetmbD//zOgkOrr1UhHGCPGQmYrxBIglGZN6Z9IXi DOXMAGVKmMMIG1FFGZrPlExjd7nfKjQvKq5Tce8vy9WbvHsRTuAUzsGFK6jCH dShAQwm8Arv8GGNrCfr2Xr5iRasfOcY/sh6+wbUGIxE</latexit><latexit sha1_base64="R5dQhP1bo uAQxqP3BD37SXZuKhI=">AAAB5nicbZC7TgJBFIbP4g3xtmppM5GYWJFdY6Il 0UY6jHJJYENmhwEmzF4yc5ZANvsKdsbGwkZfw+fwbRxwCwX/6sv5/5Oc//ixF Bod58sqrK1vbG4Vt0s7u3v7B/bhUVNHiWK8wSIZqbZPNZci5A0UKHk7VpwGv uQtf3w791sTrrSIwkecxdwL6DAUA8EomlHPtrvIp5g+RNKkSK2W9eyyU3EWIq vg5lCGXPWe/dntRywJeIhMUq07rhOjl1KFgkmelbqJ5jFlYzrkHYMhDbj20un i9Iz8tlMaaD0L/IycBRRHetmbD//zOgkOrr1UhHGCPGQmYrxBIglGZN6Z9IXi DOXMAGVKmMMIG1FFGZrPlExjd7nfKjQvKq5Tce8vy9WbvHsRTuAUzsGFK6jCH dShAQwm8Arv8GGNrCfr2Xr5iRasfOcY/sh6+wbUGIxE</latexit>
 [Gi 1]
<latexit sha1_base64="hFHTSroPVuuRRBYZPOfRnuwBIUk=">AAAB5Xicb ZDLSsNAFIZPvNZ6adSlm2AR3FgSEXRZdFGXFewF2hBOptN26EwSZiZiCXkEd+LGhRt9Dp/Dt3Fas9DWf/VxvjNw/gkTzpR23S9rZXVtfWOztFXe3tndq9j7B20 Vp5LQFol5LLshKspZRFuaaU67iaQoQk474eRm5jsPVCoWR/d6mlBf4ChiQ0ZQm1FgV/oNFAJ7jSBjZ17uB3bVrbnzOMvgFVCFIs3A/uwPYpIKGmnCUame5ybaz 1BqRjjNy/1U0QTJBEe0ZzBCQZWfPc4vz53fOkOh1FSEuXMiUI/VopsN/3O9VA+v/IxFSappRMyKccOUOzp2ZpWdAZOUaD41gEQyc5hDxiiRaPMxZdPYW+y3DO 3zmufWvLuLav266F6CIziGU/DgEupwC01oAYEUXuEdPqyR9WQ9Wy8/qytW8eYQ/sR6+wZSUotQ</latexit><latexit sha1_base64="hFHTSroPVuuRRBYZPOfRnuwBIUk=">AAAB5Xicb ZDLSsNAFIZPvNZ6adSlm2AR3FgSEXRZdFGXFewF2hBOptN26EwSZiZiCXkEd+LGhRt9Dp/Dt3Fas9DWf/VxvjNw/gkTzpR23S9rZXVtfWOztFXe3tndq9j7B20 Vp5LQFol5LLshKspZRFuaaU67iaQoQk474eRm5jsPVCoWR/d6mlBf4ChiQ0ZQm1FgV/oNFAJ7jSBjZ17uB3bVrbnzOMvgFVCFIs3A/uwPYpIKGmnCUame5ybaz 1BqRjjNy/1U0QTJBEe0ZzBCQZWfPc4vz53fOkOh1FSEuXMiUI/VopsN/3O9VA+v/IxFSappRMyKccOUOzp2ZpWdAZOUaD41gEQyc5hDxiiRaPMxZdPYW+y3DO 3zmufWvLuLav266F6CIziGU/DgEupwC01oAYEUXuEdPqyR9WQ9Wy8/qytW8eYQ/sR6+wZSUotQ</latexit><latexit sha1_base64="hFHTSroPVuuRRBYZPOfRnuwBIUk=">AAAB5Xicb ZDLSsNAFIZPvNZ6adSlm2AR3FgSEXRZdFGXFewF2hBOptN26EwSZiZiCXkEd+LGhRt9Dp/Dt3Fas9DWf/VxvjNw/gkTzpR23S9rZXVtfWOztFXe3tndq9j7B20 Vp5LQFol5LLshKspZRFuaaU67iaQoQk474eRm5jsPVCoWR/d6mlBf4ChiQ0ZQm1FgV/oNFAJ7jSBjZ17uB3bVrbnzOMvgFVCFIs3A/uwPYpIKGmnCUame5ybaz 1BqRjjNy/1U0QTJBEe0ZzBCQZWfPc4vz53fOkOh1FSEuXMiUI/VopsN/3O9VA+v/IxFSappRMyKccOUOzp2ZpWdAZOUaD41gEQyc5hDxiiRaPMxZdPYW+y3DO 3zmufWvLuLav266F6CIziGU/DgEupwC01oAYEUXuEdPqyR9WQ9Wy8/qytW8eYQ/sR6+wZSUotQ</latexit><latexit sha1_base64="hFHTSroPVuuRRBYZPOfRnuwBIUk=">AAAB5Xicb ZDLSsNAFIZPvNZ6adSlm2AR3FgSEXRZdFGXFewF2hBOptN26EwSZiZiCXkEd+LGhRt9Dp/Dt3Fas9DWf/VxvjNw/gkTzpR23S9rZXVtfWOztFXe3tndq9j7B20 Vp5LQFol5LLshKspZRFuaaU67iaQoQk474eRm5jsPVCoWR/d6mlBf4ChiQ0ZQm1FgV/oNFAJ7jSBjZ17uB3bVrbnzOMvgFVCFIs3A/uwPYpIKGmnCUame5ybaz 1BqRjjNy/1U0QTJBEe0ZzBCQZWfPc4vz53fOkOh1FSEuXMiUI/VopsN/3O9VA+v/IxFSappRMyKccOUOzp2ZpWdAZOUaD41gEQyc5hDxiiRaPMxZdPYW+y3DO 3zmufWvLuLav266F6CIziGU/DgEupwC01oAYEUXuEdPqyR9WQ9Wy8/qytW8eYQ/sR6+wZSUotQ</latexit>
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<latexit sha1_ba se64="NiZfG5IkiJoTbS+mf8IS5sTl 6dc=">AAAB2XicbZC7TsMwFIZPyq2UW 4GRJaJCYqoShARjBQOMRSJtpTSqHPe 0teo4ke0goigDG2JhYIGn4Tl4G9ySA Vr+6dP5jqXzO0w4U9pxvqzKyura+kZ1 s7a1vbO7V98/6Kg4lRQ9GvNY9kKikD OBnmaaYy+RSKKQYzecXs989wGlYrG41 1mCQUTGgo0YJdqMvJtBzopBveE0nXn sZXBLaECZ9qD+2R/GNI1QaMqJUr7rJ DrIidSMcixq/VRhQuiUjNE3KEiEKsgf 59cW9m+dk0ipLAoL+yQieqIW3Wz4n/ NTPboMciaSVKOgZsW4UcptHduzmvaQS aSaZwYIlcwcZtMJkYRq8xk109hd7Lc MnbOm6zTdu/NG66rsXoUjOIZTcOECWn ALbfCAAoNXeIcPy7eerGfr5We1YpVv DuFPrLdve8OHZg==</latexit><latexit sha1_ba se64="NiZfG5IkiJoTbS+mf8IS5sTl 6dc=">AAAB2XicbZC7TsMwFIZPyq2UW 4GRJaJCYqoShARjBQOMRSJtpTSqHPe 0teo4ke0goigDG2JhYIGn4Tl4G9ySA Vr+6dP5jqXzO0w4U9pxvqzKyura+kZ1 s7a1vbO7V98/6Kg4lRQ9GvNY9kKikD OBnmaaYy+RSKKQYzecXs989wGlYrG41 1mCQUTGgo0YJdqMvJtBzopBveE0nXn sZXBLaECZ9qD+2R/GNI1QaMqJUr7rJ DrIidSMcixq/VRhQuiUjNE3KEiEKsgf 59cW9m+dk0ipLAoL+yQieqIW3Wz4n/ NTPboMciaSVKOgZsW4UcptHduzmvaQS aSaZwYIlcwcZtMJkYRq8xk109hd7Lc MnbOm6zTdu/NG66rsXoUjOIZTcOECWn ALbfCAAoNXeIcPy7eerGfr5We1YpVv DuFPrLdve8OHZg==</latexit><latexit sha1_ba se64="NiZfG5IkiJoTbS+mf8IS5sTl 6dc=">AAAB2XicbZC7TsMwFIZPyq2UW 4GRJaJCYqoShARjBQOMRSJtpTSqHPe 0teo4ke0goigDG2JhYIGn4Tl4G9ySA Vr+6dP5jqXzO0w4U9pxvqzKyura+kZ1 s7a1vbO7V98/6Kg4lRQ9GvNY9kKikD OBnmaaYy+RSKKQYzecXs989wGlYrG41 1mCQUTGgo0YJdqMvJtBzopBveE0nXn sZXBLaECZ9qD+2R/GNI1QaMqJUr7rJ DrIidSMcixq/VRhQuiUjNE3KEiEKsgf 59cW9m+dk0ipLAoL+yQieqIW3Wz4n/ NTPboMciaSVKOgZsW4UcptHduzmvaQS aSaZwYIlcwcZtMJkYRq8xk109hd7Lc MnbOm6zTdu/NG66rsXoUjOIZTcOECWn ALbfCAAoNXeIcPy7eerGfr5We1YpVv DuFPrLdve8OHZg==</latexit><latexit sha1_ba se64="NiZfG5IkiJoTbS+mf8IS5sTl 6dc=">AAAB2XicbZC7TsMwFIZPyq2UW 4GRJaJCYqoShARjBQOMRSJtpTSqHPe 0teo4ke0goigDG2JhYIGn4Tl4G9ySA Vr+6dP5jqXzO0w4U9pxvqzKyura+kZ1 s7a1vbO7V98/6Kg4lRQ9GvNY9kKikD OBnmaaYy+RSKKQYzecXs989wGlYrG41 1mCQUTGgo0YJdqMvJtBzopBveE0nXn sZXBLaECZ9qD+2R/GNI1QaMqJUr7rJ DrIidSMcixq/VRhQuiUjNE3KEiEKsgf 59cW9m+dk0ipLAoL+yQieqIW3Wz4n/ NTPboMciaSVKOgZsW4UcptHduzmvaQS aSaZwYIlcwcZtMJkYRq8xk109hd7Lc MnbOm6zTdu/NG66rsXoUjOIZTcOECWn ALbfCAAoNXeIcPy7eerGfr5We1YpVv DuFPrLdve8OHZg==</latexit>
Figure 5.4.: The self-consistency loop to solve the closed set of DSEs (5.55), (5.56) for the 0D
toy model, which can also be generalized to the FT case of (5.53), (5.54). “Solver I”
denotes the method used to solve the differential equation (5.56). “Solver II” denotes
the method used to solve the auxiliary problem (5.57). In each self-consistency step
the solution to the differential equation Γ[G] is used and evaluated at Gi−1, the
approximation of the two-point correlation function obtained in the previous step.
This yields an approximation of the four-point vertex function needed for the auxiliary
problem (5.57). The auxiliary problem is solved resulting in an approximation of
the two-point correlation function at step i, Gi.
5.3. Solution of the Dyson-Schwinger equation
for the 0D toy model
In this section we solve the 0D toy model defined through the set of equations (5.19), (5.20) and
repeated here for convenience,









For the 0D toy model Eq. (5.56) is an ordinary differential equation (ODE) instead of a functional
integro-differential equation. There are well established methods to solve ODE but in general
these methods can not be generalized to functional integro-differential equations. Therefore, the
aim of this chapter is to solve the set of equations (5.55), (5.56) and to develop a method which
can be carried over to the FT defined through (5.53) and (5.54).
We begin the discussion by assuming that we have a method, called “Solver I”, which gives the
solution of the ODE (5.56) for arbitrary G and another method, called “Solver II”, which gives
the solution to the auxiliary problem




This problem is a simplified version of the DSE (5.55) as the universal functional Γ[G] is evaluated
at some arbitrary G˜. The full solution of the coupled set of equations can then be obtained by
establishing the self-consistency loop







where Gi, Γ[Gi] denotes the solution after the i-th self-consistent iteration step. Therefore, at





Gi=3, Γ[Gi=3]Γ[G], Implicit Euler













Figure 5.5.: The universal function Γ[G] for λ = 1 is obtained by solving the DE (5.56) with the
implicit Euler method. The vertical and horizontal lines illustrate the evaluation
of Γ[G] in the self-consistency loop of Fig. 5.4. We initialize the self-consistency
by setting Gi=0 = 0.1 (red) where i denotes the loop index and consequently use
the evaluation Γ[Gi=0] in the auxiliary problem (5.57) to obtain Gi=1 (blue). This
procedure is repeated until the self-consistency converges which is demonstrated for
k = 0.1 in the inset.
to obtain Gi. The self-consistency loop is illustrated in Fig. 5.4.
Implementing the protocol for the 0D toy model is straightforward. The ODE is solved using an
implicit Euler method [103] starting from Γ[0] = λ, i.e., in this case “Solver I” is just the implicit
Euler method.
The solution of the differential equation for λ = 1 is shown in Fig. 5.5. The universal functional
Γ[G] for the 0D toy model can also be obtained from its functional integral representation by
first calculating G and Γ for arbitrary k, i.e., G[k] and Γ[k], and afterwards plugging the inverse
k[G] into Γ[k[G]]. The result for Γ[G] agrees with the one found from the solution of the ODE
(5.56) but, as we will see later, calculating the inverse even for the 0D toy model adds some extra
complications and obviously can not be generalized to a FT.
Equipped with the solution Γ[G] we now discuss the self-consistency for the example of the
physical parameters k = 0.1, λ = 1 illustrated in Fig. 5.5. We initialize the self-consistency at
step i = 1 with Gi=0 = 0.1. This is indicated as the vertical red line in Fig. 5.5. The horizontal
red line in Fig. 5.4 illustrates the evaluation of the universal functional Γ[G], which is found
with the help of “Solver I”, at Gi=0. Thereafter we solve the auxiliary problem (5.57) with
Γ[G˜] = Γ[Gi=0] to obtain the approximation of the two-point correlation function Gi=1 at step
i = 1, cf. the vertical blue line in Fig. 5.5. For the 0D toy model the auxiliary problem (5.57) is a
root finding problem for a polynomial of degree 4 and can be solved by elementary algebra. This
completes the first iteration step and we can repeat the above procedure until the self-consistency
converges, cf. the inset in Fig. 5.5. Therefore, we have determined the two-point correlation
function and the four-point vertex function for the physical parameters k = 0.1, λ = 1. This
completes the numerical solution of the 0D toy model.
In order to use the self-consistency loop for a realistic FT we have to generalize the following
steps. Most obvious, in the case where the ODE turns into a functional integro-differential
equation the solution Γ[G] can not be simply found by integrating the differential equation with
the implicit Euler method. Moreover, if we assume that we can construct the solution Γ[G] we
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still have to evaluate the functional at each iteration step and store the approximation to the
four-point vertex function obtained from this evaluation for later use in the auxiliary problem.
The evaluation and storage is a formidable problem as the vertex function is a rank-4D or
rank-4(D + 1) tensor for a classical or quantum field theory, respectively. Finally, we have to
introduce a method to find the solution of the auxiliary problem, which turns for a realistic FT
into an integral equation. Fortunately, as integral equations are closely related to differential
equations, we can use the same method introduced for the functional integro-differential equation
to solve the auxiliary problem.
In the following we first introduce a semi-analytic method, the homotopy analysis method (HAM),
to solve the ODE (5.56) for the 0D toy model. We will show in later sections that the HAM can
be generalized to functional integro-diferential equations. Before discussing this generalization,
we develop in the next section a stochastic interpretation for the HAM to evaluate Γ[G] and use
the obtained approximation for the four-point vertex function in the auxiliary problem without
explicitly storing the high-dimensional objects.
The homotopy analysis method is a semi-analytic method developed to solve non-linear in-
tegral or differential equations. Ref. [104] and [105] gives detailed introductions to the method
including the discussion of various applications in basic science, finance, fluid dynamics and
engineering. Here, we only introduce the method briefly and apply it to the differential equation
defining Γ[G]. The starting point is the construction of the homotopy
H[Φ[G, q]] = (1− q)L [Φ[G, q]− uΓ,0[G]] + qc0N [Φ[G, q]] = 0 (5.59)
for the differential equation (5.56). We have defined the non-linear operator





and an auxiliary operator L. The auxiliary operator L is an arbitrary operator with the property
L[0] = 0 and will be specified later. The homotopy (5.59) includes the deformation parameter
q ∈ [0, 1] which deforms the solution of L from Φ[G, 0] = uΓ,0[G] at q = 0 to the solution of the
differential equation (5.56), Φ[G, 1] = Γ[G], at q = 1. uΓ,0[G] is the initial guess for the solution
of N [Γ[G]] = 0. The HAM attempts to construct the solution of (5.59) through a power series
expansion in q,








(m)[G, q = 0] (5.62)
and can be obtained by the m-th derivative of (5.59). Therefore, the HAM yields a series solution
of the differential equation (5.56) in terms of the deformation coefficients uΓ,m[G],





In order to show the power and flexibility of the HAM we first discuss the solution of a
truncated version of the vertex equation. We define the truncation
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Figure 5.6.: The universal functional Γ[G] obtained from the truncation NtruncI, which neglects
higher order n-point vertex corrections with n > 4, for λ = 10. The result of the
truncation is compared with the exact solution of (5.56) obtained by the implicit
Euler method. The analytic structure of the truncated functional Γ[G] is such that
the power series solution of NtruncI[Γ[G]] = 0 has a finite convergence radius indicated
by the vertical dashed line. The HAM series solution yields a convergent series
solution beyond the convergence radius of the power series. The convergence of the
HAM series solution at Gphys = G[k = 1] is demonstrated in the inset as a function
of the inverse of the maximal expansion order M .
The truncation completely neglects the derivatives and turns the problem from a differential
equation to an algebraic equation. The above problem is a common approximation. It neglects
the contributions coming from higher order n-point vertex functions with n > 4, cf. (5.13). It
should be noted that this truncation is not completely equivalent to setting Γ(6) = 0 in the
infinite tower (5.13) as the multiplicity of the last term is different. For a realistic FT solving the
truncated equation - which in this case is an integral equation for the rank-4D or rank-4(D + 1)
object - without further truncation of the momentum or frequency dependence would already
establish the state of the art for the self-consistent solution of the DSE. We will show later how
to solve this formidable problem as a preliminary step before obtaining the full solution of the
functional integro-differential equation.
The solution of NtruncI [Γ[G]] = 0 which is regular at G = 0 is given by
Γ[G] =
−1− 3λ2 G2 +
√
1 + 3λG2 + λ24 G4
λG4
(5.65)
and is shown for λ = 10 in Fig. 5.6. It has branch point singularities in the complex plane where







As already discussed these singularities determine the convergence radius of the power series







Fig. 5.6 indicates the convergence radius of the power series solution as the vertical dashed line.
The power series solution indeed converges up to that point and starts to diverge afterwards.
The divergence is regularized due to the finite amount of coefficients bm used to approximate the
functional.
The HAM provides a more powerful series solution technique. The simplest possible operator
L [Φ[G, q]− uΓ,0[G]] = Φ[G, q] already yields interesting results. We have set uΓ,0[G] = 0. For












Fig. 5.6 shows that the series of deformations continuous the power series solution beyond the
convergence radius.
Understanding the convergence of the HAM series solution in general, i.e., deriving definite
theorems about convergence properties is a complicated task and not fully understood. In the
general setup, these properties have to be deduced either from the homotopy itself or equivalently
from the recursion relation of the deformation coefficients. While the former amounts to a
research direction similar to the study of the analytic properties of the path integral in the
coupling constant, cf. the discussion in Ref. [96, 97] and Ch. 4, the latter is similar to the study
of the large order behaviour of perturbation theory. Due to the theorems of complex analysis
there is a direct equivalence between these two approaches.
Nevertheless, the homotopy approach is fundamentally different from the perturbation theory
approach, i.e., different from calculating a power series in a formal coupling constant parameter.
In order to illustrate this we take a shortcut and discuss the convergence of the HAM series for
our particular analytically solvable truncation.
As a first step we consider an even simpler problem obtained by truncating (5.64) further. We
introduce x = λG2, y(x) = Γ[G]/λ and study the problem
NtruncII [y(x)] = y(x)− 1 + 32xy(x) (5.69)
which is obtained by neglecting the non-linear term in (5.64). The solution of









Therefore, the convergence radius of the power series solution around x = 0 is given by R = |xIIs |.
We are interested to study the convergence properties of the HAM series solution with respect to
the homotopy
HtruncII[g(x, q)] = (1− q)g(x, q) + c0qNtruncII [g(x, q)] = 0. (5.73)
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Due to its simplicity the homotopy can be solved in closed form
g(x, q) = qc0
1− q + qc0 + 32qc0x
(5.74)
and, as expected,
y(x) = g(x, 1). (5.75)
The convergence properties of the HAM series solution can be determined by the analytic





at q = 1. Its convergence radius may depend on x and the convergence control parameter c0.
If g(x, q) has no singularity inside the unit disc |q| ≤ 1, q ∈ C, we know that the HAM series
solution for y(x) converges. In the above simple case the singularity of g(x, q) is determined by
1− q + qc0 + 32qc0x = 0→ qc(x, c0) =
2
2− 2c0 − 3xc0 (5.77)
which leads to the convergence condition of the HAM series solution
|qc(x, c0)| > 1. (5.78)
Therefore, the HAM series solution for x ∈ R converges in the open interval x ∈]− 2/3, 2(2−
c0)/3c0[. Thus, for the case c0 = 1 the HAM series solution convergence inside the convergence
radius of the power series of y(x) and constructing the homotopy brings no advantages. But for
c0 → 0 the convergence region of the HAM series solution has been enlarged to x ∈]− 2/3,∞[.
As expected, it is possible to understand the convergence of the HAM series solution from the
knowledge of the solution of the homotopy, g(x, q), in q ∈ C with |q| ≤ 1. Unfortunately, as we
have already argued, this is of little practical use as in all interesting cases we construct the
homotopy exactly because N [y] = 0 can not be solved analytically and consequently the solution
of the even harder problem H[g] = 0 can not be obtained in closed form.
For a class of operators L a more practical argument was put forward [106, 107, 108] which
uses only the information about the actual form of the recursion relation for the m-th order
deformation coefficients to understand the convergence properties. On the basis of our particular
example we show that this argument can not be used in general. The argument links the
convergence of the HAM series solution to the convergence of the power series solution of y(x). In
case the operator L is picked in such a way that the deformation coefficients are in simple powers
of the unknown variable the HAM series solution corresponds to a rearrangement of a power
series solution centered around some c0 dependent point. We will show in a first step that this is
indeed the case for the truncation NtruncII. In a second step we analyse this proposition in a more
abstract form and show that, in general, it relies on mathematically ill-defined operations which
casts doubt on the correctness of the proposition. For the example of the previously introduced
truncation, NtruncI, we show explicitly that even though the deformation coefficients are given
in simple powers of the unknown x the convergence properties can not be understood from the
analytic properties of y(x) and therefore the proposition does not hold in general.
We consider again the homotopy HtruncII constructed for the truncation NtruncII. The HAM
series solution is given by the deformation coefficients satisfying the recursion relation
uΓ,m = (1− δm,1)uΓ,m−1 − c0
[




Therefore, the m-th order deformation is in simple powers of the unknown x. As we have seen
the convergence of the HAM series is guaranteed inside the interval x ∈]− 2/3, 2/3(2− c0)/c0[.
If the HAM series is just a rearrangement of the power series of y(x) centered around some c0
dependent point this point has to be the center of the convergence interval. In this case the
convergence interval of the HAM series is in correspondence to the convergence radius of the







As we know y(x) and g(x, q) in closed form we can check this statement easily by comparing
the power series expansion of y(x) around x˜(c0) with the power series expansion of g(x, q) in q
evaluated at q = 1,






















We have shown that the HAM series solution in this case is indeed a rearrangement of the power
series solution of y(x) centered around x˜(c0).
We discuss this proposition in more general terms. We assume that the deformation coefficients







The maximal power of x for the m-th deformation is given by the function h(m) which we assume
to be monotonically increasing such that h−1 exists. With this we can write the HAM series
solution as a formal power series in x,
















The interchange of the summation order may only hold formally and therefore has to be done

































where we have denoted ym(x˜) = 1m!
dmy
dxm (x˜). The last equality has been obtained by exchanging
































Figure 5.7.: The singularities of the solution to the homotopy NtruncI, g(x, q), which determine
the convergence radius of a power series in x or q around x = 0 or q = 0, respectively.
The position of the singularities, determined by the condition χ(x, q, c0) = 0, depend
in general on the auxiliary parameter c0. The singularity at χ(x, 1, c0) = 0 is fixed
and does not depend on c0 by the construction of the homotopy.
Using the uniqueness theorem of the power series representation it is often argued that there is a
direct relation between ym(x˜) and um,k and therefore the HAM series solution is just a reordering
of the power series of y(x). In contrast, from the above equation, assuming that the exchange of



















The first equality is due to the above equation and the second equality due to the uniqueness
theorem. Assuming that the summation orders can not be exchanged not even this formal
statement is guaranteed to hold.
For the truncation NtruncII we have found that the HAM series solution is indeed corresponding
to the power series expansion of y(x) centered around a c0 dependent point. This result can be
compared to the above general discussion. From (5.81) we see that the identification of the HAM
series solution with the power series centered around x˜(c0) is obtained before the dangerous
exchange of summation limits has to be performed. Thus, this example is just a simplification of
the general case.
For the more complicated truncation NtruncI we have explicitly shown numerically in Fig. 5.6
that the HAM series solution has a larger convergence interval compared to the convergence
radius of the power series solution around x = λG2 = 0. We will show that this is an example
where the HAM series solution can be understood as a power series of y(x) centered around a c0
dependent point even tough the m-th order deformation is given in powers of the unknown x.
In terms of the variables x = λG2 and y(x) = Γ[G]/λ the truncation (5.64) is given by









1 + 3x+ 14x2
x2
. (5.88)
The closest singularity to the origin is at xIs = 2(2
√
2− 3). The corresponding homotopy
HtruncI[g(x, q)] = (1− q)g(x, q) + c0qNtruncI [g(x, q)] = 0 (5.89)
can be also solved in closed form,
g(x, q) =
1− q + qc0 + 32qxc0 −
√
(q − 1− qc0 − 32qxc0)2 − 2q2x2c20
qc0x2
. (5.90)
The HAM series converges if g(x, q) has no singularities inside the unit disc. For g(x, q) the
singularities are determined by
χ(q, x, c0) = (q − 1− qc0 − 32qxc0)
2 − 2q2x2c20 = 0. (5.91)
Fig. 5.7 shows the position of the closest singularities to the origin depending on c0 in the (q, x)
plane. The relevant singularities qs(x, c0) as a function of x are given by
qs(x, c0) =
2(2− 2c0 − (3− 2
√
2)xc0)
4− 8c0 + 4c20 − 12xc0 + 12xc20 + x2c20
. (5.92)
Consequently, we find that g(x, q) has no singularities in |q| ≤ 1 for x ∈]xIs, xmax[ where
xmax =





Thus, the HAM series solution converges in the above interval which for c0 → 0 extends to
xmax →∞.
In contrast to the simpler truncation NtruncII it can be checked numerically that the HAM series
solution for c0 < 1 does not correspond to the power series expansion around the midpoint of the
convergence interval although the deformations um are given in simple powers of the unknown x.
In the following we show that, for c0 < 1, no expansion point exists such that the HAM series
solution of the homotopy HtruncI can not be understood in terms of a power series solution of
y(x) around that point. For c0 = 1 the HAM series solution is equivalent to the power series
expansion of y(x) around x = 0.
First we show that there is no x˜ such that um+1(x) = ym(x˜)(x − x˜)m for all m ≥ 0. We
have to consider um+1(x) because the maximal power in the unknown x is in this case m, i.e.,
h(m) = m − 1. Therefore, as we already discussed previously, in order to identify the power
series solution centered around some c0 dependent point with the HAM series solution we have
to interchange the order of summation. In a second step we show that it is not allowed to
interchange the summation orders and consequently the HAM series solution is not equivalent to
the power series solution of y(x) around a c0 dependent point.
From the recursion relation of um(x) the first non-vanishing deformation coefficients are






However, there is no x˜ such that
c0 = y(x˜),




0 = y1(x˜)(x− x˜)
(5.95)
simultaneously holds for c0 < 1.


























Whereas, as we have shown, for every x > |xIs| there exists a c0 such that the power series in














The interchange of the limit and the sum in the first equality is allowed due to the uniform
convergence theorem in combination with the continuity of vm(q) and the last equality follows
from y(x) = g(x, 1) and the uniqueness of the power series representation of y(x). Alternatively,
we can observe this order of limits from the location of the singularities in the (q, x) plane shown
in Fig. 5.7. The singularity at χ(x, q = 1, c0) = 0 does not move by tuning c0 because, by
construction of the homotopy, y(x) = g(x, 1) for every c0. Expanding g(x, q) in a power series in
q we have to ask for which x the singularities lie outside of |q| < 1. We see that only the lower
limit of the convergence interval in x is determined by the fixed singularity. Expanding g(x, q) in
a power series in x we have to consider the (x, q) plane and ask what is the maximal |x|, |xm|,
such that there is no singularity inside |x| < |xm| if g(x, q) is evaluated at q = 1. In this case the
convergence interval in x is always determined by the fixed singularity.
From both considerations we see that it is not allowed to interchange the summation orders
and therefore the HAM series solution can not be interpreted as a simple power series of y(x)
around a c0 dependent point.
Although from discussing the truncations NtruncI,II, we have not found a general statement
about the convergence properties of the HAM series solution we have established that, in general,
there is no simple connection between the analytic structure of y(x) and the convergence proper-
ties of the HAM series solution. Even if the deformation coefficients are given in simple powers
of the unknown x, there is no direct relation to the power series expansion of y(x). Consequently,
without definite convergence theorems, it is necessary to assess the properties of the HAM series
for each construction of the homotopy under consideration separately.
In the following we study the semi-analytic solution of the full problem (5.56). Unfortunately, the
analytic structure of the full functional Γ[G] is more complicated than for the truncated versions
studied previously. The power series expansion (5.67) has zero convergence radius [109, 110]:
Bringing (5.56) into the form of Γ′[G] = F [G,Γ[G]] we find that F is not holomorphic at G = 0,
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Figure 5.8.: (a) Γ[G] at coupling λ = 10 obtained by the implicit Euler algorithm, a power series
(asymptotic), and the HAM (asymptotic). The thin grid lines show the evaluation for
the physical G, Γ for k = 1. (b) The relative error δΓ[G] of a power series solution
at small G shows the behaviour of an asymptotic series in the maximal expansion
order M . (c) The relative error δΓ[G] of the HAM series solution constructed with
the operator L = id for G = 0.3 shows the behaviour of an asymptotic series in the
deformation order M controlled by the convergence control parameter c0. (d) The
convergence of the HAM series of deformations, ∑Mm=0 uΓ,m[G] with respect to a
linear operator Lladder[Γ[G]] = Γ[G]− λ+ 3λ2 G2Γ[G], the ladder approximation to
the vertex equation (5.56). The functional Γ[G] is evaluated at the physical G for
k = 1. The inset shows the convergence of the main plot on a much finer scale.
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differential equation. We discuss the analytic structure of Γ[G] in the complex G plane in more
detail in App. C. This result can be easily anticipated from the fact that the expansion around








4 k→∞= 1. (5.100)
We have shown in the previous chapter that the expansion around the non-interacting limit is an
asymptotic series. Fig. 5.8(a) shows that the power series solution gives a good approximation
for small values of G before it starts to diverge. In contrast to the truncated functional the
convergence radius is indeed zero and the power series is an asymptotic expansion, i.e., for
every small G there exists an optimal truncation order M such that the truncated power
series asymptotically approaches the exact answer with exponential accuracy. This is shown
in Fig. 5.8(b) where we plot the truncation error δΓ[G] =
∣∣∣∑Mm=0 bmGm − Γ[G]∣∣∣ /Γ[G] over the
maximal expansion order M for various values of G on a semi-log scale.
We now use the HAM to solve the differential equation. At a first step the auxiliary operator
L [Φ[G, q]− uΓ,0[G]] = Φ[G, q] − uΓ,0[G] is used, i.e., L = id. In this case the m-th order
deformation can be computed from the following recursion relation,

















resulting in a HAM series solution in which the m-th order deformation is given in simple powers
of G and additionally depend on the auxiliary parameter c0.
Picking the identity operator, L = id, is a too simplistic choice and does not lead to a convergent
HAM series solution. Nevertheless, the homotopy introduces additional degrees of freedom such
that it overcomes the limitations of the standard power series approach. Fig. 5.8(a) shows the
resulting HAM series solution. It approximates the functional well up to some point where it
starts to diverge. We see that whereas it is not possible to construct Γ[G] as a power series at
values of G corresponding to the considered model parameters k = 1, λ = 10 it is possible to
obtain controlled results from the HAM series solution. However, as expected, this is not due to a
finite convergence interval for the HAM series solution but it is due to the control of the expansion
introduced by the auxiliary parameter c0. The HAM convergence parameter c0 gives us additional
freedom since the effective parameter c0G can always be made small as long as G remains finite.
As is illustrated in Figs. 5.8(a) and (c), the asymptotic nature can then be postponed to larger
expansion orders for smaller c0 but with larger deviations from the exact result at low expansion
orders. In the following sections this approach will be generalized to realistic field theories in
which case c0||G|| can be chosen to be small where ||G|| denotes the Lp-norm of the two-point
correlation function. We will show numerically that this holds for a generic FT and that it is possi-
ble to get accurate results even close to a 2nd order phase-transition at which ||G|| gets unbounded.
Before extending this approach to a realistic FT we like to emphasise the great potential
and novelty of the Dyson-Schwinger and homotopy approach to FT. Instead of constructing
the HAM series expansion around the non-interacting limit, G = 0, we can use the linear
operator L = Lladder to construct a homotopy with respect to the analytically solvable ladder
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Figure 5.9.: a) The approximation to the HAM series solution Γ[G] = limm→∞
∑M
m uΓ,m with
M = 30 on a semi-log scale. The HAM series converges globally, i.e., it is not
limited to a finite, c0-dependent convergence interval. Therefore, convergence can
be achieved for large values of G corresponding to G[k], k < 0. The truncation
of the series solution at M = 30 already gives decent results for large G without
extrapolating the series solution. The convergence of the HAM series solution is
explicitly demonstrated in (b) and (c). Without tuning the convergence control
parameter c0, convergence can be observed both for small ( (b) G[k = −1] ≈ 0.73 )
and large ( (c) G[k = −100] ≈ 12) G.
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RPA-ladder diagrams. The resulting homotopy can be written as,










where λ˜(q, c0) =
c0q
1− q + c0qλ.
This should be compared to the closed DSE (5.56). Taking into account the equivalence between
the functional integral and the functional integro-differential approach, an important question
is if (5.102) can be related back to an auxiliary action such as S(q) = S0(q) + qSint which has
been considered in variational perturbation theory approaches [111, 112, 113, 114] or shifted
action approaches [115]. S0(q) is some quadratic auxiliary action and Sint is the interaction
part such that S(q = 1) = S with S the physical action of the theory under consideration. A
general feature of DSEs is that each term on the right hand side of (5.56) contributes exactly
with one factor of the bare coupling constant. In contrary, for the homotopy (5.102), there are
terms contributing with a modified bare coupling constant λ˜ and therefore (5.102) can not be
associated with the closed DSE of an auxiliary action.
In conclusion we see that the HAM series solution is effectively an expansion with respect to
the truncated interacting ladder model which has no correspondence in a functional integral
representation and can only be written down in the equations of motion approach. Fig. 5.8(d)
shows that the HAM series with respect to the ladder approximation yields a convergent HAM
series solution. Moreover, as demonstrated in Fig. 5.9(a), the HAM series solution is globally
convergent, i.e., it is not restricted by a finite, c0-dependent convergence interval. Therefore,
we also find a convergent solution for values of G which correspond to G[k] with k < 0, cf.
Figs. 5.9(b) and (c). In this parameter regime the action (5.1) has degenerate minima and the
standard perturbative series for the vertex function is not Boreal summable [116].
5.4. Homotopy analysis method for integral
equations in high dimensions
In the last section we showed how to compute the 2-point correlation function and the 4-point
vertex function for the 0D toy model. The closed DSE for the vertex function was solved using
the HAM and the solution of the coupled system of DSEs was obtained by fixed point iteration.
There are two open problems we still have to solve in order to generalize the introduced approach
to a realistic field theory.
We have seen that the HAM gives us a series solution in terms of the deformations uΓ,m[G],
which are calculated from a recursion relation. In order to apply the recursion relation we
have to take the derivative - a functional derivative for a realistic field theory - of lower order
deformations with respect to G. Therefore, we have to show how these functional derivatives
can be implemented in an actual computation. Moreover, as we have already mentioned, the
four-point vertex function is itself a high dimensional tensor, which without truncation, e.g., of
the momentum dependence, can not be stored and manipulated on present days computers.
The aim of this section is to work out a diagrammatic language and with that a closely connected
stochastic interpretation of the HAM in order to solve this storage problem. In the following
section we will see that the developed diagrammatic language will also allow for a natural
interpretation of the functional derivatives.
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In this section we neglect the functional derivatives for a moment and go back to the truncation
NtruncI in (5.64) and repeated here for convenience,
NtruncI [Γ[G]] = Γ− λ+ 3λ2 G
2Γ− λ2G
4Γ2. (5.103)
We already discussed in detail how to solve NtruncI[Γ] = 0 using the HAM. The recursion relation
for the deformations uΓ,m is given for m > 1 by








The numerical implementation of this recursion relation is trivial in the 0D case as uΓ,m for a
fixed G is just a number and consequently only M numbers have to be stored in order to calculate
the HAM series expansion to order M at a given G. For a realistic field theory the four-point
vertex function and consequently also the deformations depend on four external indices where
each index separately is a D-dimensional vector, e.g., a continuous momentum variable in the
first Brillouin zone. Calculating and storing just the first deformation without truncation, e.g.,
of the momentum dependence, is for D > 1 already an impossible task.
An easy solution circumventing the storage and manipulation at intermediate steps is to use the
recursion relation (5.104) again on its right hand side to formally eliminate the dependence on
the deformation of order m− 1,
























































= · · · = F tree(uΓ,0).
(5.105)
This procedure is repeated recursively until all dependence on all lower order deformations is
eliminated. The result is a complicated expression, the tree expansion F tree. Therefore, we have
replaced the problem of explicitly storing and manipulating the deformations with the problem of
calculating F tree, which requires keeping track and summing all the terms generated in the tree
expansion to all orders in the recursion. The diagrammatic language developed in this section is
the bookkeeping tool which makes it possible to generate and sum all the terms in F tree.
For a realistic field theory the truncation NtruncI = 0 is a non-linear integral equation in 4D or
4(D+1) dimensions. Before jumping to this complicated problem we develop the diagrammatic
language of rooted trees for a much simpler non-linear integral equation and only in a consecutive
section use the introduced tools for the truncation NtruncI.
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In the following we consider a non-linear integral equation in the form
f(x) = c(x) +
∫ b
a
dt K(x, t) n(f(t)) , (5.106)
with given functions c, n and the kernel of the integration K. Furthermore, for the purpose of
demonstration and to benchmark the results we take x ∈ R. The performance of the developed
algorithm will not rely on the fact that x is not a high dimensional vector.
5.4.1. Tree expansion for the homotopy analysis method
We are interested to solve the non-linear integral equation defined by the operator N ,
N [f ] = f(x)− c(x)−
∫ b
a
dt K(x, t) n(f(t)) = 0. (5.107)
For that we construct, as in the previous section, the homotopy
(1− q)L[φ(x, q)− uf,0] + qc0N [φ(x, q)] = 0. (5.108)
Again, L is an arbitrary linear operator with L[0] = 0. The solution of the homotopy is written

























The Taylor coefficients uf,m can be obtained by differentiating the 0th order deformation equation
m times with respect to q and setting q = 0 afterwards. This can be done analytically yielding a
recursive relation for the deformations uf,m. We show how to represent the tree expansion of
this recursion relation with the help of diagrams.
We choose the HAM convergence parameters c0 = 1 and the linear operator L as the identity
operator. Taking the derivative with respect to q m times in the 0th order deformation equation












































×Bm−1,k (uf,1(t), . . . , (m− k − 1)!uf,m−k−1(t)) .
Here, Bm−1,k are the Bell polynomials of the second kind [117] encoding the combinatorial
coefficients produced by the action of the derivative dm−1dqm−1 on n(φ(t, q)). It can be checked that
for the initial guess of the root finding f0(x) = uf,0(x) = c(x) Eq. (5.112) also holds for m = 1.
This is the starting point for the tree expansion. We are interested to calculate the HAM series
up to order M , thus all references to the lower order deformations uf,m, m < M should be
eliminated in the recursion relation Eq. (5.112) by using Eq. (5.112) iteratively for every uf,m,
m 6= 0, on the right hand side, cf. 5.105.
In the sequel we restrict the discussion to the specific non-linear function n(x) = x2, which
reduces the sum over k in Eq. (5.112) to kmax = 2 as n′′′ = 0.
Let us take m = 6 to set the ideas for the diagrammatic representation. The recursion relation
for uf,6 involves the Bell polynomials B5,1 and B5,2 given by
B5,1(x1, x2, x3, x4, x5) = x5




n=1 bn, where nm,k is the number of monomials bn for the polynomial Bm,k. In this












bn (uf,1(t), . . . , (m− k − 1)!uf,m−k−1(t)) .
(5.114)
In this form it is evident that all terms in the expansion can be obtained by writing down all






dt K(x, t) 20 (2!uf,2(t)) (3!uf,3(t)) (5.115)
by considering the first monomial of B5,2 and n′′ = 2. What we achieved so far is just the first
step in obtaining a single term in the tree expansion since u2(t) and u3(t) have to be expanded
further. Writing down Eq. (5.114) for u2(t) and u3(t) and choosing for each a new configuration
(k, n) eliminates uf,2 and uf,3 from (5.115). To be concrete, choosing (k = 1, n = 1) for uf,2(t)
























dt K(x, t)uf,0(t)uf,0(t). (5.117)
Graphically, this elimination procedure is depicted by rooted trees where the basic elements, see
Fig. 5.10, are the roots and leafs of the tree which are connected by branches. One term in the
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a) b) c)
Figure 5.10.: The basic elements of the rooted trees. a) The roots and leafs are drawn as open
circles and depict the different deformations uf,m. b) Branches are connecting
the roots with the leafs. The branches growing from the root or sub-roots, uf,m,
graphically represent the integral kernels in the definition of the deformation uf,m.
c) A set consisting of a root, leafs and branches constitutes a rooted tree.
tree expansion corresponds to a fully grown rooted tree. A random term in the tree expansion is
picked by growing a random rooted tree in the following way:
1. Select a random integer m for the root.
2. Grow a branch from the root according to some random integer k, which fixes the Bell
polynomial Bm−1,k.
3. Grow leafs from this branch according to some random integer n, corresponding to the
monomials of the Bell polynomials Bm−1,k.
4. Regard every leaf of the branch of Bm−1,k as a new root and go back to step 2 if m > 1 or
finish the recursion by using Eq. (5.117) if m = 1.
Applied to the example discussed above (see also Fig. 5.11), the root is m = 6 which has two
different branch types k where k = 2 is picked. By selecting n = 2 two leafs are grown on this
branch (cf. Eq. 5.116), and the decomposition ends by invoking Eq. (5.117). In order to associate
to each fully grown rooted tree a term in the tree expansion each element in the rooted tree must
correspond to an element in expression (5.116) according to the following rules:
1. For each branch from a root with given m
a) there is a factor 1(m−1)! .
b) there is a factor 2u0(t) if k = 1 or 2 if k = 2.
c) there is the prefactor from the randomly picked monomial of Bm−1,k.
d) there is an integration over a new variable t and a factor K(x, t).
2. For each new leaf with label m 6= 0 there is a factor m!.
3. For each new leaf with label m = 0 there is a factor u0(t).




2!K(t1, t3) 2u0(t3)K(t3, t4) 2u0(t4)u0(t4)×
3!
2!K(t1, t2) 2K(t2, t5) 2u0(t5)u0(t5)×
K(t2, t6) 2u0(t6)u0(t6).
(5.118)
It corresponds to a single term in the tree expansion of the HAM.
The solution of the integral equation is given by the HAM series to M -th order, ∑Mm=0 uf,m,
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1. Choose a random m for the root.
u6
2. Grow a branch with random k.






4. Regard the leafs as new roots and start again











k = 2k = 1
k = 1 k = 1k = 1
Figure 5.11.: The construction of a rooted tree with height m = 6. A fully grown rooted tree
corresponds to a single term in the tree expansion which is constructed by iteratively
applying the recursion relation Eq. (5.112) on its right hand side.
and therefore the tree expansion consists of generating and evaluating all integral expressions
corresponding to all possible rooted trees. As the final answer is given by the sum over all
deformations uf,m trees with variable height have to be considered.
In principle this expansion can be done explicitly by drawing and calculating each diagram. But
already for moderate M the exponential growth in the number of diagrams renders this approach
impractical. Therefore only a stochastic evaluation of the sum ∑Mm=0 uf,m is feasible.
5.4.2. Update structure for the Diagrammatic Monte Carlo sampling
of rooted trees
This section introduces the Monte Carlo updates to stochastically sum the tree expansion
of the HAM for the above example where n(x) = x2. The core of the diagrammatic Monte
Carlo algorithm is a Markov Chain which changes the topologies and integration variables of
the diagrams according to their respective weights. The weight of a diagram is given by the














Figure 5.12.: Each fully grown rooted tree corresponds to an integral expression, e.g. Eq. (5.118),
in the tree expansion which can be read off from the labeled rooted tree.
Fig. 5.12 corresponds to the integral expression (5.118) and therefore its weight is
dt1dt2dt3dt4dt5dt6 32K(x, t1)K(t1, t3)K(t3, t4)×
×K(t1, t2)K(t2, t5)K(t2, t6)u0(t3)u0(t4)2u0(t5)2u0(t6)2.
Furthermore, we have shown that the integral expression can be read off from the rooted tree
diagram by using a set of rules which associate to each elementary diagram element, Fig. 5.10,
an analytic expression. With this set of rules changes in the topology and integration variables
of a diagram by introducing or removing elementary diagram elements can be related to changes
of the weight of the diagram. In the following a set of updates is introduced which generates a
Markov Chain Monte Carlo in the space of all possible rooted trees and therefore stochastically
sums the tree expansion of the HAM. The updates to calculate ∑Mm=0 uf,m(x) for a fixed external
variable x are:
1. change integration variable: This update performs a shift of the internal integration variables.
It picks one of the internal integration variables and updates the variable according to
standard detailed balance rules. As this update is balanced with itself and does not change
the diagram structure only the weights of the diagrams have to be taken into account. For
the above example the update is schematically depicted in Fig. 5.13.
2. shrink-tree/expand-tree: This update is changing the height of the rooted tree.
a) expand-tree: A new root with m+ 1 will be introduced. From this new root a branch
with k = 1 will be grown and the leaf of this branch is the old root. Furthermore a
new integration variable tnew will be seeded according to some probability density
function P (tnew) and assigned to the old root.
b) shrink-tree: This update can only be performed if the branch growing from the root
has k = 1. The root of the rooted tree is deleted and the leaf of the root is assigned
to be the new root. The acceptance ratio is the inverse of the expand-tree update.




























Figure 5.13.: The update to change an integration variable. The acceptance ratio is only deter-







































































Figure 5.15.: The update to change the height of a rooted tree by a branch with k = 2.
shrink-tree/expand-tree. Instead of introducing a new root with a new branch in the k = 1
configuration a branch in the k = 2 configuration is grown. As can be seen in Fig. 5.15 this
can be done by first growing a new random rooted tree with random height and afterwards
glue this tree to the root of the current random tree. These two roots can be regarded as
the leafs of a k = 2 branch grown from the new root of the combined rooted tree.
4. change-subtree: A random leaf of the rooted tree is chosen from which, regarded as a
sub-root, a new subtree is grown. When accepted, the old subtree is deleted and replaced
by the new subtree. This update is shown in Fig. 5.16.
5.4.3. Results
We illustrate the above algorithm for the non-linear integral equation,
f(x) = c(x) +
∫ 1
0
dt K(x, t) n(f(t)). (5.119)
The kernel of the integration is K(x, t) = (x − t) and n(x) = x2. The function c(x) is picked
in such a way that the solution of Eq. (5.119) is given by f(x) = log(x+ 1). It can be checked
that c(x) = log(x+ 1) + 2 log(2)− 2x(log(2)− 1)(log(2)− 1)− 54 satisfies this condition. The
initial approximation of the root is u0(x) = c(x) and c0 = 1. As is shown in Fig. 5.17 the result





















































Figure 5.17.: The successive approximations fM (x) =
∑M
m=0 um(x) to the non-linear integral
equation Eq. (5.119) with n(x) = x2 and K(x, t) = (x − t). The initial guess
u0(x) = c(x) for the solution of the integral equation converges to the correct
solution already for low M ≈ 4 iteration steps in the HAM.
m um(x = 0.5) um(x = 0.5) (diagMC) p
1 -0.0339665
2 -0.0112517 -0.01127 ± 0.00004 0.587
3 0.00292815 0.00293 ± 0.00001 0.247
4 0.000486724 0.000488 ± 5e-06 0.096
5 -0.000359147 -0.000359 ± 5e-06 0.041
6 -2.77262e-06 -2.6 e-06 ± 3.6e-06 0.019
7 4.24149e-05 4.2e-05 ± 3e-06 0.009
Table 5.1.: Comparing the tree expansion sampled with diagMC to the exact answer where
every um(x) is calculated and stored on an external x ∈ [0, 1] grid. The last column
indicates the probability p of reaching the expansion order m.
deformation order M . The results of the diagMC calculation of the tree expansion at x = 0.5
are given in Table 5.1 and compared with the exact answer. As the expansion of u1 into u0 is
immediate it has not been included into the diagMC sampling.
The 4-th column in Table 5.1 shows the probability p to reach deformation order m, indicating
the convergence of the HAM series solution as p→ 0 for larger m.
This completes the discussion of the stochastic interpretation of the HAM developed in or-
der to solve non-linear integral equations in high dimensions. We have shown how the recursion
relation for the deformations of the HAM series solution can be interpreted as the tree expansion
and that each term in this expansion can be depicted in terms of rooted tree diagrams which
are amenable to a systematic Monte Carlo sampling. Therefore, we can circumvent any direct
storage or manipulation of the deformations uf,m and have direct access to the HAM series
solution via the sampling of the rooted tree diagrams.
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5.5. Solution of the Dyson-Schwinger equation
for φ4 theory in 2D
In this section we will move on and apply the newly developed computational techniques to the











The inverse non-interacting two-point correlation function is given by G−10;i,j = −i,j + m2δi,j







where p is a momentum variable restricted to the first Brillouin zone, pµ ∈ [−pi, pi] with µ ∈ {x, y}
and we measure distances in units of the lattice constant set to unity. For m2 < 0, i.e., for the
case the potential energy has degenerate minima, the theory undergoes a second order phase
transition at some non-trivial coupling λc(m2) from an ordered phase 0 ≤ λ < λc(m2) to an
unordered phase λ > λc(m2). The phase transition, belonging to the universality class of the
Ising model, is signalled by the divergence of the magnetic susceptibility χ = G(p = 0). In our
simulation we use m2 = −0.5 which corresponds to λc(m2) ∼ 2.
The classical Worm algorithm is one of the most efficient classical Monte Carlo algorithms
to compute the two-point correlation function G for model (5.120) in the functional integral
representation. In this section we use this results to benchmark our functional integro-differential
approach in the strongly correlated regime of model (5.120), i.e., close to its second order phase
transition. The closed set of equations defining our model in this representation were derived in
Sec. 5.2 and are given by Eq. (5.53), (5.54) and are depicted in Fig. 5.3. For convenience, we
repeat the coupled set of equations for model (5.120) in this section,



















The collective indices i consist in the present case just of the labels of the lattices sites and is
denoted by ik = k and summation over repeated indices is assumed. The interaction is given by
V1,2,3,4 = λδ1,2δ1,3δ1,4.
We approach the full solution by first studying various truncations of increasing complexity in
the same fashion as already considered for the 0D toy-model in Sec. 5.3. Afterwards we will
discuss the full solution of the coupled set of closed DSEs. To set the stage we will in a first
step solve the mean field or Hartree-Fock approximation obtained by setting Γ = 0 resulting in
a simple algebraic equation for G. In a next step we take into account the vertex corrections
at zero momentum given by the ladder approximation. To solve the resulting coupled set of
equations we use the self-consistency loop introduced in Sec. 5.3 and depicted in Fig. 5.4 with
a truncated functional Γ[G]. The auxiliary problem (5.57), an algebraic equation for the 0D
toy-model, turns into an integral equation for G. The HAM will be used to solve the auxiliary
problem in each self-consistency step. No diagrammatic Monte Carlo sampling is needed at this
level of complexity because the ladder approximation can be solved analytically and the HAM for
the auxiliary problem can still be implemented on a momentum grid since G depends only on a
single external momentum variable. The most complex truncation considered, before discussing
the solution of the full integro-differential equation, is the generalization of the truncation NtruncI
to the 2D model. In this case already the full machinery developed in the previous section will
be needed in combination with the self-consistency loop. This will give an approximation to
the solution of the DSE without neglecting any momentum dependence of the four-point vertex
function and already establishes the state of the art for such self-consistent methods.
In a final step we introduce to the language of rooted trees the functional derivative terms in
order to solve the DSE without any truncation. Further refinements of the algorithm discussed in
the previous section will be introduced in order to make the rooted tree diagrams with functional
derivative terms amenable to diagrammatic Monte Carlo sampling.
5.5.1. Truncations of the Dyson-Schwinger equation
Before discussing results for the full solution of the coupled DSEs (5.122), (5.123) we introduce
various truncations of Γ[G] in order to solve the coupled set of closed DSEs. The DSE for the












Γ(2)(k)Γ(2)(q)Γ(2)(p− k− q) = 0, (5.124)
where we introduced the inverse of G, Γ(2) = G−1 and denote here and in the following the



























for the renormalized mass mR. This equation can be easily solved by tabulating the integral for
different mR and using standard numerical methods for solving algebraic non-linear equations.
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We will discuss the results of the mean field approximation in the following subsection.
Another simple truncation is to take Γ = const. 6= 0 in momentum space. In order to find a non-
trivial fixed point the dimensionless renormalized coupling constant in 2D, λ˜R = Γ(0, 0, 0)m−2R ,
has to approach a non-trivial value if the system is tuned close to the phase transition. The next
to leading order truncation to the coupled system of DSEs satisfying this condition is to use the
ladder approximation NtruncII for Γ[G] already discussed for the 0D toy-model,





















The latter equation corresponds to the analytic solution of the resummed ladder expansion at
zero external momentum.
The set of equations can be solved either by further approximating Γ(2)(p) = 4∑2µ=1 sin(pµ2 )2+m2R,
yielding a set of non-linear algebraic equations for mR and gR, or without further approximations
by using the self-consistency loop, Fig. 5.4. The auxiliary problem which has to be solved at each
iteration step i for a new approximation Γ(2),(i) to the inverse two-point correlation function is











Γ(2),(i)(k)Γ(2),(i)(q)Γ(2),(i)(p− k− q) . (5.128)
We use the HAM to solve this non-linear integral equation. The HAM series solution is given by























































Here and in the following the self-consistency loop is initialized by setting Γ(2),(i)(p) = Γ(2)(p),
i.e., we use the exact two-point correlation function as a starting point for the solution of the
coupled system of DSEs. The exact two-point correlation function Gi,j in coordinate space is
obtained from classical Monte Carlo simulations by the Worm algorithm [77] for lattice sizes
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much bigger than the correlation length. The obtained result is Fourier transformed and inverted
to obtain Γˆ(2)(p), the discrete values of Γ(2) on a 2D momentum grid in the first Brillouin
zone. Γ(2)(p) can then be approximated by using bilinear interpolation. In the following it is
assumed that all functions depending on just a single momentum variable are represented in its
discretized form. It should be noted that this starting point does not simplify the calculations
for the truncation under consideration. We observe for other starting points, e.g., the mean field
approximation, that approximately the same number of self-consistency steps are needed for the
self-consistency to converge. Nevertheless, the obtained correlation functions from more complex
truncations are already in good agreement with the exact results and therefore choosing this
starting point will speed up the benchmarking because a lower number of self-consistency steps
are needed. This speed up is only linear in the number of self-consistency steps and therefore it
does not affect the generality of the obtained results.
In each step we first calculate gR with respect to the previously found approximation to Γ(2).
Since we know the analytic solution of the ladder approximation “Solver I” is made up of just






which can be done by elementary means.
‘Solver II” is given by the HAM series solution of the auxiliary problem. The deformation
coefficients are obtained by directly applying the recursion relation (5.130). The most expensive
operation in calculating a new deformation from the recursion relation is the numerical evaluation
of the integral over two internal momentum variables in SR for each external momentum grid
point, ∫
k,l
W [uΓ(2) ,m] (p,k, l). (5.133)
This completes a single self-consistency step and we obtain a new approximation Γ(2),(i)(p). The
procedure is repeated until the self-consistency converges. We will discuss the results in the
following subsection.
The most complex approximation we consider is the truncation NtruncI. It completely ne-
glects the functional derivative terms in (5.123) but takes the complete momentum dependence
of the four-point vertex function into account. The coupled set of equations in momentum space
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is given in this truncation by











Γ(2)(k)Γ(2)(q)Γ(2)(p− k− q) ,
Γ(p1,p2,p3,p4) = λ− λ2
∫
k












G(k)G(q)G(−p2 + k− q)G(p1 + p2 − k)×




G(k)G(q)G(−p3 + k− q)G(p1 + p3 − k)×




G(k)G(q)G(−p4 + k− q)G(p1 + p4 − k)×
Γ(q,p4,−k,−p4 + k− q)Γ(p1 + p4 − k,k,p3,p2).
(5.134)
Due to momentum conservation p4 = −p1 − p2 − p3.
The second equation is a non-linear integral equation for the high dimensional four-point vertex
function Γ. The numerical solution for the coupled set of equations (5.134) is obtained by
incorporating the diagrammatic Monte Carlo sampling of rooted tree diagrams into the self-
consistency introduced for the ladder approximation. The HAM is used for “Solver I” to obtain
a series representation of the non-linear integral equation defining a truncated functional Γ[G],





The homotopy is constructed with respect to the identity operator L = id and the initial guess
for the zeroth order deformation is taken to be the result of the ladder approximation at zero
external momentum, uΓ,0[G] = gR[G]. We like to note that, although the solution of the ladder
approximation is taken for uΓ,0, this has little to do with constructing the homotopy around the
ladder approximation as discussed for the 0D toy model in Sec. 5.3.
The self-consistency is then applied as in the previously discussed ladder truncation with the
difference that now in each iteration step we have to solve the auxiliary problem











Γ(2),(i)(k)Γ(2),(i)(q)Γ(2),(i)(p− k− q) , (5.136)
where G(i)−1 = Γ(2),(i). The HAM is used to obtain a series representation of the solution,













● Γ=0, Γ(2)∼mR2Γ=gR, Γ(2)∼mR2
● Γ=gR, Γ(2)Γ, Γ(2)
● Classical Worm











Figure 5.18.: The results from various approximations to the coupled DSEs (5.53), (5.54) com-
pared to the classical worm algorithm.
where the deformation coefficients are calculated from the recursion relation in the same way as

























=SR[uΓ(2),(i) ,m](p) + SΓ[uΓ(2),(i) ,m](p),






W [uΓ(2),(i) ,m] (p,k,q)uΓ,m[G(i−1)](p− k− q,q,k,−p).
(5.139)
The function SΓ(p) is calculated by applying the Markov chain Monte Carlo algorithm of Sec. 5.4
to sum up all possible rooted tree diagrams with variable heights and variable external momentum.
The external momentas of the rooted tree diagrams are updated by importance sampling of the
variables p, k, and q with respect to the integral weight W [uΓ(2),(i) ,m] (p,k,q) and histograms
are taken for the discrete external momentum grid points pi. These histograms are normalized
and stored giving a discretized function SΓ(p) which is used to compute uΓ(2),(i),m(p) on the same
momentum grid. For calculating the j-th order deformation uΓ(2),(i),j the deformations uΓ(2),(i),m
with m < j are needed which can be retrieved by bilinear interpolation of their discretized
counterparts. H is calculated in the same way as for the ladder truncation.
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Results and numerical sign problem
In order to compare the quality of the truncations in the strongly correlated regime the sus-
ceptibility χ = 1/Γ(2)(p = 0) = G(0) is calculated in each setup from the obtained two-point
correlation function and compared to the results from the classical worm algorithm [77]. As the
worm algorithm works only on a finite lattice one must ensure that the system size is much larger
than the correlation length. The results are shown in Fig. 5.18. The quality of the truncation
increases smoothly with the number of terms in the functional integro-differential equation for
Γ[G] taken exactly into account. Deviations from the exact result obtained from the classical
Worm algorithm remain nevertheless visible in the strongly correlated regime, which is attributed
to the the omission of higher order vertices such as Γ(6).
In order to obtain controlled diagMC simulation results to the coupled integral equations of the
truncation NtruncI (5.134), the following issues have to be taken into account. To determine the
maximal order of the tree expansion ∑Mm=0 uΓ,m we calculate uΓ(2),(i=1),1(p = 0), cf. Eq. (5.138),
for different expansion orders M and various convergence control parameters c0. Examples of
these calculations are shown in Fig. 5.19. The convergence control parameter must be chosen
such that the convergence is as fast as possible, i.e., the expansion order is as low as possible.
For λ = 7 the choice c0 = 0.4 is optimal while a higher value c0 = 0.6 leads to an oscillating
solution with high error bars. If c0 is set to too small values (like for the λ = 2.5, c0 = 0.1
case) systematic errors in the calculation of the deformations of Γ(2) are introduced through the
omission of higher order deformations and extrapolations have to be used in order to obtain the
results for M →∞.
The average sign 〈s〉 of the diagMC integration also depends on the convergence control
parameter. While for λ = 7, c0 = 0.3, 〈s〉 = −0.18, it goes down to 〈s〉 = −0.09 for c0 = 0.4 and
drops further to 〈s〉 = −0.03 for c0 = 0.6 in the case of an oscillating convergence. The sign
problem originates from the different signs in front of the linear and quadratic term with respect
to Γ in the DSE for the vertex function, cf. Eq (5.134), and therefore all rooted tree diagrams
can be classified by having either a positive or negative contribution to S(p) = S+(p)− |S−(p)|
in Eq. (5.138). Note that Γ(2)(p) is positive definite. The number of rooted tree diagrams in
order m grows exponentially with m. Therefore, without the weights of the rooted tree diagrams
cancelling this exponential growth,
∣∣S±m(p)∣∣ = ∫
k,q
W [uΓ(2) ,m] (p,k,q)
∣∣∣u±Γ,m(p− k− q,q,k,−p)∣∣∣ (5.140)
will grow exponentially. Here, u±Γ,m denotes the sum of all rooted tree diagrams contributing
with a positive (negative) sign in the tree expansion of uΓ,m. Assuming convergence in the form
Sm(p)→ 0 for m→∞ while Sm(p) having a definite sign for all m, which is actually the case
for a carefully chosen c0 as can be deduced from Fig. 5.19, both exponentially growing numbers
S±m(p) have to be computed to very high precision in order for their difference to have a high
precision. This also explains the fact why 〈s〉 is smaller for c0 = 0.4 compared to c0 = 0.35 as
convergence sets in faster for c0 = 0.4. Thus, with carefully chosen simulation parameters it
is possible to extract meaningful results before the statistical errors become too large due to
the numerical sign problem. If one has oscillating convergence the sign problem makes it, as
expected, impossible to extract controlled results in a realistic simulation time.
Apart from the cancellation of terms in the calculation of S(p) more cancellations occur in
the calculation of the deformations uΓ(2),(i),m. Assuming convergence of the self-consistency
loop, i.e., Γ(2),(i−1) ≈ Γ(2),(i), it follows that uΓ(2),(i),1 ≈ 0. But uΓ(2),(i),1 ≈ 0 is obtained by an
almost perfect cancellation of the individual contributions in (5.138) and clearly the absolute
error ∆uΓ(2),(i),1 is given by the statistical error of the diagMC calculation of S(p). As this
statistical error is almost constant with respect to the self-consistency loop index i the relative
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λ=3, c0=0.2λ=3, c0=0.25λ=3, c0=0.3










Figure 5.19.: The first deformation of Γ(2) in the first self-consistency loop at zero external
momentum for different truncation orders in the tree expansion of ∑Mm=0 uΓ,m.
Choosing c0 carefully makes it possible to let the expansion converge in few orders
and preventing a systematic error from the expansion order cutoff. While for λ = 7
the tree expansion can already be truncated at M = 4 for λ = 2.5 the tree expansion
has to be considered up to order M = 8.
error δuΓ(2),(i),1 = ∆uΓ(2),(i),1/uΓ(2),(i),1 diverges. It is hence the sign problem that poses the
strongest limitation on approaching the critical point more closely.
5.5.2. Full and unbiased solution of the Dyson-Schwinger equation
in the functional integro-differential representation
In this subsection we finally discuss the full and unbiased solution of the functional integro-
differential equation (5.54) defining the universal functional Γ[G]. For that we first discuss how
the diagrammatic language of rooted trees is used to naturally include the functional derivative
terms.
We consider the construction of the universal functional Γ[G] through the solution of (5.123)
in momentum space. In the following the momentum variables are denoted by pi = i and the
linear combination of momentum variables by, e.g., pi + pj = i+ j moreover the integration over
the first Brillouin zone is denoted by ∑5 = ∫p5 . In this representation the integro-differential
equation in (5.123) can be written as
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Γ1,2,3,4 = λδ(p)− λ2
∑
5,6,7























where δ(p) = δ1+2+3,−4 denotes the momentum conservation at the bare vertex. The universal
functional Γ[G] has to be constructed as the solution of (5.141) for arbitrary G ∈ RL×L, i.e., not
restricted to the subspace of physical correlation functions which satisfy translational symmetry.
Thus, going into the momentum representation does not diagonalize the two-point correlation
function, G(1, 2) 6= G(1)δ1,−2 and also Γ(1, 2, 3, 4) 6= Γ(1, 2, 3,−1 − 2 − 3)δ4,−1−2−3. Only
the evaluation of Γ[G] in the physical subspace of translational invariant solutions will give a
translational invariant four-point vertex function Γ(1, 2, 3, 4) = Γ(1, 2, 3,−1− 2− 3)δ4,−1−2−3.
We show in the following that it is possible to construct the solution in the absence of translational
symmetry and simultaneously evaluate the solution Γ[G] only in the restricted physical subspace
of translational invariant G.
Homotopy analysis method for functional integro-differential equations
We use the HAM to solve the functional integro-differential equation (5.141). As discussed in
Sec. 5.3 the starting point of the HAM is the construction of the homotopy
(1− q)L [φ[G, q]− uΓ,0[G]] + qc0N [φ[G, q]] = 0. (5.142)
N [Γ[G]] = 0 is the non-linear differential operator defining (5.141) and L is an arbitrary linear
operator with the property L[0] = 0. The homotopy (5.142) includes the deformation parameter
q ∈ [0, 1] which deforms the solution of L, φ[G, 0] = uΓ,0[G], at q = 0 to the solution of the
differential equation (5.141), φ[G, 1] = Γ[G], at q = 1. In the following we use the easiest
possible linear operator L [φ[G, q]− uΓ,0[G]] = φ[G, q]− uΓ,0[G]. uΓ,0[G] is the initial guess for
the solution of N [Γ[G]] = 0. We use, as for the truncation NtruncI, uΓ,0[G] = gR[G]. The
convergence control parameter c0 controls the rate at which the deformation takes place. The
HAM gives a series solution of the functional integro-differential equation (5.141) in terms of the
deformation coefficients uΓ,m[G],




Differentiating (5.141) m times with respect to q and setting q = 0 yields the recursion relation
for the mth order deformation equation,





























K(4)(1, 5, . . . , 13)
m−1∑
k
uΓ,m−1−k(−8,−11,−13,−9)δuΓ,k(−7, 2, 3, 4)
δG10,12
 .
We have introduced the following notations:
1. uΓ,m(p) denotes the deformation uΓ,m[G] at external variables p = (1, 2, 3, 4).
2. The sum ∑c runs over the three possible permutations of external legs, cf. Eq. (5.141).
We introduce the following abbreviations for the permutations: s = {1,2,3,4}, t={1,3,2,4},
u={1,4,3,2}.
3. The contributions coming from G in (5.141) are collected in the kernel functions K(i)c ,
i ∈ {1, 2} and K(3), K(4). The various kernel functions are explicitly summarized in App. D.
4. The projection of the 4D vector of external variables p onto a 2D subspace and its
complement is denoted by pc, pc¯, respectively: pc=s = (1, 2), pc¯=s¯ = (3, 4); pc=t = (1, 3),
pc¯=t¯ = (2, 4); pc=u = (1, 4), pc¯=u¯ = (3, 2).
5. The projection of the 4D vector of external variables p onto a D dimensional vector is
denoted by pc: pc=s = 2; pc=t = 3; pc=u = 4.
6. χm = 1− δm,1 and χ˜m = δm,1.
7. δ(p) = δ4,−1−2−3 denotes the momentum conservation at the bare vertex.
The recursion relation for the mth order deformation equation is the starting point for the tree
expansion developed in Sec. 5.4 for simple integral equation and already used in Sec. 5.5.1 for
a truncated functional Γ[G]. In the following we will extend these ideas to account for the
functional derivatives in (5.144).
Tree expansion
The mth order deformation equation (5.144) gives the mth term in the series solution (5.143)
of the HAM. In order to calculate the mth deformation all previous deformations and their
functional derivatives have to be known. As already discussed in pervious section already the full
storage of a single deformation is a formidable task as the deformations themselves depend on 4
external indices which are D-dimensional vectors, i.e., uΓ,m(p) is a rank-4D tensor. Including
the functional derivatives seems to make a numerical calculation of (5.144) an impossible task.
The tree expansion developed in Sec. 5.4 solves this apparently impossible task by a stochastic
interpretation. The basic idea of the tree expansion is that in order to calculate the mth order
deformation by the recursion relation (5.144), (5.144) is used again on the right hand side to
get rid off the explicit dependence of all deformations and functional derivatives with k < m.
This procedure is recursively repeated until all deformations uΓ,k with k > 0 are eliminated
on the right hand side. The result is a complicated expression, the tree expansion, which only
depends explicitly on the deformation uΓ,0. We will develop an extension to the diagrammatic
language of rooted trees which captures all possible terms in the tree expansion including the
functional derivative terms and introduce a Monte Carlo algorithm to stochastically sum all terms.
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a) b) c) d)
Figure 5.20.: Examples of rooted tree diagrams which are constructed by expanding the HAM in
the tree expansion. The different diagrammatic elements are explained in the main
text and listed in Fig. 5.21. The rooted tree diagrams in a) and d) do not include
functional derivatives. The rooted trees in b) and c) include functional derivatives
which are indicated by the arc lines closing on a branch. The additional red line
is introduced for the bookkeeping of excess momenta carried by the functional
derivative. The different stages in the tree expansion leading to the rooted trees in
a)-d) are explained in the main text.
We start the discussion with the rooted tree diagram in Fig. 5.20 a). It corresponds to a
single term in the tree expansion. For the moment we are neglecting the labeling of the rooted
tree and consider only the overall structure of the tree and its corresponding analytic expression.
After the general structure is introduced we discuss its labeling, i.e., how momentum variables
and additional labels, e.g., external leg permutations, are taken into account. The rooted tree and
the structure of the corresponding analytic expression are obtained from the following procedure.
The uppermost circle, the root of the rooted tree, corresponds to the left hand side of (5.144).
In the case of Fig. 5.20 a) uΓ,3 should be expanded. The branch, indicated by a straight line,
growing from the root leading to two leafs, represented by the circles, diagrammatically depicts





Thus, the branch corresponds to the integral kernel K(2)c and the two leafs corresponds to the
product of deformations uΓ,kuΓ,m−1−k. A single term in the sum over deformations is chosen. In
Fig. 5.20 a) k = 1 has been picked leading to uΓ,1uΓ,1. In the second stage the above procedure
is repeated by considering each leaf as a new individual root. In case of Fig. 5.20 a) the left leaf
has been expanded with respect to the second line in (5.144), i.e.,
K(1)c uΓ,0. (5.146)
and the right leaf corresponds to the first line, i.e.,
χ1uΓ,0 − c0 [uΓ,0 − λχ˜1] = −c0 [uΓ,0 − λ] . (5.147)
For that case there is no contribution from an integral kernel. This is indicated by drawing
the leaf as a star instead of a circle. Gathering all contributions the structure of the analytic
expression corresponding to the rooted tree in the example of Fig. 5.20 a) is
K(2)c K
(1)
c uΓ,0 (−c0 [uΓ,0 − λ]) . (5.148)
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a) b) c) d) e)
Figure 5.21.: The possible branch types of the rooted trees. Each branch type corresponds to a
single line on the right hand side of (5.144). The straight line, the branch itself,
represents the corresponding kernel function K(i)c , i ∈ {1, 2} or K(i), i ∈ {3, 4} for
the respective branch type. The star, circle and box indicate the leaf grown from
the branch. They represent the contribution from the deformation, uΓ,m, for the
specific branch type. The star contributes no integration variable to the tree, cf.
first line in (5.144). The box corresponds to a leaf at which a functional derivative
is introduced. The branch type can be read off from the combination of leafs grown
on the lower end of the branch. The leaf types c), e) consists of two individual
single leafs because each can be individually expanded further in the tree expansion.
The dangling lines on the leafs of d), e) are representing the not yet completed
action of the functional derivative on a consecutive branch.
This is a single term in the tree expansion and illustrates that the rooted trees depend explicitly
only on the kernel functions and on the initial guess uΓ,0 which is the starting point of the series
solution (5.143). The discussion also shows that in (5.144) there are 5 different possibilities to
expand uΓ,m which lead to the 5 different branch types. All branch types with their respective
leafs are shown in Fig. 5.21. In the diagrammatic expressions the branch type is determined by
the leafs on the lower end of the branch. The branch type in Fig. 5.21 d), e) correspond to the
expansion with respect to the functional derivative terms. The leafs with functional derivatives
are drawn by boxes and the additional dangling line is introduced. It indicates the action of the
functional derivative on a consecutive element in the rooted tree.
On the basis of Fig. 5.20 c) we discuss the structure of the analytic expression corresponding
to a rooted tree with functional derivatives. In the first stage of the tree expansion the root,
uΓ,4, is expanded with respect to the branch type Fig. 5.21 d) which includes a single leaf with a

















Due to the product rule of functional derivatives there are three possibilities for the action of the
outer functional derivative. The first possibility is that the functional derivative is acting on the
kernel function of the second expansion stage, i.e., the branch directly after the deformation uΓ,3
is differentiated. The second possibility is that the outer derivative is acting on the leaf with the
functional derivative and therefore a second order functional derivative is produced. The third
possibility is that it acts on the deformation uΓ,1. From Fig. 5.20 c) we see that the dangling line
is completed to an arc line which indicates that the derivative introduced in the first stage of the
tree expansion is differentiating a branch grown after the leaf without a functional derivative.
Therefore, the third possibility is represented by the rooted tree in Fig. 5.20 c) and the analytic










































Figure 5.22.: Two consecutive stages of expansions in the tree expansion leading to the full rooted
tree in Fig. 5.20 d). The two-point correlation functions contribution to the kernel
are not yet evaluated in the physical, translational invariant subspace. Therefore, G
still depends on two momentum variables which are indicated by two arrows on top
of the G-lines. The new external momentum carried by the leafs is determined by
the kernel functions in (5.144) and the specific random permutation of external legs
picked for this expansion stage. Diagrammatically the contributing kernel functions
together with the respective deformations are depicted on the right hand side of
the arrow. a) The deformation uΓ,3 is expanded with respect to the second line in
(5.144) leading to a new leaf, uΓ,2. The branch corresponds to the kernel function
depending on two two-point correlation functions which lead to an evaluation of
the lower order deformation at a new external momentum. In this example the
t-channel is considered. b) In the next expansion stage the leaf, uΓ,2, is expanded
further with respect to the third line in (5.144) in the u-permutation. In this case
the kernel function depends on four two-point correlation functions and the leafs
corresponds to two lower order deformations each evaluated at a new external
momentum.
In the next two expansion stages the deformations uΓ,1 are further expanded. In both cases with

















Taking this into account the structure of the analytic expression corresponding to the fully grown












From this discussion we see that functional derivatives can only act on the branches of a fully
grown rooted tree. Nevertheless, in intermediate stages of the tree expansion the functional
derivatives can act on the deformations with uΓ,m, m > 0. These have to be expanded further in
later stages of the tree expansion and therefore the analytic expression corresponding to a fully
grown rooted tree involves only uΓ,0, kernel functions and functional derivatives of the kernel
functions. Moreover, as we see from the above discussion the derivatives can only act on branches
which are grown from a leaf consecutive to a functional derivative leaf. Examples of valid rooted
trees with functional derivatives are shown in Fig. 5.20 b), c). In these fully grown rooted trees
the dangling lines which indicate the action of the functional derivative form closed arc lines
connecting a functional derivative leaf to a branch. This denotes which branch is differentiated
by the functional derivative. We will see later that each branch can only be differentiated a finite
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amount of times and therefore all possible functional derivatives on all possible branches can be
tabulated, cf. App. E.
We have introduced the general structure of the rooted trees in the framework of the tree
expansion on the basis of the examples in Fig. 5.20. In the following we discuss the labeling and
the specific analytic expressions of the diagrammatic elements in the rooted tree diagrams. The
universal functional Γ[G] is a functional with respect to an arbitrary G ∈ RL×L which is not
necessary defined inside the physical, translational invariant subspace. Nevertheless, we finally
want to evaluate Γ[G] in the subspace of physical G. We showed that Γ[G] can be constructed by
drawing all possible rooted tree diagrams in the tree expansion of the HAM. Therefore, in order
to evaluate Γ[G] at a physical G the diagrammatic elements of the rooted tree diagrams, i.e.,
the kernel functions and their derivatives have to be build up from the physical, translational
invariant two-point correlation functions. In the following we show how this leads to the correct
labeling of the rooted tree diagrams.
Consider the rooted tree diagram in the tree expansion for uΓ,3 depicted in Fig. 5.20 d). We
fix the external momentum of the root, uΓ,3(p), to be p = (p1, p2, p3,−p1 − p2 − p3), i.e., the
rooted tree diagram is evaluated inside the translational invariant subspace. The first stage in
the tree expansion for the rooted tree in Fig. 5.20 d) is graphically illustrated in Fig. 5.22 a). In
the example the expansion is performed in the t-permutation channel, cf. (5.144). The analytic
expression corresponding to this expansion stage is diagrammatically illustrated on the right




c=t(pc=t, 5, 6, 7)uΓ,2(−7,−6,pc¯=t¯)
= G5,6G1+3−5,7 uΓ,2(−7,−6, 2, 4)
G=Gphys= G5G1+3−5uΓ,2(p′). (5.155)
Here and in the following summation over repeated indices is assumed implicitly. Obviously, the
kernel function can be evaluated in the physical subspace of translational invariant G, Gphys,1,2 =
G1δ1,−2. Consequently, the new external momentum for uΓ,2(p′) is p′ = (p′1, p′2, p′3, p′4) =
(p1 + p3 − p5, p5, p2,−p1 − p2 − p3) and therefore momentum conservation is fulfilled and the
procedure of the tree expansion can be recursively repeated without leaving the physical subspace.
The same holds for the expansion with respect to the branch type Fig. 5.21 c). For the example
of Fig. 5.20 d) the second stage of the tree expansion is illustrated in Fig. 5.22 b). In this case,
assuming that the u-permutation has been chosen,∑
5,...,11
K(2)u (p′c=u, 5, . . . , 11)uΓ,1(−11,−10,p′c¯=u¯)
×uΓ,0(−6, pc=u,−9,−8) (5.156)
= G1′−5−7,11G5,6G7,8G9,10uΓ,1(−11,−10, 3′, 2′)
×uΓ,0(−6, 4′,−9,−8)
G=Gphys= G5G6G−4′−5+6G1′+4′−6uΓ,0(p′′)uΓ,1(p′′′).
The external momentum variables for the leafs uΓ,0(p′′) and uΓ,1(p′′′) are after the evaluation of
G in the physical subspace, p′′ = (p5, p′4,−p6,−p′4 − p5 + p6) and p′′′ = (p′1 + p′4 − p6, p6, p′3, p′2).
Therefore, the evaluation of the deformations uΓ,0, uΓ,1 is again in the physical subspace. We
are choosing the convention that the leaf on the left hand side of the grown branch of type
Fig. 5.21 c) corresponds to the deformation depending on two external variables. In the example
the deformation uΓ,1, depending on two external variables, is represented by the left leaf whereas
uΓ,0, depending on one external variables, is represented by the right leaf, cf. Fig. 5.22 b).
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Figure 5.23.: Two consecutive stages in the tree expansion leading to the full rooted tree in
Fig. 5.20 c). In this case both expansion stages involve functional derivatives.
In order to indicate the correct momentum conservation (5.159) the legs of the
leaf corresponding to the momentum variables of the functional derivatives carry
additional arrows. a) The first stage of the expansion of uΓ,4 is carried out with
respect to the fourth line in (5.144). The dangling line on the leaf indicates the
functional derivative whereas the red line indicates the bookkeeping of excess
momentum carried by the derivative as discussed in the main text. b) In the
second stage of the tree expansion uΓ,3 is expanded with respect to the fifth
line. The dangling functional derivative is not directly acting on the newly grown
branch. Therefore, the red bookkeeping line goes straight through the leaf. In the
diagrammatic expansion for the kernel this is indicated as an additional derivative
for the leaf on the lower right hand side, cf. the fifth line in (5.144) which includes
only the derivative of the upper leaf.
rooted tree diagram at G = Gphys if the diagram contains no elements with functional derivatives.
In this case the only information needed in each expansion stage is:
1. The external momentum variables of the leaf which is expanded.
2. The branch type into which the leaf is expanded.
3. The internal momentum variables over which is integrated.
This provides enough information to compute in each expansion stage the new external momentum
variables for the newly grown leafs and therefore the tree expansion can be carried out recursively.
Rooted tree diagrams with elements of type Fig. 5.21 d), e) need some further consideration. As
an example consider Fig. 5.20 b) which contains a functional derivative.
As in the previous example the rooted tree is evaluated in the physical subspace by fixing
the external momentum of the root to be p = (p1, p2, p3,−p1 − p2 − p3) and evaluate the
kernel function corresponding to the branch of the corresponding branch type, Fig. 5.21 d), at
translational invariant G. This is illustrated in Fig. 5.23 a).
∑
5,...,9











The additional arrowheads on the two-point correlation function lines in Fig. 5.23 a) are indicating
the connection to the functional derivative. Note that only the G-lines contributing to the kernel
function are evaluated in the physical subspace. The functional derivative still depends on two
momentum variables. We will show later how this has to be understood by considering the
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differentiation of a kernel function. The G-lines without additional arrowheads are connected to
the deformation such that the momentum carried by this line is contributing to the new external
momentum of the newly grown leaf. In contrast to the previous examples without functional
derivatives the external momentum p′ = (p′1, p′2, p′3, p′4) = (1−5−6, 2, 3,−1−2−3) for uΓ,1 does
not automatically satisfy momentum conservation after the kernel function has been evaluated
in the physical subspace of translational invariant G. There is an excess momentum carried
by the functional derivative. Only if this excess momentum is taken correctly into account the
momentum variables sum up to zero. The correct momentum conservation at the functional
derivative terms can be found from the following argument.
The functional derivative of the four-point vertex function with respect to G gives a term which
account for correlation functions on the 6-point level. We write this as
OΓ(6)(i1, i2, i3, i4; i5, i6) ≡
δΓ(i1, i2, i3, i4)
δG(i5, i6)
(5.158)







In the subspace of physical correlation functions OΓ(6) depends only on the relative distances
between the lattice sites i1, . . . , i6. Therefore, in order to evaluate rooted trees with functional
derivatives in the translational invariant subspace the correct momentum conservation at the
functional derivative is δ(p1 + p2 + p3 + p4 − p5 − p6). We will also need the more general result
for the momentum conservation with multiple functional derivatives
OΓ(4+N)(p1, p2, p3, p4; l0, l1, . . . , l2N , l2N−1)
= δΓ(p1, p2, p3, p4)
δG(l0, l1) . . . G(l2N , l2N−1)
× (5.159)




The functional derivative terms explicitly break momentum conservation on the four-point level
but on a higher correlation function level it must always be satisfied with respect to the extended
momentum conservation rule (5.159). The additional arrowheads on the G-lines, cf. Fig. 5.23 a),
can also be viewed as indicating that these momenta are contributing with a minus sign in the
extended momentum conservation rule. This consideration shows that (5.157) is a valid projection
into the physical subspace and the tree expansion can now be carried on if the momentum
conservation rule (5.159) is taken into account.
Diagrammatically the excess momenta carried by the functional derivatives are depicted as the
previously introduced additional arcs which originate from leafs with functional derivatives and
close on a branch, cf. Fig. 5.20 c).
We show in the following that once an arc closes on a branch, i.e., after the functional derivative
acted on a kernel function, momentum conservation will be automatically restored on the four-
point level.
We consider the example in Fig. 5.20 c). The analytic expression obtained in the first stage of the
expansion of uΓ,4 at fixed external momentum variables compatible with translational invariance
p = (p1, p2, p3,−p1 − p2 − p3) is already given in (5.157) and illustrated in Fig. 5.23 a). In the
second stage in Fig. 5.20 c) the leaf uΓ,3 is further expanded with respect to the branch of type
Fig. 5.21 e). This expansion process is illustrated in Fig. 5.23 b). The external momentum variables
for uΓ,3(p′) are given by p′ = (p′1, p′2, p′3, p′4) = (1−5−6, 2, 3,−1−2−3). The functional derivative
with respect to the momentum variable (p′5, p′6) = (−p5,−p6) does not act directly on the branch
grown after the leaf with the functional derivative, uΓ,3, but it acts on a branch grown from a
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consecutive leaf. If the functional derivative would act on the branch grown from the functional
derivative leaf, represented by the box, it would yield a second order functional derivative. But
from Fig. 5.20 c) we see that it acts on the branch grown from the leaf without functional
derivative. Therefore, we obtain an expression with two first order functional derivatives which
is diagrammatically depicted in Fig. 5.23 b). The functional derivative with respect to G(p10, p12)
originates from uΓ,1, i.e., from the current branch type, whereas the derivative with respect to
G(p′5, p′6) originates from uΓ,3. We consider the extended momentum conservation rule (5.159).
The analytic expression corresponding to this expansion step is given by
∑
5,...,13













′ + 2′ + 3′ + 4′ − 7− 8− 9, 8)
δG5′,6′
×δuΓ,1(1
′−7−8, 2′, 3′, 4′)
δG9,1′+2′+3′+4′−7−8−9
,
where we have established the generalized momentum conservation rule for p12 = p′1 + p′2 + p′3 +
p′4−p5−p6−p10 and renamed in the last equality the integration variables in order to distinguish
them from the integration variables of the previous expansion stage. This example shows that
even though the functional derivative with respect to G(5′, 6′) only acts on a branch consecutive
to the leaf uΓ,1 which for itself is not a leaf with a functional derivative the information about the
excess momentum running over this leaf has to be stored. Therefore, an additional line through
the rooted tree is drawn which indicates that the excess momentum has to be accounted for
on the intermediate leafs by using the extended momentum conservation (5.159). The excess
momentum is removed if the arc line meets the additional line. This additional diagrammatic
element is shown as the red line in Fig. 5.20 b), c) and Fig. 5.23 a), b).
Finally, in the next two expansion stages the functional derivatives act on the branches. The
functional derivative acting on a branch can be graphically depicted as just cutting out one of
the two-point correlation function lines. This is shown in Fig. 5.24 for a particular example. It
corresponds to the last expansion stage in Fig. 5.20 c) where the right leaf, uΓ,1, is expanded.
It is assumed that the t-permutation channel is picked. The external momentum of the leaf
uΓ,1(p′′) is p′′ = (7, 9, 1′+ 2′+ 3′+ 4′− 7− 8− 9, 8). The analytic expression for the differentiated






The new external variable for the leaf grown from the differentiated branch, uΓ,0(p′′′), is
p′′′ = (−6′, 1′′+ 3′′− 10, 2′′, 4′′). Inserting the expression for the primed variables we find
that uΓ,0 is evaluated at p′′′ = (6,−6−8−9, 9, 8). Therefore, after the functional derivative has
acted on the branch the excess momentum is annihilated and momentum conservation at the
four-point level is restored.
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The discussion of the examples in Fig. 5.20 provides enough information to write down a
set of rules to construct and label all possible rooted trees. A second set of rules assigns to each
diagrammatic element in a rooted tree an analytic weight. This makes it possible to design a
Monte Carlo algorithm in the space of rooted trees which directly evaluates Γ[G] in the subspace
of translational invariant G. In the following we first write down the set of rules to construct and
label a random rooted tree. The complete list of diagrammatic elements with their respective
weights are tabulated in App. D and E.
We would also like to note that the above examples only discuss the case where the physical
subspace is defined by translational invariance. With the same line of arguments it is possible to
obtain the construction and evaluation of Γ[G] in a physical subspace for general symmetries
defined by the collective index space, cf. (5.32), (5.122), and (5.123).
The HAM gives a series solution for Γ[G] which sums over all deformations uΓ,m. Thus rooted
trees of arbitrary expansion order m have to be considered.
The rules to generate a random rooted tree in the tree expansion of an arbitrary uΓ,m with
external momentum variables p are.
1. Grow a random branch from the root, i.e., select the expansion of the root into one of the
branch types in Fig. 5.21. For this choice we assign the labels (k,b,d). The label k stands
for the number of leafs grown from the branch, k=1,2. The label b = bare, bold for whether
the analytic expression for the branch involves contributions from two-point correlation
functions and d = True, False whether one of the leafs is a functional derivative. Thus the
respective labeling for the branch types in Fig. 5.21 are a): (1,bare,False), b) (1,bold,False),
c) (2,bold,False), d) (1,bold,True), e) (2,bold,True). The probability to select the chosen
(k,b,d) is stored in pa-priori in order to obtain the a-priori probability for the fully grown
rooted tree which is needed for the Monte Carlo process.
2. According to the randomly picked branch type add the respective number of leafs with
their given type to the tree.
If a branch type with k=2 was picked one term in the sum ∑m−1i=0 has to be chosen randomly,
cf. (5.144), and the probability for that choice is multiplied to pa-priori.
If a branch type with b=bold and d = False was pick one channel of external leg permutations
in the sum ∑c has to be chosen randomly, cf. (5.144), and the probability for that choice
is multiplied to pa-priori.
Depending on the branch type new momentum variables have to be seeded randomly.
These are D-dimensional random vectors in the first Brillouin zone. The number of new






















Figure 5.24.: A functional derivative is acting on a branch. In this stage of the tree expansion the
grown branch corresponds to the second line in (5.144). Therefore, the functional
derivative can act on one of the two G lines which is equivalent to cutting out one
of them. The momentum carried by the functional derivative is assigned to the
open ends produced in that way.
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for the choice of momentum variables is multiplied to pa-priori.
For the branch type c), e) there are two newly grown leafs. For c) there are two new
momentum variables. We assign the left leaf to represent the deformation evaluated at two
external momentum variables and the right leaf depending on only one. We choose the
convention that the first of the two momentum variable is assigned to the left leaf whereas
the right leaf depends on both variables.
For e) there are three momentum variables. The leaf with the functional derivative depends
only on two of the three randomly seeded momentum variables. We choose the convention
that the the first two of these variables are assigned to the functional derivative leaf and
the right leaf depends on all three variables.
3. For each of the new leafs, uΓ,m′ , if m′ > 0 consider this leaf as a new root and go to 1. If
m′ = 0 a new branch can not be grown.
4. Start a search through the fully grown rooted tree. For each functional derivative encoun-
tered choose randomly a branch consecutive to the functional derivative leaf. This branch
will be differentiated by the functional derivative and therefore the additional bookkeeping
line is established. The probability for each choice is multiplied to pa-priori.
5. Start a search through the fully grown rooted tree. If a differentiated branch is encountered
pick randomly a term in the respective list of differentiated kernel functions, cf. App. E.
Correspondingly, reduce the number of momentum variables of the differentiated branch.
The probability for each choice is multiplied to pa-priori.
6. Start a search through the fully grown rooted tree. For each expansion stage determine the
new external momentum variables of the leafs grown in this expansion stage. This is done
with respect to the extended momentum conservation rule (5.159), cf. also App. D, E.
7. Start a search through the fully grown rooted tree. As the momentum variables are now
correctly assigned the complete weight of the rooted tree can be determined by multiplying
the contributions from the kernel functions and from uΓ,0 at each expansion into a variable
wtree.
Therefore, after having applied the above rules a randomly grown rooted tree is obtained with
a corresponding weight wtree. Together with the a-priori generation probability pa-priori this is
sufficient to perform a direct sampling of the tree expansion by the rules of detailed balance.
Therefore, we obtain a stochastic summation of the HAM series solution for the functional
integro-differential equation defining Γ[G].
We find it convenient to extend the direct sampling of diagram topologies with a Markov chain
sampling of the integration variables. For that we randomly pick a single integration variable
of a rooted tree and suggest to update this integration variable by adding a random shift in
that momentum variable. After the integration variable has been changed we start from step
6 in the above set of rules to generate a new weight for the tree with the new integration
variable. Together with detailed balance this is used to perform a Markov chain sampling of the
integration variables. In order to achieve good acceptance ratios for the direct sampling of rooted
tree topologies we restrict the randomly seeded integration variables in each stage of the tree
expansion to belong to a small region around zero momentum. Therefore, we rely on the Markov
chain sampling of integration variables to obtain the integration over the complete first Brillouin
zone. This leads to sampling problems for higher deformation orders because the sampling can
get stuck in a random rooted tree topology. A Markov chain Monte Carlo algorithm has to be
used which also samples diagram topologies and not only integration variables. Therefore, a
better starting point to include the functional derivatives, compared to randomly suggesting a
rooted tree, is the algorithm developed in Sec. 5.4.
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Figure 5.25.: The development of the divergence of the susceptibility χ = G(p = 0) close to the
phase transition for the model (5.120). Various approximations of the universal
functional Γ[G] yield systematic, quantitative errors whereas the full solution
captures the correct quantitative behavior. The black, dashed purple and blue lines
were obtained in the previous subsection and correspond to different truncations
of the functional Γ[G]. The black approximation corresponds to Γ[G] = 0, the






and the blue line to the
truncation of Γ[G] which takes in account only the first three diagram elements on
the right hand side of Fig. 5.3 in the functional integro-differential equation for
Γ[G] i.e. corrections of the order of the 6-point vertex function Γ(6) are neglected.
Results
Fig. 5.25 shows the result for the divergence of the susceptibility χ for successive approximations
of Γ[G] and for the full solution of the functional integro-differential equation. It should be
pointed out that the coupled set of equations, Fig. 5.3, are defining the FT (5.120) directly in
the thermodynamic limit, i.e., results obtained by our method are for infinite system sizes. The
results are compared to the numerically exact simulation of model (5.120) with the classical
Worm algorithm [77] on system sizes which are much larger than the correlation length. We
find that it is possible to obtain controlled results with our current Monte Carlo algorithm up
to χ ∼ 10 which corresponds to a correlation length of ξ ∼ 3. Our diagrammatic Monte Carlo
sampling is based on a direct sampling of all topologies of rooted tree diagrams at a given order.
This naive approach leads to sampling problems at higher deformation orders and restricts the
order to 5-6. Due to the sign alternation between the linear and quadratic terms in the vertex
equation the sampling suffers from a sign problem discussed in the previous subsection for the
case of the stochastic construction of a truncated functional. We find no qualitative difference if
the functional derivative terms are added. We performed extensive Monte Carlo simulations such
that the error bars are exclusively determined by the extrapolation of the lowest deformation
orders as is shown in Fig. 5.26. It is only possible to extrapolate the inverse of the two-point
correlation function and therefore the error introduced through the extrapolation is growing
rapidly as the susceptibility diverges, cf. Fig. 5.25. It should be pointed out that we have no
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Figure 5.26.: In order to obtain an error estimate for the extrapolation of the homotopy series
we use a linear extrapolation for different deformation parameters c0. We make
sure within errorbars that results extrapolate to the same value for different c0.
The plot shows the results for λ = 3.5 where the correlation length is already large
enough such that there are considerable deviation from the exact result if only a
truncated functional Γ[G] has been considered, cf. Fig. 5.25.
the diagrammatic Monte Carlo sampling of the HAM series solution in terms of rooted tree
diagrams. In order to obtain the results in Fig. 5.25 through this evaluation of Γ[G] we simplified
the calculation by starting the fixed point iteration for the coupled system in Fig. 5.3 at the
numerically exact two-point correlation function. This reduces the computational time as we
have to perform only a single fixed point iteration step. For more general starting points of the
fixed point iteration we refer to the previous subsection. Figs. 5.25 and 5.26 show that, although
there is no single physical small parameter close to the phase transition, we obtain controlled
results as we can construct the homotopy (5.59) always with respect to a small enough c0. In
the vicinity of the second order phase transition, ||G|| → ∞ implies that c0 → 0 but in order to
get meaningful results, the number of required deformations increases rapidly. Therefore, due
to the limited number of deformations which can be computed with our algorithm we can not
go closer to the phase transition. For transitions where ||G|| remains finite (the divergence may
then occur in the four-point vertex function), this argument is not applicable.
Although the approach to FT introduced in this work is illustrated for the simple though
representative case of φ4-theory, models with arbitrary 2-body interactions in its symmetric
phase can be tackled on the same footing. As shown in Sec. 5.2 the transition from the functional
integral representation for general models to functional integro-differential equations yields exactly
the same set of equations as depicted in Fig. 5.3. The only difference is that the convolution of
indices in the diagrams representing the functional integro-differential equation is with respect
to a collective index i which summarizes all possible field labels of the considered model. The
statistics of fermionic fields translate into additional signs for the permutations of external indices
in the diagrams of Fig. 5.3 and into sign alternating two-point correlation functions.
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5.5.3. Semi-analytic solution of the Dyson-Schwinger equation in
the functional integro-differential representation
Up to now we used the HAM for the 2D φ4 model to construct a series representation of the
universal function Γ[G] around the non-interacting limit. We showed how to obtain controlled
results, even in the strongly correlated regime, by introducing the auxiliary convergence control
parameter c0. In this section we will discuss the extension of the construction of the homotopy
around the analytic solvable ladder approximation from the 0D toy model to a realistic field
theory.
In order to solve the functional integro-differential equation (5.141) for φ4 theory in 2D we
consider the homotopy
H[φ[G, q]] = (1− q)Lladder[φ[G, q]] + c0qN [φ[G, q]] = 0. (5.162)
Again, N is the non-linear operator defining (5.141) and now L = Lladder is given by




The HAM series solution,















is given by the HAM series coefficients uΓ,m satisfying for m ≥ 1,




fm(p) = (1− c0)




























K(4)(1, 5, . . . , 13)
m−1∑
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We we use the notations of (5.144) in the above equation and
uΓ,0(1, 2, 3, 4) = λδ1+2+3,−4 − λ2
∑
5,6,7
G5,6G1+2−5,7uΓ,0(−7,−6, 3, 4). (5.166)
In order to obtain a recursion relation for the HAM series coefficients we have to solve the above
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<latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrMKuCLEM2lhGNBdJljA7O UmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48dBncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAW ovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0IR3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit><latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrMKuCLEM2lhGNBdJljA7O UmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48dBncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAW ovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0IR3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit><latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrMKuCLEM2lhGNBdJljA7O UmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48dBncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAW ovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0IR3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit><latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrMKuCLEM2lhGNBdJljA7O UmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48dBncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAW ovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0IR3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit>
y = p1 + p2   p5   p6   p7
<latexit sha1_base64="DjGP5zhd9zozmFd/XXNnksMBPxY=">AAAB9XicbZA7SwNBFIXvxleMr1VLCweDIIhhN6ixEYI2lhHMA5JlmZ1MkiGzD2Zm1WVJ6c+w ExsLG639Hf4bJ+sWGj3F4eOeOzDnehFnUlnWp1GYm19YXCoul1ZW19Y3zM2tlgxjQWiThDwUHQ9LyllAm4opTjuRoNj3OG1748tp3r6lQrIwuFFJRB0fDwM2YAQrPXLN3QSdo8i10aH2KjrSfpL5aeY11yxbFSsT+gt2DmXI1XDNj14/JLFPA0U4lrJrW5FyUiwUI5xOSr1Y0giTMR7SrsYA+1Q66X3WZIJ+xin2pUx8b4L2faxGcj abDv/LurEanDkpC6JY0YDoFZ0NYo5UiKYnQH0mKFE80YCJYPpjiIywwETpQ5V0Y3u2319oVSu2VbGvj8v1i7x7EXZgDw7AhhrU4Qoa0AQCD/ACb/Bu3BmPxpPx/L1aMPI32/BLxusXWWiOTA==</latexit><latexit sha1_base64="DjGP5zhd9zozmFd/XXNnksMBPxY=">AAAB9XicbZA7SwNBFIXvxleMr1VLCweDIIhhN6ixEYI2lhHMA5JlmZ1MkiGzD2Zm1WVJ6c+w ExsLG639Hf4bJ+sWGj3F4eOeOzDnehFnUlnWp1GYm19YXCoul1ZW19Y3zM2tlgxjQWiThDwUHQ9LyllAm4opTjuRoNj3OG1748tp3r6lQrIwuFFJRB0fDwM2YAQrPXLN3QSdo8i10aH2KjrSfpL5aeY11yxbFSsT+gt2DmXI1XDNj14/JLFPA0U4lrJrW5FyUiwUI5xOSr1Y0giTMR7SrsYA+1Q66X3WZIJ+xin2pUx8b4L2faxGcj abDv/LurEanDkpC6JY0YDoFZ0NYo5UiKYnQH0mKFE80YCJYPpjiIywwETpQ5V0Y3u2319oVSu2VbGvj8v1i7x7EXZgDw7AhhrU4Qoa0AQCD/ACb/Bu3BmPxpPx/L1aMPI32/BLxusXWWiOTA==</latexit><latexit sha1_base64="DjGP5zhd9zozmFd/XXNnksMBPxY=">AAAB9XicbZA7SwNBFIXvxleMr1VLCweDIIhhN6ixEYI2lhHMA5JlmZ1MkiGzD2Zm1WVJ6c+w ExsLG639Hf4bJ+sWGj3F4eOeOzDnehFnUlnWp1GYm19YXCoul1ZW19Y3zM2tlgxjQWiThDwUHQ9LyllAm4opTjuRoNj3OG1748tp3r6lQrIwuFFJRB0fDwM2YAQrPXLN3QSdo8i10aH2KjrSfpL5aeY11yxbFSsT+gt2DmXI1XDNj14/JLFPA0U4lrJrW5FyUiwUI5xOSr1Y0giTMR7SrsYA+1Q66X3WZIJ+xin2pUx8b4L2faxGcj abDv/LurEanDkpC6JY0YDoFZ0NYo5UiKYnQH0mKFE80YCJYPpjiIywwETpQ5V0Y3u2319oVSu2VbGvj8v1i7x7EXZgDw7AhhrU4Qoa0AQCD/ACb/Bu3BmPxpPx/L1aMPI32/BLxusXWWiOTA==</latexit><latexit sha1_base64="DjGP5zhd9zozmFd/XXNnksMBPxY=">AAAB9XicbZA7SwNBFIXvxleMr1VLCweDIIhhN6ixEYI2lhHMA5JlmZ1MkiGzD2Zm1WVJ6c+w ExsLG639Hf4bJ+sWGj3F4eOeOzDnehFnUlnWp1GYm19YXCoul1ZW19Y3zM2tlgxjQWiThDwUHQ9LyllAm4opTjuRoNj3OG1748tp3r6lQrIwuFFJRB0fDwM2YAQrPXLN3QSdo8i10aH2KjrSfpL5aeY11yxbFSsT+gt2DmXI1XDNj14/JLFPA0U4lrJrW5FyUiwUI5xOSr1Y0giTMR7SrsYA+1Q66X3WZIJ+xin2pUx8b4L2faxGcj abDv/LurEanDkpC6JY0YDoFZ0NYo5UiKYnQH0mKFE80YCJYPpjiIywwETpQ5V0Y3u2319oVSu2VbGvj8v1i7x7EXZgDw7AhhrU4Qoa0AQCD/ACb/Bu3BmPxpPx/L1aMPI32/BLxusXWWiOTA==</latexit>
y
<latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qx z1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz5 6Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qx z1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz5 6Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qx z1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz5 6Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qx z1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz5 6Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit>
x
<latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxd DSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2 SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhEr zOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6 yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG /mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit ><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxd DSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2 SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhEr zOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6 yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG /mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit ><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxd DSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2 SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhEr zOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6 yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG /mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit ><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxd DSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2 SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhEr zOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6 yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG /mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit > x
<latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoSh ARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H7 2hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQX uEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoSh ARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H7 2hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQX uEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoSh ARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H7 2hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQX uEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoSh ARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H7 2hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQX uEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit>
y
<latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qx z1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz5 6Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qx z1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz5 6Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qx z1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz5 6Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qx z1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz5 6Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit>
p1 + p2   p5
<latexit sha1_base64="La+LqCW5ycoB5oN8t1T5ulxpJ60=">AAAB4XicbZDLSgMxFIbP1Futt6pLN8EiCGKZKYoui25cVrAXaIchk562oZmZmGTEMvQB3Ikb F270SXwO38a0dqGt/+rjfCdw/oRScG1c98vJLS2vrK7l1wsbm1vbO8XdvYZOUsWwzhKRqFZINQoeY91wI7AlFdIoFNgMh9cT33xApXkS35mRRD+i/Zj3OKPGjnwZeCcyqJBTIoPzoFhyy+40ZBG8GZRgllpQ/Ox0E5ZGGBsmqNZtz5XGz6gynAkcFzqpRknZkPaxbTGmEWo/e5xePSa/dUYjrUdROCZHETUDPe8mw/9cOzW9Sz/jsU wNxsyuWNdLBTEJmdQlXa6QGTGyQJni9jDCBlRRZuynFGxjb77fIjQqZc8te7dnperVrHseDuAQjsGDC6jCDdSgDgzu4RXe4cNhzpPz7Lz8rOac2Zt9+BPn7Rv/iIlM</latexit><latexit sha1_base64="La+LqCW5ycoB5oN8t1T5ulxpJ60=">AAAB4XicbZDLSgMxFIbP1Futt6pLN8EiCGKZKYoui25cVrAXaIchk562oZmZmGTEMvQB3Ikb F270SXwO38a0dqGt/+rjfCdw/oRScG1c98vJLS2vrK7l1wsbm1vbO8XdvYZOUsWwzhKRqFZINQoeY91wI7AlFdIoFNgMh9cT33xApXkS35mRRD+i/Zj3OKPGjnwZeCcyqJBTIoPzoFhyy+40ZBG8GZRgllpQ/Ox0E5ZGGBsmqNZtz5XGz6gynAkcFzqpRknZkPaxbTGmEWo/e5xePSa/dUYjrUdROCZHETUDPe8mw/9cOzW9Sz/jsU wNxsyuWNdLBTEJmdQlXa6QGTGyQJni9jDCBlRRZuynFGxjb77fIjQqZc8te7dnperVrHseDuAQjsGDC6jCDdSgDgzu4RXe4cNhzpPz7Lz8rOac2Zt9+BPn7Rv/iIlM</latexit><latexit sha1_base64="La+LqCW5ycoB5oN8t1T5ulxpJ60=">AAAB4XicbZDLSgMxFIbP1Futt6pLN8EiCGKZKYoui25cVrAXaIchk562oZmZmGTEMvQB3Ikb F270SXwO38a0dqGt/+rjfCdw/oRScG1c98vJLS2vrK7l1wsbm1vbO8XdvYZOUsWwzhKRqFZINQoeY91wI7AlFdIoFNgMh9cT33xApXkS35mRRD+i/Zj3OKPGjnwZeCcyqJBTIoPzoFhyy+40ZBG8GZRgllpQ/Ox0E5ZGGBsmqNZtz5XGz6gynAkcFzqpRknZkPaxbTGmEWo/e5xePSa/dUYjrUdROCZHETUDPe8mw/9cOzW9Sz/jsU wNxsyuWNdLBTEJmdQlXa6QGTGyQJni9jDCBlRRZuynFGxjb77fIjQqZc8te7dnperVrHseDuAQjsGDC6jCDdSgDgzu4RXe4cNhzpPz7Lz8rOac2Zt9+BPn7Rv/iIlM</latexit><latexit sha1_base64="La+LqCW5ycoB5oN8t1T5ulxpJ60=">AAAB4XicbZDLSgMxFIbP1Futt6pLN8EiCGKZKYoui25cVrAXaIchk562oZmZmGTEMvQB3Ikb F270SXwO38a0dqGt/+rjfCdw/oRScG1c98vJLS2vrK7l1wsbm1vbO8XdvYZOUsWwzhKRqFZINQoeY91wI7AlFdIoFNgMh9cT33xApXkS35mRRD+i/Zj3OKPGjnwZeCcyqJBTIoPzoFhyy+40ZBG8GZRgllpQ/Ox0E5ZGGBsmqNZtz5XGz6gynAkcFzqpRknZkPaxbTGmEWo/e5xePSa/dUYjrUdROCZHETUDPe8mw/9cOzW9Sz/jsU wNxsyuWNdLBTEJmdQlXa6QGTGyQJni9jDCBlRRZuynFGxjb77fIjQqZc8te7dnperVrHseDuAQjsGDC6jCDdSgDgzu4RXe4cNhzpPz7Lz8rOac2Zt9+BPn7Rv/iIlM</latexit>1X
n=1<latexit sha1_base64="d39qzZuswcUB96aJIm d6kfVTjo4=">AAAB53icbZC7TsMwFIZPuJZyS2FkiaiQmKoEIcGCVMHCWCR6kdoQOa7TWrWdyHaAKMoz sCEWBhZ4DJ6Dt8EtGaDlnz6d71g6v8OEUaVd98taWl5ZXVuvbFQ3t7Z3du3aXkfFqcSkjWMWy16IFGFU kLammpFeIgniISPdcHI19d17IhWNxa3OEuJzNBI0ohhpMwrs2kClPMjFhVfcDaiIdBbYdbfhzuIsgld CHcq0AvtzMIxxyonQmCGl+p6baD9HUlPMSFEdpIokCE/QiPQNCsSJ8vPH2e2F81vniCuV8bBwjjjSYzX vpsP/XD/V0bmfU5GkmghsVoyLUubo2JmWdoZUEqxZZgBhSc1hDh4jibA2X1M1jb35fovQOWl4bsO7Oa 03L8vuFTiAQzgGD86gCdfQgjZgeIBXeIcPi1pP1rP18rO6ZJVv9uFPrLdvuPSM0A==</latexit><latexit sha1_base64="d39qzZuswcUB96aJIm d6kfVTjo4=">AAAB53icbZC7TsMwFIZPuJZyS2FkiaiQmKoEIcGCVMHCWCR6kdoQOa7TWrWdyHaAKMoz sCEWBhZ4DJ6Dt8EtGaDlnz6d71g6v8OEUaVd98taWl5ZXVuvbFQ3t7Z3du3aXkfFqcSkjWMWy16IFGFU kLammpFeIgniISPdcHI19d17IhWNxa3OEuJzNBI0ohhpMwrs2kClPMjFhVfcDaiIdBbYdbfhzuIsgld CHcq0AvtzMIxxyonQmCGl+p6baD9HUlPMSFEdpIokCE/QiPQNCsSJ8vPH2e2F81vniCuV8bBwjjjSYzX vpsP/XD/V0bmfU5GkmghsVoyLUubo2JmWdoZUEqxZZgBhSc1hDh4jibA2X1M1jb35fovQOWl4bsO7Oa 03L8vuFTiAQzgGD86gCdfQgjZgeIBXeIcPi1pP1rP18rO6ZJVv9uFPrLdvuPSM0A==</latexit><latexit sha1_base64="d39qzZuswcUB96aJIm d6kfVTjo4=">AAAB53icbZC7TsMwFIZPuJZyS2FkiaiQmKoEIcGCVMHCWCR6kdoQOa7TWrWdyHaAKMoz sCEWBhZ4DJ6Dt8EtGaDlnz6d71g6v8OEUaVd98taWl5ZXVuvbFQ3t7Z3du3aXkfFqcSkjWMWy16IFGFU kLammpFeIgniISPdcHI19d17IhWNxa3OEuJzNBI0ohhpMwrs2kClPMjFhVfcDaiIdBbYdbfhzuIsgld CHcq0AvtzMIxxyonQmCGl+p6baD9HUlPMSFEdpIokCE/QiPQNCsSJ8vPH2e2F81vniCuV8bBwjjjSYzX vpsP/XD/V0bmfU5GkmghsVoyLUubo2JmWdoZUEqxZZgBhSc1hDh4jibA2X1M1jb35fovQOWl4bsO7Oa 03L8vuFTiAQzgGD86gCdfQgjZgeIBXeIcPi1pP1rP18rO6ZJVv9uFPrLdvuPSM0A==</latexit><latexit sha1_base64="d39qzZuswcUB96aJIm d6kfVTjo4=">AAAB53icbZC7TsMwFIZPuJZyS2FkiaiQmKoEIcGCVMHCWCR6kdoQOa7TWrWdyHaAKMoz sCEWBhZ4DJ6Dt8EtGaDlnz6d71g6v8OEUaVd98taWl5ZXVuvbFQ3t7Z3du3aXkfFqcSkjWMWy16IFGFU kLammpFeIgniISPdcHI19d17IhWNxa3OEuJzNBI0ohhpMwrs2kClPMjFhVfcDaiIdBbYdbfhzuIsgld CHcq0AvtzMIxxyonQmCGl+p6baD9HUlPMSFEdpIokCE/QiPQNCsSJ8vPH2e2F81vniCuV8bBwjjjSYzX vpsP/XD/V0bmfU5GkmghsVoyLUubo2JmWdoZUEqxZZgBhSc1hDh4jibA2X1M1jb35fovQOWl4bsO7Oa 03L8vuFTiAQzgGD86gCdfQgjZgeIBXeIcPi1pP1rP18rO6ZJVv9uFPrLdvuPSM0A==</latexit>
nX
k=1
<latexit sha1_base64="kEik9l9H5oQOs/LZMbq 0S2n/VsA=">AAAB4HicbZC7TsMwFIZPuJZyKzCyRFRITFWCkGBBqmBhLBK9SE2oHPe0tWo7ke0gqig7G 2JhYIE34Tl4G9ySAVr+6dP5jqXzO0o408bzvpyl5ZXVtfXSRnlza3tnt7K339Jxqig2acxj1YmIRs4kNg 0zHDuJQiIiju1ofD317QdUmsXyzkwSDAUZSjZglBg7CgKdil42vvTze9mrVL2aN4u7CH4BVSjS6FU+g3 5MU4HSUE607vpeYsKMKMMox7wcpBoTQsdkiF2LkgjUYfY4Ozp3f+uMCK0nIsrdY0HMSM+76fA/103N4C LMmExSg5LaFesGKXdN7E7bun2mkBo+sUCoYvYwl46IItTYPynbxv58v0VondZ8r+bfnlXrV0X3EhzCEZy AD+dQhxtoQBMoJPAK7/DhRM6T8+y8/KwuOcWbA/gT5+0bZj2KUg==</latexit><latexit sha1_base64="kEik9l9H5oQOs/LZMbq 0S2n/VsA=">AAAB4HicbZC7TsMwFIZPuJZyKzCyRFRITFWCkGBBqmBhLBK9SE2oHPe0tWo7ke0gqig7G 2JhYIE34Tl4G9ySAVr+6dP5jqXzO0o408bzvpyl5ZXVtfXSRnlza3tnt7K339Jxqig2acxj1YmIRs4kNg 0zHDuJQiIiju1ofD317QdUmsXyzkwSDAUZSjZglBg7CgKdil42vvTze9mrVL2aN4u7CH4BVSjS6FU+g3 5MU4HSUE607vpeYsKMKMMox7wcpBoTQsdkiF2LkgjUYfY4Ozp3f+uMCK0nIsrdY0HMSM+76fA/103N4C LMmExSg5LaFesGKXdN7E7bun2mkBo+sUCoYvYwl46IItTYPynbxv58v0VondZ8r+bfnlXrV0X3EhzCEZy AD+dQhxtoQBMoJPAK7/DhRM6T8+y8/KwuOcWbA/gT5+0bZj2KUg==</latexit><latexit sha1_base64="kEik9l9H5oQOs/LZMbq 0S2n/VsA=">AAAB4HicbZC7TsMwFIZPuJZyKzCyRFRITFWCkGBBqmBhLBK9SE2oHPe0tWo7ke0gqig7G 2JhYIE34Tl4G9ySAVr+6dP5jqXzO0o408bzvpyl5ZXVtfXSRnlza3tnt7K339Jxqig2acxj1YmIRs4kNg 0zHDuJQiIiju1ofD317QdUmsXyzkwSDAUZSjZglBg7CgKdil42vvTze9mrVL2aN4u7CH4BVSjS6FU+g3 5MU4HSUE607vpeYsKMKMMox7wcpBoTQsdkiF2LkgjUYfY4Ozp3f+uMCK0nIsrdY0HMSM+76fA/103N4C LMmExSg5LaFesGKXdN7E7bun2mkBo+sUCoYvYwl46IItTYPynbxv58v0VondZ8r+bfnlXrV0X3EhzCEZy AD+dQhxtoQBMoJPAK7/DhRM6T8+y8/KwuOcWbA/gT5+0bZj2KUg==</latexit><latexit sha1_base64="kEik9l9H5oQOs/LZMbq 0S2n/VsA=">AAAB4HicbZC7TsMwFIZPuJZyKzCyRFRITFWCkGBBqmBhLBK9SE2oHPe0tWo7ke0gqig7G 2JhYIE34Tl4G9ySAVr+6dP5jqXzO0o408bzvpyl5ZXVtfXSRnlza3tnt7K339Jxqig2acxj1YmIRs4kNg 0zHDuJQiIiju1ofD317QdUmsXyzkwSDAUZSjZglBg7CgKdil42vvTze9mrVL2aN4u7CH4BVSjS6FU+g3 5MU4HSUE607vpeYsKMKMMox7wcpBoTQsdkiF2LkgjUYfY4Ozp3f+uMCK0nIsrdY0HMSM+76fA/103N4C LMmExSg5LaFesGKXdN7E7bun2mkBo+sUCoYvYwl46IItTYPynbxv58v0VondZ8r+bfnlXrV0X3EhzCEZy AD+dQhxtoQBMoJPAK7/DhRM6T8+y8/KwuOcWbA/gT5+0bZj2KUg==</latexit>
n-k times
<latexit sha1_base64="MRACbkjwpd5F29BSNOfuirc3PzY=">AAAB5nicbZA9TwJB EIb38Avx69TSZiMxsZHcGRMtiTaWmMhHAoTsLQNs2Nu77M4RyOX+gp2xsbDRv+Hv8N+44BUKvtWbeWYy804QS2HQ876cwtr6xuZWcbu0s7u3f+AeHjVMlGgOdR7JSLcCZkAKBXUU KKEVa2BhIKEZjO/mvDkBbUSkHnEWQzdkQyUGgjO0pZ7rdhCmmKqLMUURgsl6btmreAvRVePnpkxy1XruZ6cf8SQEhVwyY9q+F2M3ZRoFl5CVOomBmPExG0LbWsXslm46XZye0d84 ZaExszDI6FnIcGSW2bz4H2snOLjppkLFCYLitsWyQSIpRnSemfaFBo5yZg3jWtjDKB8xzTjaz5RsYn8536ppXFZ8r+I/XJWrt3n2Ijkhp+Sc+OSaVMk9qZE64WRCXsk7+XBGzpPz 7Lz8tBacfOaY/JHz9g35S4xf</latexit><latexit sha1_base64="MRACbkjwpd5F29BSNOfuirc3PzY=">AAAB5nicbZA9TwJB EIb38Avx69TSZiMxsZHcGRMtiTaWmMhHAoTsLQNs2Nu77M4RyOX+gp2xsbDRv+Hv8N+44BUKvtWbeWYy804QS2HQ876cwtr6xuZWcbu0s7u3f+AeHjVMlGgOdR7JSLcCZkAKBXUU KKEVa2BhIKEZjO/mvDkBbUSkHnEWQzdkQyUGgjO0pZ7rdhCmmKqLMUURgsl6btmreAvRVePnpkxy1XruZ6cf8SQEhVwyY9q+F2M3ZRoFl5CVOomBmPExG0LbWsXslm46XZye0d84 ZaExszDI6FnIcGSW2bz4H2snOLjppkLFCYLitsWyQSIpRnSemfaFBo5yZg3jWtjDKB8xzTjaz5RsYn8536ppXFZ8r+I/XJWrt3n2Ijkhp+Sc+OSaVMk9qZE64WRCXsk7+XBGzpPz 7Lz8tBacfOaY/JHz9g35S4xf</latexit><latexit sha1_base64="MRACbkjwpd5F29BSNOfuirc3PzY=">AAAB5nicbZA9TwJB EIb38Avx69TSZiMxsZHcGRMtiTaWmMhHAoTsLQNs2Nu77M4RyOX+gp2xsbDRv+Hv8N+44BUKvtWbeWYy804QS2HQ876cwtr6xuZWcbu0s7u3f+AeHjVMlGgOdR7JSLcCZkAKBXUU KKEVa2BhIKEZjO/mvDkBbUSkHnEWQzdkQyUGgjO0pZ7rdhCmmKqLMUURgsl6btmreAvRVePnpkxy1XruZ6cf8SQEhVwyY9q+F2M3ZRoFl5CVOomBmPExG0LbWsXslm46XZye0d84 ZaExszDI6FnIcGSW2bz4H2snOLjppkLFCYLitsWyQSIpRnSemfaFBo5yZg3jWtjDKB8xzTjaz5RsYn8536ppXFZ8r+I/XJWrt3n2Ijkhp+Sc+OSaVMk9qZE64WRCXsk7+XBGzpPz 7Lz8tBacfOaY/JHz9g35S4xf</latexit><latexit sha1_base64="MRACbkjwpd5F29BSNOfuirc3PzY=">AAAB5nicbZA9TwJB EIb38Avx69TSZiMxsZHcGRMtiTaWmMhHAoTsLQNs2Nu77M4RyOX+gp2xsbDRv+Hv8N+44BUKvtWbeWYy804QS2HQ876cwtr6xuZWcbu0s7u3f+AeHjVMlGgOdR7JSLcCZkAKBXUU KKEVa2BhIKEZjO/mvDkBbUSkHnEWQzdkQyUGgjO0pZ7rdhCmmKqLMUURgsl6btmreAvRVePnpkxy1XruZ6cf8SQEhVwyY9q+F2M3ZRoFl5CVOomBmPExG0LbWsXslm46XZye0d84 ZaExszDI6FnIcGSW2bz4H2snOLjppkLFCYLitsWyQSIpRnSemfaFBo5yZg3jWtjDKB8xzTjaz5RsYn8536ppXFZ8r+I/XJWrt3n2Ijkhp+Sc+OSaVMk9qZE64WRCXsk7+XBGzpPz 7Lz8tBacfOaY/JHz9g35S4xf</latexit>
k times
<latexit sha1_base64="upY+HgkYfN2rpBmhm1TKD6iky18=">AAAB4nicbZDLTgJB EEVrfCK+UJduOhITV2TGmOiS6MYlJvJIAElPU0CHnke6awxkMj/gzrhx4UZ/xO/wb2xwFgre1U2dqlTd8mMlDbnul7Oyura+sVnYKm7v7O7tlw4OGyZKtMC6iFSkWz43qGSIdZKk sBVr5IGvsOmPb2a8+YjayCi8p2mM3YAPQzmQgpMtPXQIJ5SOGckATdYrld2KOxdbNl5uypCr1it9dvqRSAIMSShuTNtzY+qmXJMUCrNiJzEYczHmQ2xbG3K7pZtO5mdn7DdOeWDM NPAzdhpwGplFNiv+x9oJDa66qQzjhDAUtsWyQaIYRWyWl/WlRkFqag0XWtrDmBhxzQXZrxRtYm8x37JpnFc8t+LdXZSr13n2AhzDCZyBB5dQhVuoQR0EaHiFd/hw+s6T8+y8/LSu OPnMEfyR8/YNT/SLfw==</latexit><latexit sha1_base64="upY+HgkYfN2rpBmhm1TKD6iky18=">AAAB4nicbZDLTgJB EEVrfCK+UJduOhITV2TGmOiS6MYlJvJIAElPU0CHnke6awxkMj/gzrhx4UZ/xO/wb2xwFgre1U2dqlTd8mMlDbnul7Oyura+sVnYKm7v7O7tlw4OGyZKtMC6iFSkWz43qGSIdZKk sBVr5IGvsOmPb2a8+YjayCi8p2mM3YAPQzmQgpMtPXQIJ5SOGckATdYrld2KOxdbNl5uypCr1it9dvqRSAIMSShuTNtzY+qmXJMUCrNiJzEYczHmQ2xbG3K7pZtO5mdn7DdOeWDM NPAzdhpwGplFNiv+x9oJDa66qQzjhDAUtsWyQaIYRWyWl/WlRkFqag0XWtrDmBhxzQXZrxRtYm8x37JpnFc8t+LdXZSr13n2AhzDCZyBB5dQhVuoQR0EaHiFd/hw+s6T8+y8/LSu OPnMEfyR8/YNT/SLfw==</latexit><latexit sha1_base64="upY+HgkYfN2rpBmhm1TKD6iky18=">AAAB4nicbZDLTgJB EEVrfCK+UJduOhITV2TGmOiS6MYlJvJIAElPU0CHnke6awxkMj/gzrhx4UZ/xO/wb2xwFgre1U2dqlTd8mMlDbnul7Oyura+sVnYKm7v7O7tlw4OGyZKtMC6iFSkWz43qGSIdZKk sBVr5IGvsOmPb2a8+YjayCi8p2mM3YAPQzmQgpMtPXQIJ5SOGckATdYrld2KOxdbNl5uypCr1it9dvqRSAIMSShuTNtzY+qmXJMUCrNiJzEYczHmQ2xbG3K7pZtO5mdn7DdOeWDM NPAzdhpwGplFNiv+x9oJDa66qQzjhDAUtsWyQaIYRWyWl/WlRkFqag0XWtrDmBhxzQXZrxRtYm8x37JpnFc8t+LdXZSr13n2AhzDCZyBB5dQhVuoQR0EaHiFd/hw+s6T8+y8/LSu OPnMEfyR8/YNT/SLfw==</latexit><latexit sha1_base64="upY+HgkYfN2rpBmhm1TKD6iky18=">AAAB4nicbZDLTgJB EEVrfCK+UJduOhITV2TGmOiS6MYlJvJIAElPU0CHnke6awxkMj/gzrhx4UZ/xO/wb2xwFgre1U2dqlTd8mMlDbnul7Oyura+sVnYKm7v7O7tlw4OGyZKtMC6iFSkWz43qGSIdZKk sBVr5IGvsOmPb2a8+YjayCi8p2mM3YAPQzmQgpMtPXQIJ5SOGckATdYrld2KOxdbNl5uypCr1it9dvqRSAIMSShuTNtzY+qmXJMUCrNiJzEYczHmQ2xbG3K7pZtO5mdn7DdOeWDM NPAzdhpwGplFNiv+x9oJDa66qQzjhDAUtsWyQaIYRWyWl/WlRkFqag0XWtrDmBhxzQXZrxRtYm8x37JpnFc8t+LdXZSr13n2AhzDCZyBB5dQhVuoQR0EaHiFd/hw+s6T8+y8/LSu OPnMEfyR8/YNT/SLfw==</latexit>
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Figure 5.27.: The power series representation of the functional derivative of the zeroth order
deformation uΓ,0(1, 2, 3, 4) with respect to G(5, 6) in the case the homotopy is
constructed around the ladder truncation.
given by,

























where we denote 1 = −6(0), 2 = −7(0). For the translational invariant case, G(1, 2) = G(1)δ1,−2,
this complicated expression, after evaluating the delta functions due to translational invariance,
has a closed form solution,
uΓ,m(1, 2, 3, 4)














G5G1+2−5fm(1 + 2− 5, 5, 3, 4)
)
(5.168)









which is the desired recursion relation for the HAM series coefficients lending itself to a statistical
interpretation as we showed in the previous sections. Nevertheless, as we also discussed in the
previous section, we have to know, at least formally, the solution in absence of any symmetry in
order to take the functional derivative before restoring the respective symmetries. In particular,
consider the example of the functional derivative of the zeroth order deformation,
δuΓ,0(1, 2, 3, 4)

















































Fig. 5.27 illustrates this result in diagrammatic language. Moreover, the result can be used
to calculate the functional derivative of the denominator in (5.168). The functional derivative
of the numerator fm was already discussed in great detail in the previous section. Therefore,
with this result we can generalize the expansion of the HAM in terms of rooted tree diagrams
and consequently the associated Monte Carlo algorithm. In general, we see that it is possible
to construct homotopies around (truncated) quantum field theories where an analytic solution
can be written down. Although in this work we have not yet presented the detailed numerical
implementation of the homotopy series around such analytic solutions we have worked out all the
necessary analytical and technical building blocks. With this we conclude the discussion of the
homotopy approach to quantum field theoretic calculations of many-body systems. Although we
have not yet applied this new approach to the model systems driving our research we worked out






This thesis deals with various computational and analytical aspects of the study of strongly
correlated systems. In the first part of the thesis we used the renormalization group approach
together with first-principles classical Monte Carlo simulations to investigate the strong disorder
regime of systems allowing for a two-dimensional (2D) hydrodynamic description, e.g., for one-
dimensional interacting quantum systems. We unambiguously demonstrated the existence of
a new universality class - the scratched-XY universality class - in the strong disorder regime.
This criticality describes the destruction of the low temperature critical superfluid phase by a
mechanism fundamentally different from the proliferation of topological defects. In order to
show that, we studied the finite-temperature superfluid transition in the scratched-XY model, a
modified two-dimensional XY model with power-law distributed “scratch”-like bond disorder.
The disorder grows stronger as Γ, characterizing the exponent 1/Γ− 1 of its power law disorder
distribution, decreases. We used the asymptotically exact semi-renormalization group theory
introduced by Pollet et al. [65, 66, 67], which was previously developed in the context of the
superfluid-insulator transition in one-dimensional disordered quantum systems, to analytically
obtain the renormalization group flow of the superfluid stiffness. This theory predicts the slow
renormalization of the superfluid stiffness due to the collective effect of the Kane-Fisher physics
[63, 64] of scale-dependent scratches over several length scales, which eventually leads to a
phase transition in the strong disorder regime. The hallmark of this new criticality is that the
microscopic, irrenormalizable parameter ζ = 1 − Γ enters the equations and determines the
non-universal jump of the superfluid stiffness Λc at the transition point, Kc = 1/ζ in contrast
to Kc = 2 for the BKT universality. Classical Monte Carlo simulations are used to numerically
obtain the renormalization group flow of the superfluid stiffness with system size. We found
that this flow is perfectly described by the one analytically obtained from the theory of Pollet et
al. and therefore, these results unambiguously demonstrated the existence of the scratched-XY
universality class. At a temperature T = 0.2, we obtained Kc = 4.24(4), where Kc = piΛc/T and
Λc is the superfluid stiffness at criticality, consistent with the strong disorder scenario Kc > 2.
One of the key insights, which brought the necessary analytic control and made a solid numerical
proof of the scratched-XY universality feasible, is equally well important for the design of possible
experimental systems realizing this universality class. The disorder must couple directly through
a power law to the phase fluctuations of the effective bosonic degrees of freedom because otherwise
this power law has to be determined from measurements of a large collection of samples.
From the theoretical side, an interesting question is how the scratched-XY universality class
is connected to the BKT universality class at weak disorder. We have established the nature
of the finite-temperature phase transition in the strong disorder regime, which deep in the
strong disorder regime happens at low temperatures and large values of K. Therefore, the
renormalization of the superfluid stiffness by thermally excited vortex–anti-vortex pairs, which
drive the transition at weak disorder, can be neglected. At intermediate strength of disorder,
where Kc ' 2, this renormalization due to vortex–anti-vortex pairs has to be taken into account
on the same footing as the renormalization from scale dependent scratches. Due to the extent of
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the vortex–anti-vortex pairs in two dimensions - in contrast to the “vertical” vortex–anti-vortex-
pairs in disordered one-dimensional quantum systems [54, 58] - this may not simply result in a
superposition of both mechanisms.
In the second part of the thesis we introduced a new computational approach for the study of
strongly correlated systems. We first argued that the flexibility of perturbative series expansion
techniques in the quantum field theoretic description of strongly correlated systems is the key
to overcome the limitations of existing computational techniques. However, the power of this
approach crucially hinges upon the convergence properties of the perturbative series. In general,
perturbative series expansions around exactly solvable non-interacting theories have zero or
finite convergence radius and are not valid in the strongly correlated regime. In the second
part of this thesis we proposed to set up series expansion techniques not in a functional integral
formulation but in the language of functional integro-differential equations. The functional closure
of the Dyson-Schwinger equation is introduced in order to obtain a functional integro-differential
equation, which defines a universal functional Γ[G]. Evaluating this functional at the physical
two-point correlation function G yields the physical four-point vertex function Γ. A self-consistent
iteration scheme can be devised that uses the functional Γ[G] such that upon convergence of
the self-consistency, the physical two-point correlation function and consequently the physical
four-point vertex function are calculated. The universal functional Γ[G] is constructed through
the solution of the functional integro-differential equation defining Γ[G] beyond any truncation
scheme. This solution is obtained by introducing a homotopy approach, the homotopy analysis
method, which provides a series expansion scheme more powerful than perturbative series ex-
pansion techniques already for the simplest case where the homotopy is constructed around the
non-interacting limit. Moreover, we showed that, in general, the homotopy can be constructed
around truncated though analytic solvable interacting field theories and in that way overcomes
the usual paradigms of perturbative field theory. In order to evaluate the resulting homotopy
series at larger orders, we first developed the diagrammatic language of rooted tree diagrams
and afterwards introduced a Monte Carlo sampling to stochastically sum up all rooted tree
diagrams contributing to the series. Using these newly developed techniques, we provided a full
and unbiased solution to the Dyson-Schwinger equation beyond any truncation scheme illustrated
for φ4 theory on a 2D square lattice in its strongly correlated regime close to a second-order
phase transition. These results should be considered as a solid numerical benchmark for the
validity of the introduced approach. In future work we first will have to focus on the extension of
the present numerical implementation to numerically construct the functional Γ[G] with respect
to the homotopy around the ladder summation. We derived the resulting homotopy series in
Sec. 5.5.3 but have not yet presented the numerical results for the homotopy construction around
the ladder summation. With that adaptation it may be possible, without further improvements,
to study the strongly correlated regime of the O(2) symmetric φ4 model in 2D, which undergoes
a BKT transition but, contrary to the simpler classical XY model, takes into account density
and phase fluctuations on equal footing. This would be a striking demonstration of the power of
the homotopy approach as it would constitute a first-principles quantum field theoretic series
expansion technique which can generically deal with non-Borel resummable, non-perturbative
features such as the vortices driving the BKT transition. These results may then serve as the
starting point for the study of more challenging bosonic lattice models in 2D where standard
quantum Monte Carlo approaches suffer from a prohibitive sign problem. Moreover, we are
confident that the results carry over to interacting fermionic systems, where in a first step the
existing numerical implementation can be adapted to obtain the benchmark for the Anderson
impurity model or Hubbard atom. This benchmark is of even more fundamental interest as it
has been shown [119] that self-consistent approaches relying on the perturbative construction
of the two-particle irreducible Luttinger-Ward functional Φ[G] can converge to wrong answers.
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Therefore, it is necessary and interesting to show that our newly developed self-consistent ap-
proach, which relies on the one-particle irreducible functional Γ[G], does not run into this kind of
problems. Moreover, the developed approach is perfectly adapted to the phenomenology of the
pseudogap regime of the Hubbard model [120, 30], which is signaled by strong non-perturbative








The superfluid stiffness in the presence
of a single weak barrier















dy cos(θ+(y)− θ−(y)) (A.1)
in a finite box of linear size 2L and Λ = Λµ(L, 2L), µ ∈ {x, y} is the microscopic superfluid
stiffness of the homogenous system of size Lx = L, Ly = 2L in µ-direction. The measure of the
functional integral over θi is denoted by d(θi), r = (x, y), and θ−, θ+ are the values of the left
and right phase field at x = 0, i.e., θ−(y) = θ1(0, y) and θ+(y) = θ2(0, y).
We calculate the superfluid stiffness in x-direction for the whole system in the limit of large β.









where F (Lx, Ly)(φ) is the free energy F = −T lnZ of a system of size Lµ in µ-direction in the
presence of a phase twist φ. At T = 0 one can simply minimize TS2L,2L(φ), where S2L,2L(φ) is
































2Λx(L,L) + 2t 2L
φ (A.4)
which leads to
Λx(2L, 2L)−1 = Λx(L,L)−1 + ((2L)t)−1. (A.5)
For a infinite system Λx is not renormalized by a single barrier in accordance with the result of
Kane and Fisher [63, 64]. For finite but large β the free energy can be evaluated by the method




Perturbative calculation of the beta
function



















A regularization by a large momentum cutoff Λ is assumed to make the functional integral,
denoted by its measure d(φ), a well defined mathematical object. The continuum limit, Λ→∞,
in 2D can be taken by introducing the counterterm δm2I in a reparametrization
φB = φI (B.2)
λB = 6m4−DI λI (B.3)
m2B = m2I + δm2I (B.4)






The non-interacting 2-point correlation function is given by
G0(p) = (p2 +m2I)−1. (B.6)
The perturbative expansion of the n-point correlation function G(n)(x1, . . . , xn) is given by












dy1 . . . dym














and we denote G(2) = G as usual and
〈. . . 〉0 = 1
Z
∫
d(φ)e−S0[φ] . . . . (B.8)
The average 〈. . . 〉0 is evaluated using Wicks theorem [91] where each generated term in this
evaluation can be diagrammatically represented by standard Feynman diagrams with respect to
the non-interacting 2-point correlation function G0. Since the normalization of the functional
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integral in 〈. . . 〉0 is with respect to the full partition function Z all Feynman diagrams including
vacuum bubbles are set to zero. The introduced counterterm δm2I sets all Feynman diagrams
including tadpole subdiagrams to zero and therefore the theory is free of any divergencies in the
limit Λ→∞. The connected 4-point correlation function is given by
G(4)c (x1, x2, x3, x4) = G(4)(x1, x2, x3, x4)
−G(x1, x2)G(x3, x4)−G(x1, x3)G(x2, x4)−G(x1, x4)G(x2, x3)
(B.9)
and we introduce the one-particle irreducible objects Γ(2), the inverse of the 2-point correlation
function and Γ, the 4-point vertex function,∫
dDx3Γ(2)(x1, x3)G(x3, x2) = δ(x1 − x2)
G(4)c (x1, x2, x3, x4) =
∫
dDx5 . . . dDx8 G(x1, x5)G(x2, x6)G(x3, x7)G(x4, x8)
× Γ(x5, x6, x7, x8).
(B.10)




= 1− 1.4249247346311λ2I + 3.7798975113λ3I − 13.1529123(81)λ4I





= 1− 0.069690176974λ2I + 3.7798975113λ3I − 13.1529123(81)λ4I
+57.50923(15)λ5I − 295.3633(20)λ6I + 1723.533(29)λ7I (B.12)
Γ(0, 0, 0, 0)
m2I
= 24λI − 216
pi
λ2I + 270.8452888λ3I − 1403.66817(58)λ4I
+8341.758(61)λ5I − 54808.87(32)λ6I + 392070.3(6.4)λ7I . (B.13)
These perturbative expansions can be used in a renormalization group treatment.
From simple power counting it follows that there are only three relevant operators (∇φ)2, φ2, φ4.















Γ(4)R (0, 0, 0, 0) = λRm
D−4
R . (B.17)
In terms of the perturbative series expansions (B.11), (B.12), (B.13) the renormalized coupling

























The beta function describing the renormalization group flow of the renormalized coupling constant
is defined by




For a perturbative expansion of β(λR) in terms of λR we use (B.18), (B.19), (B.20) to first
calculate β(λI) in a power series in λI and afterwards invert the series λR(λI) to arrive at
β(λI(λR)). Using the chain rule for the definition of the beta function we have




The second term can be easily calculated from (B.20) and the first term needs some further
consideration. We have defined λB = m4−DI λI and therefore mIDm [λI ] = (D− 4)λIDm[mI ] and
together with the identity [91]
Dm[mI ]
mI
= 1− 12Dm log
m2R
m2I








Dm [λI ] = (D − 4)λI









With this we can easily compute β(λI) as a power series in λI and plugging in the inverted series
λR(λI) we obtain
β(v)
2 =− v + v
2 − 0.7161736v3 + 0.930768(3)v4
− 1.5824(2)v5 + 3.2591(9)v6 − 7.711(5)v7,
(B.25)




Analytic structure of the universal
functional Γ[G]




dφ e−S[φ] with S[φ] = 12kφ
2 + λ4!φ
4. (C.1)

































Here In(z)/Kn(z) are the modified Bessel functions of the first/second kind and Z[k = 0] =
(3/2λ)1/4Γ(1/4) where Γ(x) is the Gamma function. The integral (C.1) can be regarded as
an integral representation of the function Z defined in (C.2). The same holds for the 2-point
correlation function G[k] which we do not show here. The important point is that both Z[k] and
G[k] are piecewise-defined functions in k which can be represented by a single integral expression.
There exists also a differential equation equivalent to the integral representation of the function
Z[k] or G[k]. For G[k] this is the coupled system of differential equations,
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● Γ[k]Γ+[k]Γ-[k]











Figure C.1.: The two solutions for G(Γ)±[k] of (C.3) on the real axis for λ = 1. The physical
solution G(Γ)[k] corresponds to the solution G(Γ)+[k] for k > 0 and G(Γ)−[k] for
k < 0 cf. (C.2).
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G|G|ei  = G+[k = |k|e i ]
|G|ei  = G [k = |k|e i ]
G˜
R
Figure C.2.: The elements of the images of G±[k] onto the circle |G|eiφ for |G| → 0. For
φ ∈ [pi4 , 3pi4 ] and [5pi4 , 7pi4 ] G± map onto the same G. Therefore, Γ[G] has to be single
valued on φ ∈ [−pi4 , pi4 ] and [3pi4 , 5pi4 ] and multi-valued on φ ∈ [pi4 , 3pi4 ] and [5pi4 , 7pi4 ]. The
Taylor series of Γ[G] around G˜ ∈ R+ has the convergence radius R = sin(pi4 )G˜.

















There are two independent solutions to this equation for G and, consequently, also for Γ denoted
as G±[k] and Γ±[k], respectively. While (C.1) is single-valued, the solution to the system of
equations (C.3) in principle leads to two independent solutions. They are shown for G±[k], Γ±[k]
on the real axis in Fig. C.1. We will show in the following that the analytic structure of Γ[G]
near G = 0 can be understood from the existence of the two independent solutions to (C.3).
Formally, Γ[G] can be obtained from Γ±[k] by inverting the relation G = G±[k]. There are
two independent solutions which for some k satisfy G = G+[k1] = G−[k2]. This leads to two
branches for Γ[G] where Γ[G] must evaluate to Γ(4)+ [k1] on the first branch and to Γ
(4)
− [k2] on the
second branch. In order to obtain the analytic structure of Γ[G] near |G| = 0 it is necessary to
study the intersection of the images of G± for elements which satisfy |G| → 0. The complete
circle in the complex G plane |G|eiφ, φ ∈ [0, 2pi] for |G| → 0 in Fig. C.2 is included in the image












convergence radius R ≈ 18.105 = 0.123 which can be compared to the expected
convergence radius of R = sin(pi4 )0.172 = 0.122. Here G˜ = G+[k = 5] = 0.172 has
been considered.
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of G+[k] and can be obtained by the parametrization k = |k|e−iφ where |k| → ∞. On the other
hand, the image of G−[k] includes two segments of the circle |G|eiφ namely with φ ∈ [pi4 , 3pi4 ] and
φ ∈ [5pi4 , 7pi4 ] and can also be obtained by the parametrization k = |k|e−iφ. Therefore there are
branch cuts starting from G = 0 cutting the complex G plane in the ±pi4 direction.
According to the above result a power series solution around G˜ ∈ R+, should have convergence
radius R = sin(pi4 )G˜. The convergence radius can also be determined numerically by considering
the coefficients cn in the power series Γ[G] =
∑
n cn(G− G˜)n. The power series can be obtained
by using the analytically known result for Γ(4)+ [G+[k]] on the real axis i.e. c0 = Γ[G˜]. As shown
in Fig. C.3 the numerically obtained convergence radius from the large order behavior of the





In this section we list the analytic expressions for the different branch types and the new external
momentum variables for the corresponding leafs grown from these branches. The analytic
expressions give directly the projection into the physical subspace of translational invariant G.
We denote the external momentum variables at the leaf from which the branch is grown as
p = (p1, p2, p3, p4) and assume that this leaf corresponds to a deformation uΓ,m. We again use
the shorthand notation pi = i and pi + pj = i+ j and implicitly assume summation over repeated
indices.
Fig. 5.21 lists all possible branch types where each branch type accounts for a single line in (5.144).
Furthermore, we consider functional derivatives in intermediate stages which directly act on the
leafs and which have to be accounted for by the momentum conservation rule (5.159). These
additional functional derivatives are highlighted by the momentum labels li. Diagrammatically
the branch types are depicted in Figs. D.1, D.2. The analytic expressions for the different branch
types, including the intermediate functional derivatives, are given by:
a) The analytic expression for the branch type in Fig. 5.21 a):
i) m 6= 1
(1− c0) δ
puΓ,m−1(1, 2, 3, 4)
δG(l0, l1) . . . δG(l2p−2, l2p−1)
(D.1)
ii) m = 1
− c0 (u0(1, 2, 3, 4)− λ) (D.2)
In this case, by definition, there are no intermediate functional derivatives which
directly act on the leaf because δuΓ,0δG = 0.
b) The analytic expression for the branch type in Fig. 5.21 b):
i) c = s
K(1)c=s(pc=s, 5, 6, 7) = G(1 + 2− 5, 7)G(5, 6) (D.3)
Therefore, at G(1, 2) = G(1)δ1,−2:
∑
5,6,7
K(1)c=s(pc=s, 5, 6, 7)
δpuΓ,m−1(−7,−6,pc¯=s¯)





puΓ,m−1(1+2−5, 5, 3, 4)




ii) c = t
2↔ 3
iii) c = u
2↔ 4
c) The analytic expression for the branch type in Fig. 5.21 c):
i) c = s
K(2)c=s(pc=s, 5, . . . , 11) = G(1− 5− 7, 11)G(5, 6)G(7, 8)G(9, 10) (D.5)
Therefore, at G(1, 2) = G(1)δ1,−2 and taking into account the extended momentum
conservation (5.159) at uΓ,k:
∑
5,...,11
K(2)c=s(pc=s, 5, . . . , 11)
δruΓ,s(−6,−8, pc=s,−9)
δG(l2q, l2q+1) . . . δG(l2p−2, l2p−1)
× δ
quΓ,k(−11,−10,pc¯=s¯)






δG(l2q, l2q+1) . . . δG(l2p−2, l2p−1)
δquΓ,k(1− 5− x, 9, 3, 4)








ii) c = t
2↔ 3
iii) c = u
2↔ 4
Where s = m− 1− k with k ∈ {0, . . . ,m− 1} and r + q = p with q ∈ {0, . . . , p}.
d) The analytic expression for the branch type in Fig. 5.21 d):
K(3)(1, 5, . . . , 9) = G(1− 5− 6, 7)G(5, 8)G(6, 9) (D.8)
Therefore, evaluating the kernel function at G(1, 2) = G(1)δ1,−2:
∑
5,...,9
K(3)(1, 5, . . . , 9) δ
p+1uΓ,m−1(−7, 2, 3, 4)




G(1− 5− 6)G(5)G(6) δ
p+1uΓ,m−1(1− 5− 6, 2, 3, 4)
δG(−5,−6)δG(l0, l1) . . . G(l2p−2, l2p−1) .
(D.9)
e) The analytic expression for the branch type in Fig. 5.21 e):
K(4)(1, 5, . . . , 13) = G(1− 5− 6, 7)G(5, 8)G(6, 9)G(10, 11)G(12, 13) (D.10)
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Therefore, evaluating the kernel function at G(1, 2) = G(1)δ1,−2:
∑
5,...,13
K(4)(1, 5, . . . , 13) δ
r+1uΓ,k(−7, 2, 3, 4)
δG(10, 12)δG(l2q, l2q+1) . . . G(l2p−2, l2p−1)
× δ
quΓ,s(−8,−11,−13,−9)




G(1− 5− 6)G(5)G(6)G(10)G(x) δ
r+1uΓ,k(1− 5− 6, 2, 3, 4)
δG(10, x)δG(l2q, l2q+1) . . . G(l2p−2, l2p−1)
× δ
quΓ,s(5, 10, x, 6)
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 rus
 Gr
<latexit sha1_base64="enzr1F3Zyl9+68mpY1ecGzBSvB0=">AAAB9XicbZA7T8MwFIVveJbyCjAyYFEhMVUJQoKxggHGItGH1KaV4962Vp2HbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dc/xYcKUd58taWFxaXlktr BXXNza3tu2d3bqKEsmwxiIRyaZPFQoeYk1zLbAZS6SBL7Dhjy4nfuMOpeJReKvHMXoBHYS8zxnVZtS1D9p9SVna7qHQtCNJ0lVZ/iJXHZl17ZJTdqYi8+DmUIJc1a792e5FLAkw1ExQpVquE2svpVJzJjArthOFMWUjOsCWwZAGqLz0YZokI7/tlAZKjQM/I0cB1UM1602G/3mtRPfPvZSHcaIxZGbFeP1EEB2RSQWkxyUyLcYGKJPcHEbYkJoatCmqaBK7s/nmoX5Sdp2ye3Naqlzk2QuwD4dwDC6cQQWuoQo1YPAIr/AOH9a99WQ9Wy8/qwtW/mcP/sh6+ wb6MZK2</latexit><latexit sha1_base64="enzr1F3Zyl9+68mpY1ecGzBSvB0=">AAAB9XicbZA7T8MwFIVveJbyCjAyYFEhMVUJQoKxggHGItGH1KaV4962Vp2HbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dc/xYcKUd58taWFxaXlktr BXXNza3tu2d3bqKEsmwxiIRyaZPFQoeYk1zLbAZS6SBL7Dhjy4nfuMOpeJReKvHMXoBHYS8zxnVZtS1D9p9SVna7qHQtCNJ0lVZ/iJXHZl17ZJTdqYi8+DmUIJc1a792e5FLAkw1ExQpVquE2svpVJzJjArthOFMWUjOsCWwZAGqLz0YZokI7/tlAZKjQM/I0cB1UM1602G/3mtRPfPvZSHcaIxZGbFeP1EEB2RSQWkxyUyLcYGKJPcHEbYkJoatCmqaBK7s/nmoX5Sdp2ye3Naqlzk2QuwD4dwDC6cQQWuoQo1YPAIr/AOH9a99WQ9Wy8/qwtW/mcP/sh6+ wb6MZK2</latexit><latexit sha1_base64="enzr1F3Zyl9+68mpY1ecGzBSvB0=">AAAB9XicbZA7T8MwFIVveJbyCjAyYFEhMVUJQoKxggHGItGH1KaV4962Vp2HbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dc/xYcKUd58taWFxaXlktr BXXNza3tu2d3bqKEsmwxiIRyaZPFQoeYk1zLbAZS6SBL7Dhjy4nfuMOpeJReKvHMXoBHYS8zxnVZtS1D9p9SVna7qHQtCNJ0lVZ/iJXHZl17ZJTdqYi8+DmUIJc1a792e5FLAkw1ExQpVquE2svpVJzJjArthOFMWUjOsCWwZAGqLz0YZokI7/tlAZKjQM/I0cB1UM1602G/3mtRPfPvZSHcaIxZGbFeP1EEB2RSQWkxyUyLcYGKJPcHEbYkJoatCmqaBK7s/nmoX5Sdp2ye3Naqlzk2QuwD4dwDC6cQQWuoQo1YPAIr/AOH9a99WQ9Wy8/qwtW/mcP/sh6+ wb6MZK2</latexit><latexit sha1_base64="enzr1F3Zyl9+68mpY1ecGzBSvB0=">AAAB9XicbZA7T8MwFIVveJbyCjAyYFEhMVUJQoKxggHGItGH1KaV4962Vp2HbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dc/xYcKUd58taWFxaXlktr BXXNza3tu2d3bqKEsmwxiIRyaZPFQoeYk1zLbAZS6SBL7Dhjy4nfuMOpeJReKvHMXoBHYS8zxnVZtS1D9p9SVna7qHQtCNJ0lVZ/iJXHZl17ZJTdqYi8+DmUIJc1a792e5FLAkw1ExQpVquE2svpVJzJjArthOFMWUjOsCWwZAGqLz0YZokI7/tlAZKjQM/I0cB1UM1602G/3mtRPfPvZSHcaIxZGbFeP1EEB2RSQWkxyUyLcYGKJPcHEbYkJoatCmqaBK7s/nmoX5Sdp2ye3Naqlzk2QuwD4dwDC6cQQWuoQo1YPAIr/AOH9a99WQ9Wy8/qwtW/mcP/sh6+ wb6MZK2</latexit>
...
<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrix hHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79 578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrix hHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79 578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrix hHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79 578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrix hHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79 578p69l5/VJS9/cwB/4r19A61MhkY=</latexit>
l2q 1
<latexit sha1_base64="XcTbEaXQDSgCfLR26X+zdkQkbiQ=">AAAB3HicbZC7TsMwFIZPuJZyKzCyRFRILFRxhQRjBQtjkehFakPluKetVccJtoOoomxsiIWBBd6F5+BtcEsGaPmnT+c7ls7vIBZcG8/7cpaWV1bX1gsbxc2 t7Z3d0t5+U0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjq6lvPaDSPJK3ZhKjH9Kh5APOqLGjtuil1ftTkvVKZa/izeIuAsmhDHnqvdJntx+xJERpmKBad4gXGz+lynAmMCt2E40xZWM6xI5FSUPUfvo4Ozhzf+uUhlpPwiBzj0NqRnreTYf/uU5iBhd+ymWcGJTMrlg3SIRrInfa1O1zhcyIiQXKFLeHuWxEFWXG/kfRNibz/RahWa0Qr0Juzsq1y7x7AQ7hCE6AwDnU4Brq0AAGAl7hHT6cO+fJeXZeflaXnPzNAfyJ8/YNAYKIQQ==</latexit><latexit sha1_base64="XcTbEaXQDSgCfLR26X+zdkQkbiQ=">AAAB3HicbZC7TsMwFIZPuJZyKzCyRFRILFRxhQRjBQtjkehFakPluKetVccJtoOoomxsiIWBBd6F5+BtcEsGaPmnT+c7ls7vIBZcG8/7cpaWV1bX1gsbxc2 t7Z3d0t5+U0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjq6lvPaDSPJK3ZhKjH9Kh5APOqLGjtuil1ftTkvVKZa/izeIuAsmhDHnqvdJntx+xJERpmKBad4gXGz+lynAmMCt2E40xZWM6xI5FSUPUfvo4Ozhzf+uUhlpPwiBzj0NqRnreTYf/uU5iBhd+ymWcGJTMrlg3SIRrInfa1O1zhcyIiQXKFLeHuWxEFWXG/kfRNibz/RahWa0Qr0Juzsq1y7x7AQ7hCE6AwDnU4Brq0AAGAl7hHT6cO+fJeXZeflaXnPzNAfyJ8/YNAYKIQQ==</latexit><latexit sha1_base64="XcTbEaXQDSgCfLR26X+zdkQkbiQ=">AAAB3HicbZC7TsMwFIZPuJZyKzCyRFRILFRxhQRjBQtjkehFakPluKetVccJtoOoomxsiIWBBd6F5+BtcEsGaPmnT+c7ls7vIBZcG8/7cpaWV1bX1gsbxc2 t7Z3d0t5+U0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjq6lvPaDSPJK3ZhKjH9Kh5APOqLGjtuil1ftTkvVKZa/izeIuAsmhDHnqvdJntx+xJERpmKBad4gXGz+lynAmMCt2E40xZWM6xI5FSUPUfvo4Ozhzf+uUhlpPwiBzj0NqRnreTYf/uU5iBhd+ymWcGJTMrlg3SIRrInfa1O1zhcyIiQXKFLeHuWxEFWXG/kfRNibz/RahWa0Qr0Juzsq1y7x7AQ7hCE6AwDnU4Brq0AAGAl7hHT6cO+fJeXZeflaXnPzNAfyJ8/YNAYKIQQ==</latexit><latexit sha1_base64="XcTbEaXQDSgCfLR26X+zdkQkbiQ=">AAAB3HicbZC7TsMwFIZPuJZyKzCyRFRILFRxhQRjBQtjkehFakPluKetVccJtoOoomxsiIWBBd6F5+BtcEsGaPmnT+c7ls7vIBZcG8/7cpaWV1bX1gsbxc2 t7Z3d0t5+U0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjq6lvPaDSPJK3ZhKjH9Kh5APOqLGjtuil1ftTkvVKZa/izeIuAsmhDHnqvdJntx+xJERpmKBad4gXGz+lynAmMCt2E40xZWM6xI5FSUPUfvo4Ozhzf+uUhlpPwiBzj0NqRnreTYf/uU5iBhd+ymWcGJTMrlg3SIRrInfa1O1zhcyIiQXKFLeHuWxEFWXG/kfRNibz/RahWa0Qr0Juzsq1y7x7AQ7hCE6AwDnU4Brq0AAGAl7hHT6cO+fJeXZeflaXnPzNAfyJ8/YNAYKIQQ==</latexit>
. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzx SEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzx SEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzx SEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzx SEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l2q
<latexit sha1_base64="Hm0f580PGhxPs2LIwjz5A+KMmKM=">AAAB2nicbZC7TsMwFIaPy62UW4GRJaJCYqqSCgnGChbGItGL1EaV4562po4TbAdRRVnYEAsDC7wMz8Hb4JYM0PJPn853LJ3fQSy4Nq77RQorq2vrG8XN0tb2zu5eef+gpaNEMWyySESqE1CNgktsGm4EdmKFNAwEt oPJ1cy3H1BpHslbM43RD+lI8iFn1NhRS/TT2n3WL1fcqjuPswxeDhXI0+iXP3uDiCUhSsME1brrubHxU6oMZwKzUi/RGFM2oSPsWpQ0RO2nj/NzM+e3Tmmo9TQMMuckpGasF91s+J/rJmZ44adcxolByeyKdcNEOCZyZj2dAVfIjJhaoExxe5jDxlRRZuxvlGxjb7HfMrRqVc+tejdnlfpl3r0IR3AMp+DBOdThGhrQBAZ38Arv8EF65Ik8k5ef1QLJ3xzCn5C3byvgh88=</latexit><latexit sha1_base64="Hm0f580PGhxPs2LIwjz5A+KMmKM=">AAAB2nicbZC7TsMwFIaPy62UW4GRJaJCYqqSCgnGChbGItGL1EaV4562po4TbAdRRVnYEAsDC7wMz8Hb4JYM0PJPn853LJ3fQSy4Nq77RQorq2vrG8XN0tb2zu5eef+gpaNEMWyySESqE1CNgktsGm4EdmKFNAwEt oPJ1cy3H1BpHslbM43RD+lI8iFn1NhRS/TT2n3WL1fcqjuPswxeDhXI0+iXP3uDiCUhSsME1brrubHxU6oMZwKzUi/RGFM2oSPsWpQ0RO2nj/NzM+e3Tmmo9TQMMuckpGasF91s+J/rJmZ44adcxolByeyKdcNEOCZyZj2dAVfIjJhaoExxe5jDxlRRZuxvlGxjb7HfMrRqVc+tejdnlfpl3r0IR3AMp+DBOdThGhrQBAZ38Arv8EF65Ik8k5ef1QLJ3xzCn5C3byvgh88=</latexit><latexit sha1_base64="Hm0f580PGhxPs2LIwjz5A+KMmKM=">AAAB2nicbZC7TsMwFIaPy62UW4GRJaJCYqqSCgnGChbGItGL1EaV4562po4TbAdRRVnYEAsDC7wMz8Hb4JYM0PJPn853LJ3fQSy4Nq77RQorq2vrG8XN0tb2zu5eef+gpaNEMWyySESqE1CNgktsGm4EdmKFNAwEt oPJ1cy3H1BpHslbM43RD+lI8iFn1NhRS/TT2n3WL1fcqjuPswxeDhXI0+iXP3uDiCUhSsME1brrubHxU6oMZwKzUi/RGFM2oSPsWpQ0RO2nj/NzM+e3Tmmo9TQMMuckpGasF91s+J/rJmZ44adcxolByeyKdcNEOCZyZj2dAVfIjJhaoExxe5jDxlRRZuxvlGxjb7HfMrRqVc+tejdnlfpl3r0IR3AMp+DBOdThGhrQBAZ38Arv8EF65Ik8k5ef1QLJ3xzCn5C3byvgh88=</latexit><latexit sha1_base64="Hm0f580PGhxPs2LIwjz5A+KMmKM=">AAAB2nicbZC7TsMwFIaPy62UW4GRJaJCYqqSCgnGChbGItGL1EaV4562po4TbAdRRVnYEAsDC7wMz8Hb4JYM0PJPn853LJ3fQSy4Nq77RQorq2vrG8XN0tb2zu5eef+gpaNEMWyySESqE1CNgktsGm4EdmKFNAwEt oPJ1cy3H1BpHslbM43RD+lI8iFn1NhRS/TT2n3WL1fcqjuPswxeDhXI0+iXP3uDiCUhSsME1brrubHxU6oMZwKzUi/RGFM2oSPsWpQ0RO2nj/NzM+e3Tmmo9TQMMuckpGasF91s+J/rJmZ44adcxolByeyKdcNEOCZyZj2dAVfIjJhaoExxe5jDxlRRZuxvlGxjb7HfMrRqVc+tejdnlfpl3r0IR3AMp+DBOdThGhrQBAZ38Arv8EF65Ik8k5ef1QLJ3xzCn5C3byvgh88=</latexit>
l2p 1
<latexit sha1_base64="d9/noUtjzUlMfHQLtHpCTlqCMq0=">AAAB3HicbZC7TsMwFIZPyq2UW4GRJaJCYqGKKyQYK1gYi0QvUhsqxz1trdpJZDuIKsrGhlgYWOBdeA7eBrdkgJZ/+nS+Y+n8DmLBtfG8L6ewsrq2vlHcLG1t7+zulfcPWjpKFMMmi0SkOgHVKHiITcONwE6skMpAY DuYXM98+wGV5lF4Z6Yx+pKOQj7kjBo76oh+WovPSNYvV7yqN4+7DCSHCuRp9MufvUHEEomhYYJq3SVebPyUKsOZwKzUSzTGlE3oCLsWQypR++nj/ODM/a1TKrWeyiBzTyQ1Y73oZsP/XDcxw0s/5WGcGAyZXbFumAjXRO6sqTvgCpkRUwuUKW4Pc9mYKsqM/Y+SbUwW+y1Dq1YlXpXcnlfqV3n3IhzBMZwCgQuoww00oAkMBLzCO3w4986T8+y8/KwWnPzNIfyJ8/YNAA6IQA==</latexit><latexit sha1_base64="d9/noUtjzUlMfHQLtHpCTlqCMq0=">AAAB3HicbZC7TsMwFIZPyq2UW4GRJaJCYqGKKyQYK1gYi0QvUhsqxz1trdpJZDuIKsrGhlgYWOBdeA7eBrdkgJZ/+nS+Y+n8DmLBtfG8L6ewsrq2vlHcLG1t7+zulfcPWjpKFMMmi0SkOgHVKHiITcONwE6skMpAY DuYXM98+wGV5lF4Z6Yx+pKOQj7kjBo76oh+WovPSNYvV7yqN4+7DCSHCuRp9MufvUHEEomhYYJq3SVebPyUKsOZwKzUSzTGlE3oCLsWQypR++nj/ODM/a1TKrWeyiBzTyQ1Y73oZsP/XDcxw0s/5WGcGAyZXbFumAjXRO6sqTvgCpkRUwuUKW4Pc9mYKsqM/Y+SbUwW+y1Dq1YlXpXcnlfqV3n3IhzBMZwCgQuoww00oAkMBLzCO3w4986T8+y8/KwWnPzNIfyJ8/YNAA6IQA==</latexit><latexit sha1_base64="d9/noUtjzUlMfHQLtHpCTlqCMq0=">AAAB3HicbZC7TsMwFIZPyq2UW4GRJaJCYqGKKyQYK1gYi0QvUhsqxz1trdpJZDuIKsrGhlgYWOBdeA7eBrdkgJZ/+nS+Y+n8DmLBtfG8L6ewsrq2vlHcLG1t7+zulfcPWjpKFMMmi0SkOgHVKHiITcONwE6skMpAY DuYXM98+wGV5lF4Z6Yx+pKOQj7kjBo76oh+WovPSNYvV7yqN4+7DCSHCuRp9MufvUHEEomhYYJq3SVebPyUKsOZwKzUSzTGlE3oCLsWQypR++nj/ODM/a1TKrWeyiBzTyQ1Y73oZsP/XDcxw0s/5WGcGAyZXbFumAjXRO6sqTvgCpkRUwuUKW4Pc9mYKsqM/Y+SbUwW+y1Dq1YlXpXcnlfqV3n3IhzBMZwCgQuoww00oAkMBLzCO3w4986T8+y8/KwWnPzNIfyJ8/YNAA6IQA==</latexit><latexit sha1_base64="d9/noUtjzUlMfHQLtHpCTlqCMq0=">AAAB3HicbZC7TsMwFIZPyq2UW4GRJaJCYqGKKyQYK1gYi0QvUhsqxz1trdpJZDuIKsrGhlgYWOBdeA7eBrdkgJZ/+nS+Y+n8DmLBtfG8L6ewsrq2vlHcLG1t7+zulfcPWjpKFMMmi0SkOgHVKHiITcONwE6skMpAY DuYXM98+wGV5lF4Z6Yx+pKOQj7kjBo76oh+WovPSNYvV7yqN4+7DCSHCuRp9MufvUHEEomhYYJq3SVebPyUKsOZwKzUSzTGlE3oCLsWQypR++nj/ODM/a1TKrWeyiBzTyQ1Y73oZsP/XDcxw0s/5WGcGAyZXbFumAjXRO6sqTvgCpkRUwuUKW4Pc9mYKsqM/Y+SbUwW+y1Dq1YlXpXcnlfqV3n3IhzBMZwCgQuoww00oAkMBLzCO3w4986T8+y8/KwWnPzNIfyJ8/YNAA6IQA==</latexit>
p5
<latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL 5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMux fhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL 5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMux fhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL 5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMux fhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL 5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMux fhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit>
p9
<latexit sha1_base64="Vikxu2Vh76sdJYtekdjJI6+4mp4=">AAAB2XicbZC7TsMwFIZPyq2UW4GRJaJCYqoShARsFSyMRSJtpTSqHPe0teo4ke0goigDG2JhYIGn4Tl4G9ySAVr+6d P5jqXzO0w4U9pxvqzKyura+kZ1s7a1vbO7V98/6Kg4lRQ9GvNY9kKikDOBnmaaYy+RSKKQYzec3sx89wGlYrG411mCQUTGgo0YJdqMvGSQXxWDesNpOvPYy+CW0IAy7UH9sz+MaRqh0JQTpXzXSXSQE6kZ5VjU+qnChNApGaNvUJAIVZA/zq8t7N86J5FSWRQW9klE9EQtutnwP+enenQZ5EwkqUZBzYpxo5TbOrZnNe0hk0g1zwwQKpk5zKYTIgnV5jNqprG72G8ZOmdN12m6d+eN1n XZvQpHcAyn4MIFtOAW2uABBQav8A4flm89Wc/Wy89qxSrfHMKfWG/fciCHXw==</latexit><latexit sha1_base64="Vikxu2Vh76sdJYtekdjJI6+4mp4=">AAAB2XicbZC7TsMwFIZPyq2UW4GRJaJCYqoShARsFSyMRSJtpTSqHPe0teo4ke0goigDG2JhYIGn4Tl4G9ySAVr+6d P5jqXzO0w4U9pxvqzKyura+kZ1s7a1vbO7V98/6Kg4lRQ9GvNY9kKikDOBnmaaYy+RSKKQYzec3sx89wGlYrG411mCQUTGgo0YJdqMvGSQXxWDesNpOvPYy+CW0IAy7UH9sz+MaRqh0JQTpXzXSXSQE6kZ5VjU+qnChNApGaNvUJAIVZA/zq8t7N86J5FSWRQW9klE9EQtutnwP+enenQZ5EwkqUZBzYpxo5TbOrZnNe0hk0g1zwwQKpk5zKYTIgnV5jNqprG72G8ZOmdN12m6d+eN1n XZvQpHcAyn4MIFtOAW2uABBQav8A4flm89Wc/Wy89qxSrfHMKfWG/fciCHXw==</latexit><latexit sha1_base64="Vikxu2Vh76sdJYtekdjJI6+4mp4=">AAAB2XicbZC7TsMwFIZPyq2UW4GRJaJCYqoShARsFSyMRSJtpTSqHPe0teo4ke0goigDG2JhYIGn4Tl4G9ySAVr+6d P5jqXzO0w4U9pxvqzKyura+kZ1s7a1vbO7V98/6Kg4lRQ9GvNY9kKikDOBnmaaYy+RSKKQYzec3sx89wGlYrG411mCQUTGgo0YJdqMvGSQXxWDesNpOvPYy+CW0IAy7UH9sz+MaRqh0JQTpXzXSXSQE6kZ5VjU+qnChNApGaNvUJAIVZA/zq8t7N86J5FSWRQW9klE9EQtutnwP+enenQZ5EwkqUZBzYpxo5TbOrZnNe0hk0g1zwwQKpk5zKYTIgnV5jNqprG72G8ZOmdN12m6d+eN1n XZvQpHcAyn4MIFtOAW2uABBQav8A4flm89Wc/Wy89qxSrfHMKfWG/fciCHXw==</latexit><latexit sha1_base64="Vikxu2Vh76sdJYtekdjJI6+4mp4=">AAAB2XicbZC7TsMwFIZPyq2UW4GRJaJCYqoShARsFSyMRSJtpTSqHPe0teo4ke0goigDG2JhYIGn4Tl4G9ySAVr+6d P5jqXzO0w4U9pxvqzKyura+kZ1s7a1vbO7V98/6Kg4lRQ9GvNY9kKikDOBnmaaYy+RSKKQYzec3sx89wGlYrG411mCQUTGgo0YJdqMvGSQXxWDesNpOvPYy+CW0IAy7UH9sz+MaRqh0JQTpXzXSXSQE6kZ5VjU+qnChNApGaNvUJAIVZA/zq8t7N86J5FSWRQW9klE9EQtutnwP+enenQZ5EwkqUZBzYpxo5TbOrZnNe0hk0g1zwwQKpk5zKYTIgnV5jNqprG72G8ZOmdN12m6d+eN1n XZvQpHcAyn4MIFtOAW2uABBQav8A4flm89Wc/Wy89qxSrfHMKfWG/fciCHXw==</latexit>
x
<latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGW BhY4Hl4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW 6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGW BhY4Hl4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW 6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGW BhY4Hl4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW 6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGW BhY4Hl4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW 6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit>
p1   p5   x








<latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIU dnqW8AowMWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO82UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgU cGgFo8uJ37oDqVgS3+qxAC8ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGI qXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBgvTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6qiBKHpEr+gdfVj31pP1bL38rC 5YxZ899EfW2zfrVZKs</latexit><latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIU dnqW8AowMWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO82UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgU cGgFo8uJ37oDqVgS3+qxAC8ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGI qXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBgvTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6qiBKHpEr+gdfVj31pP1bL38rC 5YxZ899EfW2zfrVZKs</latexit><latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIU dnqW8AowMWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO82UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgU cGgFo8uJ37oDqVgS3+qxAC8ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGI qXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBgvTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6qiBKHpEr+gdfVj31pP1bL38rC 5YxZ899EfW2zfrVZKs</latexit><latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIU dnqW8AowMWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO82UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgU cGgFo8uJ37oDqVgS3+qxAC8ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGI qXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBgvTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6qiBKHpEr+gdfVj31pP1bL38rC 5YxZ899EfW2zfrVZKs</latexit>
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Figure D.1.: The diagrammatic expressions for the kernel functions corresponding to the first
three branch types in Fig. 5.21 in the presence of p intermediate derivatives. In
the diagrammatic expressions the lines correspond to 2-point correlation functions
with momentum labeled by the arrow. The analytic expression for the contributing
kernel function for each branch type can be read off by standard diagrammatic
rules. The new external momentum at the newly grown leafs can also be read off
by standard diagrammatic rules and taking the extended momentum conservation
rule (5.159) into account as explained in the main text. The dot represents a bare
vertex and therefore ordinary momentum conservation at the 4-point level holds
there. The momentum variables for the p intermediate derivatives are indicated
by l, i.e. G(l2i, l2i+1) with i ∈ {0, . . . , p − 1}. These intermediate derivatives are
diagrammatically depicted as the additional lines with arrows on the lines. These
arrows indicate that the respective momentum on that line has to be taken into
account with an additional minus sign in the extended momentum conservation
rule. a) The branch corresponds to the expansion with respect to the first line
in (5.144). It contributes with a trivial factor to the rooted tree expansion and
does not introduce new integration variables. Therefore, the external momentum
variables stay the same and the deformation order is reduced from m to m − 1.
b) The branch corresponds to the expansion with respect to the second line in
(5.144) and an external leg permutation has to be chosen. In this example the
s-channel is chosen. Due to the momentum conservation at the bare vertex the
internal momentum variables for the 2-point correlation functions are independent
of the momentum variables contributing from the intermediate derivatives. c) The
branch corresponds to the expansion with respect to the third line in (5.144) and
a external leg permutation has to be chosen. In this example the s-channel is
chosen. For that branch type the internal lines depend on the momentum variables
of the intermediate derivatives. The convention is picked such that the extended
momentum conservation is taken at us. In this case there are two newly grown
leafs which can be expanded further and therefore the p intermediate derivatives















<latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIUdnqW8Aow MWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO82UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgUcGgFo8uJ37oDqVgS3+qxAC8 ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGIqXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBg vTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6qiBKHpEr+gdfVj31pP1bL38rC5YxZ899EfW2zfrVZKs</latexit><latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIUdnqW8Aow MWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO82UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgUcGgFo8uJ37oDqVgS3+qxAC8 ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGIqXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBg vTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6qiBKHpEr+gdfVj31pP1bL38rC5YxZ899EfW2zfrVZKs</latexit><latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIUdnqW8Aow MWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO82UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgUcGgFo8uJ37oDqVgS3+qxAC8 ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGIqXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBg vTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6qiBKHpEr+gdfVj31pP1bL38rC5YxZ899EfW2zfrVZKs</latexit><latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIUdnqW8Aow MWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO82UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgUcGgFo8uJ37oDqVgS3+qxAC8 ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGIqXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBg vTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6qiBKHpEr+gdfVj31pP1bL38rC5YxZ899EfW2zfrVZKs</latexit>
. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJY xEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwR mbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN /LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJY xEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwR mbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN /LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJY xEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwR mbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN /LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJY xEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwR mbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN /LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZ rAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bn QruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m +y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZ rAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bn QruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m +y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZ rAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bn QruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m +y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZ rAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bn QruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m +y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit>
l2p 1






<latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO8 2UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgUcGgFo8uJ37oDqVgS3+qxAC8ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGIqXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBgvTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6 qiBKHpEr+gdfVj31pP1bL38rC5YxZ899EfW2zfrVZKs</latexit><latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO8 2UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgUcGgFo8uJ37oDqVgS3+qxAC8ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGIqXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBgvTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6 qiBKHpEr+gdfVj31pP1bL38rC5YxZ899EfW2zfrVZKs</latexit><latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO8 2UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgUcGgFo8uJ37oDqVgS3+qxAC8ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGIqXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBgvTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6 qiBKHpEr+gdfVj31pP1bL38rC5YxZ899EfW2zfrVZKs</latexit><latexit sha1_base64="e2vJJqPdM7X+xatxcTKXplJ3Jww=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhtWnkuDetVSexbAeoooz8DDbEwsACM7+Df4NbMkDLmT7fcy3dcwLBmdKO8 2UtLC4tr6yW1srrG5tb2/bOblMlqaTQoAlPZDsgCjiLoaGZ5tAWEkgUcGgFo8uJ37oDqVgS3+qxAC8ig5iFjBJtRr590A0loVm3D1yTnsCpH+XFC1/1RO7bFafqTIXnwS2gggrVffuz209oGkGsKSdKdVxHaC8jUjPKIS93UwWC0BEZQMdgTCJQXvYwTZLj33ZGIqXGUZDjo4jooZr1JsP/vE6qw3MvY7FINcTUrBgvTDnWCZ5UgPtMAtV8bIBQycxhmA6JqUGbosomsTubbx6aJ1XXqbo3p5XaRZG9hPbRITpGLjpDNXSN6 qiBKHpEr+gdfVj31pP1bL38rC5YxZ899EfW2zfrVZKs</latexit>
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<latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq 2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996Q KVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4 a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq 2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996Q KVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4 a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq 2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996Q KVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4 a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq 2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996Q KVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4 a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit>
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<latexit sha1_base64="iAM59XHK40lZBRcbMH8PL3Vki7c=">AAAB13icbZC7TsMwFIZPyq 2UW4GRJaJCYqoShICxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996Q KVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4 a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO7voZQ</latexit><latexit sha1_base64="iAM59XHK40lZBRcbMH8PL3Vki7c=">AAAB13icbZC7TsMwFIZPyq 2UW4GRJaJCYqoShICxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996Q KVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4 a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO7voZQ</latexit><latexit sha1_base64="iAM59XHK40lZBRcbMH8PL3Vki7c=">AAAB13icbZC7TsMwFIZPyq 2UW4GRJaJCYqoShICxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996Q KVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4 a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO7voZQ</latexit><latexit sha1_base64="iAM59XHK40lZBRcbMH8PL3Vki7c=">AAAB13icbZC7TsMwFIZPyq 2UW4GRJaJCYqoShICxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996Q KVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4 a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGHw4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO7voZQ</latexit>
. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJY xEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwR mbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN /LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJY xEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwR mbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN /LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJY xEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwR mbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN /LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJY xEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwR mbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN /LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
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<latexit sha1_base64="Hm0f580PGhxPs2LIwjz5A+KMmKM=">AAAB2nicbZC7TsMwFIaPy62UW4GRJaJCYqqSCgnGChbGItGL1EaV4562po4TbAdRRVnYEAsDC7wMz8Hb4JYM0PJPn853LJ3fQSy4Nq77RQorq2vrG8XN0tb2zu5ee f+gpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ1cy3H1BpHslbM43RD+lI8iFn1NhRS/TT2n3WL1fcqjuPswxeDhXI0+iXP3uDiCUhSsME1brrubHxU6oMZwKzUi/RGFM2oSPsWpQ0RO2nj/NzM+e3Tmmo9TQMMuckpGasF91s+J/rJmZ44adcxolByeyKdcNEOCZyZj2dAVfIjJhaoExxe5jDxlRRZuxvlGxjb7HfMrRqVc+tejdnlfpl3r0IR3AMp+DBOdThGhrQBAZ38Arv8EF65Ik8k5ef1QLJ3xzCn5C3byvgh88=</latexit><latexit sha1_base64="Hm0f580PGhxPs2LIwjz5A+KMmKM=">AAAB2nicbZC7TsMwFIaPy62UW4GRJaJCYqqSCgnGChbGItGL1EaV4562po4TbAdRRVnYEAsDC7wMz8Hb4JYM0PJPn853LJ3fQSy4Nq77RQorq2vrG8XN0tb2zu5ee f+gpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ1cy3H1BpHslbM43RD+lI8iFn1NhRS/TT2n3WL1fcqjuPswxeDhXI0+iXP3uDiCUhSsME1brrubHxU6oMZwKzUi/RGFM2oSPsWpQ0RO2nj/NzM+e3Tmmo9TQMMuckpGasF91s+J/rJmZ44adcxolByeyKdcNEOCZyZj2dAVfIjJhaoExxe5jDxlRRZuxvlGxjb7HfMrRqVc+tejdnlfpl3r0IR3AMp+DBOdThGhrQBAZ38Arv8EF65Ik8k5ef1QLJ3xzCn5C3byvgh88=</latexit><latexit sha1_base64="Hm0f580PGhxPs2LIwjz5A+KMmKM=">AAAB2nicbZC7TsMwFIaPy62UW4GRJaJCYqqSCgnGChbGItGL1EaV4562po4TbAdRRVnYEAsDC7wMz8Hb4JYM0PJPn853LJ3fQSy4Nq77RQorq2vrG8XN0tb2zu5ee f+gpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ1cy3H1BpHslbM43RD+lI8iFn1NhRS/TT2n3WL1fcqjuPswxeDhXI0+iXP3uDiCUhSsME1brrubHxU6oMZwKzUi/RGFM2oSPsWpQ0RO2nj/NzM+e3Tmmo9TQMMuckpGasF91s+J/rJmZ44adcxolByeyKdcNEOCZyZj2dAVfIjJhaoExxe5jDxlRRZuxvlGxjb7HfMrRqVc+tejdnlfpl3r0IR3AMp+DBOdThGhrQBAZ38Arv8EF65Ik8k5ef1QLJ3xzCn5C3byvgh88=</latexit><latexit sha1_base64="Hm0f580PGhxPs2LIwjz5A+KMmKM=">AAAB2nicbZC7TsMwFIaPy62UW4GRJaJCYqqSCgnGChbGItGL1EaV4562po4TbAdRRVnYEAsDC7wMz8Hb4JYM0PJPn853LJ3fQSy4Nq77RQorq2vrG8XN0tb2zu5ee f+gpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ1cy3H1BpHslbM43RD+lI8iFn1NhRS/TT2n3WL1fcqjuPswxeDhXI0+iXP3uDiCUhSsME1brrubHxU6oMZwKzUi/RGFM2oSPsWpQ0RO2nj/NzM+e3Tmmo9TQMMuckpGasF91s+J/rJmZ44adcxolByeyKdcNEOCZyZj2dAVfIjJhaoExxe5jDxlRRZuxvlGxjb7HfMrRqVc+tejdnlfpl3r0IR3AMp+DBOdThGhrQBAZ38Arv8EF65Ik8k5ef1QLJ3xzCn5C3byvgh88=</latexit>
l2p 1
<latexit sha1_base64="d9/noUtjzUlMfHQLtHpCTlqCMq0=">AAAB3HicbZC7TsMwFIZPyq2UW4GRJaJCYqGKKyQYK1gYi0QvUhsqxz1trdpJZDuIKsrGhlgYWOBdeA7eBrdkgJZ/+nS+Y+n8DmLBtfG8L6ewsrq2vlHcLG1t7+zul fcPWjpKFMMmi0SkOgHVKHiITcONwE6skMpAYDuYXM98+wGV5lF4Z6Yx+pKOQj7kjBo76oh+WovPSNYvV7yqN4+7DCSHCuRp9MufvUHEEomhYYJq3SVebPyUKsOZwKzUSzTGlE3oCLsWQypR++nj/ODM/a1TKrWeyiBzTyQ1Y73oZsP/XDcxw0s/5WGcGAyZXbFumAjXRO6sqTvgCpkRUwuUKW4Pc9mYKsqM/Y+SbUwW+y1Dq1YlXpXcnlfqV3n3IhzBMZwCgQuoww00oAkMBLzCO3w4986T8+y8/KwWnPzNIfyJ8/YNAA6IQA==</latexit><latexit sha1_base64="d9/noUtjzUlMfHQLtHpCTlqCMq0=">AAAB3HicbZC7TsMwFIZPyq2UW4GRJaJCYqGKKyQYK1gYi0QvUhsqxz1trdpJZDuIKsrGhlgYWOBdeA7eBrdkgJZ/+nS+Y+n8DmLBtfG8L6ewsrq2vlHcLG1t7+zul fcPWjpKFMMmi0SkOgHVKHiITcONwE6skMpAYDuYXM98+wGV5lF4Z6Yx+pKOQj7kjBo76oh+WovPSNYvV7yqN4+7DCSHCuRp9MufvUHEEomhYYJq3SVebPyUKsOZwKzUSzTGlE3oCLsWQypR++nj/ODM/a1TKrWeyiBzTyQ1Y73oZsP/XDcxw0s/5WGcGAyZXbFumAjXRO6sqTvgCpkRUwuUKW4Pc9mYKsqM/Y+SbUwW+y1Dq1YlXpXcnlfqV3n3IhzBMZwCgQuoww00oAkMBLzCO3w4986T8+y8/KwWnPzNIfyJ8/YNAA6IQA==</latexit><latexit sha1_base64="d9/noUtjzUlMfHQLtHpCTlqCMq0=">AAAB3HicbZC7TsMwFIZPyq2UW4GRJaJCYqGKKyQYK1gYi0QvUhsqxz1trdpJZDuIKsrGhlgYWOBdeA7eBrdkgJZ/+nS+Y+n8DmLBtfG8L6ewsrq2vlHcLG1t7+zul fcPWjpKFMMmi0SkOgHVKHiITcONwE6skMpAYDuYXM98+wGV5lF4Z6Yx+pKOQj7kjBo76oh+WovPSNYvV7yqN4+7DCSHCuRp9MufvUHEEomhYYJq3SVebPyUKsOZwKzUSzTGlE3oCLsWQypR++nj/ODM/a1TKrWeyiBzTyQ1Y73oZsP/XDcxw0s/5WGcGAyZXbFumAjXRO6sqTvgCpkRUwuUKW4Pc9mYKsqM/Y+SbUwW+y1Dq1YlXpXcnlfqV3n3IhzBMZwCgQuoww00oAkMBLzCO3w4986T8+y8/KwWnPzNIfyJ8/YNAA6IQA==</latexit><latexit sha1_base64="d9/noUtjzUlMfHQLtHpCTlqCMq0=">AAAB3HicbZC7TsMwFIZPyq2UW4GRJaJCYqGKKyQYK1gYi0QvUhsqxz1trdpJZDuIKsrGhlgYWOBdeA7eBrdkgJZ/+nS+Y+n8DmLBtfG8L6ewsrq2vlHcLG1t7+zul fcPWjpKFMMmi0SkOgHVKHiITcONwE6skMpAYDuYXM98+wGV5lF4Z6Yx+pKOQj7kjBo76oh+WovPSNYvV7yqN4+7DCSHCuRp9MufvUHEEomhYYJq3SVebPyUKsOZwKzUSzTGlE3oCLsWQypR++nj/ODM/a1TKrWeyiBzTyQ1Y73oZsP/XDcxw0s/5WGcGAyZXbFumAjXRO6sqTvgCpkRUwuUKW4Pc9mYKsqM/Y+SbUwW+y1Dq1YlXpXcnlfqV3n3IhzBMZwCgQuoww00oAkMBLzCO3w4986T8+y8/KwWnPzNIfyJ8/YNAA6IQA==</latexit>
x
<latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4H l4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwh M2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4H l4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwh M2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4H l4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwh M2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4H l4Dt4Gt2SAln/6dL5j6fwOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwh M2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDAzSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit>
...
<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S 8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB /4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S 8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB /4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S 8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB /4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S 8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB /4r19A61MhkY=</latexit>
l2q 1
<latexit sha1_base64="XcTbEaXQDSgCfLR26X+zdkQkbiQ=">AAAB3HicbZC7TsMwFIZPuJZyKzCyRFRILFRxhQRjBQtjkehFakPluKetVccJtoOoomxsiIWBBd6F5+BtcEsGaPmnT+c7ls7vIBZcG8/7cpaWV1bX1gsbxc2t7Z3d0 t5+U0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjq6lvPaDSPJK3ZhKjH9Kh5APOqLGjtuil1ftTkvVKZa/izeIuAsmhDHnqvdJntx+xJERpmKBad4gXGz+lynAmMCt2E40xZWM6xI5FSUPUfvo4Ozhzf+uUhlpPwiBzj0NqRnreTYf/uU5iBhd+ymWcGJTMrlg3SIRrInfa1O1zhcyIiQXKFLeHuWxEFWXG/kfRNibz/RahWa0Qr0Juzsq1y7x7AQ7hCE6AwDnU4Brq0AAGAl7hHT6cO+fJeXZeflaXnPzNAfyJ8/YNAYKIQQ==</latexit><latexit sha1_base64="XcTbEaXQDSgCfLR26X+zdkQkbiQ=">AAAB3HicbZC7TsMwFIZPuJZyKzCyRFRILFRxhQRjBQtjkehFakPluKetVccJtoOoomxsiIWBBd6F5+BtcEsGaPmnT+c7ls7vIBZcG8/7cpaWV1bX1gsbxc2t7Z3d0 t5+U0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjq6lvPaDSPJK3ZhKjH9Kh5APOqLGjtuil1ftTkvVKZa/izeIuAsmhDHnqvdJntx+xJERpmKBad4gXGz+lynAmMCt2E40xZWM6xI5FSUPUfvo4Ozhzf+uUhlpPwiBzj0NqRnreTYf/uU5iBhd+ymWcGJTMrlg3SIRrInfa1O1zhcyIiQXKFLeHuWxEFWXG/kfRNibz/RahWa0Qr0Juzsq1y7x7AQ7hCE6AwDnU4Brq0AAGAl7hHT6cO+fJeXZeflaXnPzNAfyJ8/YNAYKIQQ==</latexit><latexit sha1_base64="XcTbEaXQDSgCfLR26X+zdkQkbiQ=">AAAB3HicbZC7TsMwFIZPuJZyKzCyRFRILFRxhQRjBQtjkehFakPluKetVccJtoOoomxsiIWBBd6F5+BtcEsGaPmnT+c7ls7vIBZcG8/7cpaWV1bX1gsbxc2t7Z3d0 t5+U0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjq6lvPaDSPJK3ZhKjH9Kh5APOqLGjtuil1ftTkvVKZa/izeIuAsmhDHnqvdJntx+xJERpmKBad4gXGz+lynAmMCt2E40xZWM6xI5FSUPUfvo4Ozhzf+uUhlpPwiBzj0NqRnreTYf/uU5iBhd+ymWcGJTMrlg3SIRrInfa1O1zhcyIiQXKFLeHuWxEFWXG/kfRNibz/RahWa0Qr0Juzsq1y7x7AQ7hCE6AwDnU4Brq0AAGAl7hHT6cO+fJeXZeflaXnPzNAfyJ8/YNAYKIQQ==</latexit><latexit sha1_base64="XcTbEaXQDSgCfLR26X+zdkQkbiQ=">AAAB3HicbZC7TsMwFIZPuJZyKzCyRFRILFRxhQRjBQtjkehFakPluKetVccJtoOoomxsiIWBBd6F5+BtcEsGaPmnT+c7ls7vIBZcG8/7cpaWV1bX1gsbxc2t7Z3d0 t5+U0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXjq6lvPaDSPJK3ZhKjH9Kh5APOqLGjtuil1ftTkvVKZa/izeIuAsmhDHnqvdJntx+xJERpmKBad4gXGz+lynAmMCt2E40xZWM6xI5FSUPUfvo4Ozhzf+uUhlpPwiBzj0NqRnreTYf/uU5iBhd+ymWcGJTMrlg3SIRrInfa1O1zhcyIiQXKFLeHuWxEFWXG/kfRNibz/RahWa0Qr0Juzsq1y7x7AQ7hCE6AwDnU4Brq0AAGAl7hHT6cO+fJeXZeflaXnPzNAfyJ8/YNAYKIQQ==</latexit>
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Figure D.2.: The diagrammatic expressions for the kernel functions corresponding to the last
two branch types in Fig. 5.21 in the presence of p intermediate derivatives. In
the diagrammatic expressions the lines correspond to 2-point correlation functions
with momentum labeled by the arrow. The analytic expression for the contributing
kernel function for each branch type can be read off by standard diagrammatic
rules. The new external momentum at the newly grown leafs can also be read off
by standard diagrammatic rules and taking the extended momentum conservation
(5.159) rule into account as explained in the main text. The dot represents a bare
vertex and therefore ordinary momentum conservation at the 4-point level holds
there. The momentum variables for the p intermediate derivatives are indicated
by l, i.e. G(l2i, l2i+1) with i ∈ {0, . . . , p − 1}. These intermediate derivatives are
diagrammatically depicted as the additional lines with arrows on the lines. These
arrows indicate that the respective momentum on that line has to be taken into
account with an additional minus sign in the extended momentum conservation rule.
a) The branch corresponds to the expansion with respect to the fourth line in (5.144)
and contributes an additional functional derivative. b) The branch corresponds to
the expansion with respect to the fourth line in (5.144) and contributes an additional
functional derivative on the leaf connected to 3 external lines. For that branch type
the internal lines depend on the momentum variables of the intermediate derivatives.
The convention is picked such that the extended momentum conservation is taken
at uk. In this case there are two newly grown leafs which can be expanded further
and therefore the p intermediate derivatives are distributed randomly such that




Functional Derivatives of Kernel
Functions
In this section we list the analytic expressions for the functional derivative of the different
branch types and the resulting new external momentum variables for the corresponding leafs
grown from these differentiated branches in the presence of intermediate functional derivatives.
The momentum variables of the functional derivative differentiating the considered branch are
denoted by l0, l1 if there is a single derivative acting on the branch and l0, . . . , l3 if there are two
derivatives. Further p intermediate derivatives are labeled with consecutive numbers l2, . . . , l2p+1
and l4, . . . , l2p+3, respectively. During the Monte Carlo run we measure the average number
of functional derivatives. We find that this number is around unity for the parameter range
considered in Fig. 5.25 and the maximal expansion order m = 6 reached in our Monte Carlo
algorithm. Therefore, we list here the kernel functions up to second order derivatives for the
branch types Fig. 5.21 b), c) which contribute itself no functional derivative and up to first order
for the branch types Fig. 5.21 d), e) which contribute itself a functional derivative to the rooted
tree. We note that we do not restrict the maximal number of functional derivative in a rooted
tree but only the number of derivative which can act on a single branch. Bookkeeping of higher
order derivatives of the kernel function, i.e., up to a maximum of 5 for Fig. 5.21 e) will become
increasingly difficult.
The analytic expressions for the derivatives of the various branches are:
a) This branch contributes with a trivial factor and therefore can not be differentiated, i.e.,
the derivative on that branch yields a zero contribution.







K(1)c=s(pc=s, 5, 6, 7)
)
δpuΓ,m−1(−7,−6,pc¯=s¯)
δG(l2, l3) . . . δG(l2p, l2p+1)
G=Gphys=
2G(1 + 2− l0)δ
pum−1(−l1, 1 + 2− l0, 3, 4)














K(1)c=s(pc=s, 5, 6, 7)
)
δpuΓ,m−1(−7,−6,pc¯=s¯)
δG(l4, l5) . . . δG(l2p+1, l2p+3)
G=Gphys= 2δ(1 + 2− l0 − l2) δ
puΓ,m−1(−l1,−l3, 3, 4)







c) The diagrammatic expression for the first and second derivative are shown in Fig. E.2 and
Fig. E.3. Due to the product rule the differentiation of the branch yields 4 possible terms
where 2 are symmetric to each other. A random rooted tree corresponds to the random







K(2)c=s(pc=s, 5, . . . , 11)
)
δruΓ,s(−6, pc=s,−9,−8)
δG(l2q+2, l2q+3) . . . δG(l2p, l2p+1)
× δ
quΓ,k(−11,−10,pc¯=s¯)




G(5)G(x)G(1− l0 − x) δ
ruΓ,s(−l1, 2,−5, 1− l0 − x)
δG(l2q+2, l2q+3) . . . δG(l2p, l2p+1)
× δ
quΓ,k(x, 5, 3, 4)






δG(l2q+2, l2q+3) . . . δG(l2p, l2p+1)
× δ
quΓ,k(l1, α, 3, 4)




G(5)G(z)G(1− 5− z) δ
ruΓ,s(−l1, 2,−5, 1− l0 − x)
δG(l2q+2, l2q+3) . . . δG(l2p, l2p+1)
δquΓ,k(x, 5, 3, 4)









y = p1 − l0 − p5,
























δG(l2q+4, l2q+5) . . . δG(l2p+2, l2p+3)
δquΓ,k(−11,−10,pc¯=s¯)
δG(l4, l5) . . . δG(l2q+2, l2q+3)
G=Gphys= 2G(1− l0 − l2)G(x) δ
ruΓ,s(−l1, 2,−x, p1 − l0 − x)
δG(l2q+4, l2q+5) . . . δG(l2p+2, l2p+3)
× δ
quΓ,k(1− l0 − l2, x, 3, 4)
δG(l4, l5) . . . δG(l2q+2, l2q+3)
+ 4G(y)G(z) δ
ruΓ,s(−l3, 2,−z, y)
δG(l2q+4, l2q+5) . . . δG(l2p+2, l2p+3)
× δ
quΓ,k(−l1, z, 3, 4)
δG(l4, l5) . . . δG(l2q+2, l2q+3)
+ 4G(α)G(β) δ
ruΓ,s(−l3, 2,−l0, α)
δG(l2q+4, l2q+5) . . . δG(l2p+2, l2p+3)
× δ
quΓ,k(β,−l1, 3, 4)






δG(l2q+4, l2q+5) . . . δG(l2p+2, l2p+3)
× δ
quΓ,k(−l1,−l3, 3, 4)
δG(l4, l5) . . . δG(l2q+2, l2q+3)











y = p1 − l0 − l2,




α = p1 − β − l2,










Where s = m− 1− k with k ∈ {0, . . . ,m− 1} and r + q = p with q ∈ {0, . . . , p}.







K(3)(1, 5, . . . , 9)
)
δp+1uΓ,m−1(−7, 2, 3, 4)




G(5)G(1− 5− l0) δ
p+1um−1(l1, 2, 3, 4)




G(5)G(1− 5− l0) δ
p+1um−1(1− 5− l0, 2, 3, 4)
δG(−5, l1)δG(l2, l3) . . . G(l2p, l2p+1) .
(E.7)








K(4)(1, 5, . . . , 13)
)
δquΓ,s(−8,−11,−13,−9)
δG(l2, l3) . . . G(l2q, l2q+1)
× δ
r+1uΓ,k(−7, 2, 3, 4)




G(5)G(7)G(1− 5− l0)G(x) δ
quΓ,s(5, 7, x, 1− 5− l0)
δG(l2, l3) . . . G(l2p, l2p+1)
× δ
r+1uΓ,k(−l1, 2, 3, 4)






δG(l2, l3) . . . G(l2p, l2p+1)
× δ
r+1uΓ,k(y, 2, 3, 4)






δG(l2, l3) . . . G(l2p, l2p+1)
× δ
r+1uΓ,k(y, 2, 3, 4)








y = p1 − p5 − l0,




α = p1 − p5 − p6,
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l1
<latexit sha1_base64="QLLo9tzAWZDHSWgIr7BAI1OpqN8=">AAAB2XicbZC7TsMwFIZPuJZ yKzCyRFRITFWMkGCsYGEsEmkrpVHluKetVTuJbAdRRRnYEAsDCzwNz8Hb4JYM0PJPn853LJ3fUSq4Np735aysrq1vbFa2qts7u3v7tYPDtk4yxdBniUhUN6IaBY/RN9wI7KYKqYwEdqLJzcx3HlB pnsT3ZppiKOko5kPOqLEjX/RzUvRrda/hzeMuAymhDmVa/dpnb5CwTGJsmKBaB8RLTZhTZTgTWFR7mcaUsgkdYWAxphJ1mD/Ory3c3zqnUuupjAr3VFIz1otuNvzPBZkZXoU5j9PMYMzsinXDTLgm cWc13QFXyIyYWqBMcXuYy8ZUUWbsZ1RtY7LYbxna5w3iNcjdRb15XXavwDGcwBkQuIQm3EILfGDA4RXe4cMJnCfn2Xn5WV1xyjdH8CfO2zdgvIdT</latexit><latexit sha1_base64="QLLo9tzAWZDHSWgIr7BAI1OpqN8=">AAAB2XicbZC7TsMwFIZPuJZ yKzCyRFRITFWMkGCsYGEsEmkrpVHluKetVTuJbAdRRRnYEAsDCzwNz8Hb4JYM0PJPn853LJ3fUSq4Np735aysrq1vbFa2qts7u3v7tYPDtk4yxdBniUhUN6IaBY/RN9wI7KYKqYwEdqLJzcx3HlB pnsT3ZppiKOko5kPOqLEjX/RzUvRrda/hzeMuAymhDmVa/dpnb5CwTGJsmKBaB8RLTZhTZTgTWFR7mcaUsgkdYWAxphJ1mD/Ory3c3zqnUuupjAr3VFIz1otuNvzPBZkZXoU5j9PMYMzsinXDTLgm cWc13QFXyIyYWqBMcXuYy8ZUUWbsZ1RtY7LYbxna5w3iNcjdRb15XXavwDGcwBkQuIQm3EILfGDA4RXe4cMJnCfn2Xn5WV1xyjdH8CfO2zdgvIdT</latexit><latexit sha1_base64="QLLo9tzAWZDHSWgIr7BAI1OpqN8=">AAAB2XicbZC7TsMwFIZPuJZ yKzCyRFRITFWMkGCsYGEsEmkrpVHluKetVTuJbAdRRRnYEAsDCzwNz8Hb4JYM0PJPn853LJ3fUSq4Np735aysrq1vbFa2qts7u3v7tYPDtk4yxdBniUhUN6IaBY/RN9wI7KYKqYwEdqLJzcx3HlB pnsT3ZppiKOko5kPOqLEjX/RzUvRrda/hzeMuAymhDmVa/dpnb5CwTGJsmKBaB8RLTZhTZTgTWFR7mcaUsgkdYWAxphJ1mD/Ory3c3zqnUuupjAr3VFIz1otuNvzPBZkZXoU5j9PMYMzsinXDTLgm cWc13QFXyIyYWqBMcXuYy8ZUUWbsZ1RtY7LYbxna5w3iNcjdRb15XXavwDGcwBkQuIQm3EILfGDA4RXe4cMJnCfn2Xn5WV1xyjdH8CfO2zdgvIdT</latexit><latexit sha1_base64="QLLo9tzAWZDHSWgIr7BAI1OpqN8=">AAAB2XicbZC7TsMwFIZPuJZ yKzCyRFRITFWMkGCsYGEsEmkrpVHluKetVTuJbAdRRRnYEAsDCzwNz8Hb4JYM0PJPn853LJ3fUSq4Np735aysrq1vbFa2qts7u3v7tYPDtk4yxdBniUhUN6IaBY/RN9wI7KYKqYwEdqLJzcx3HlB pnsT3ZppiKOko5kPOqLEjX/RzUvRrda/hzeMuAymhDmVa/dpnb5CwTGJsmKBaB8RLTZhTZTgTWFR7mcaUsgkdYWAxphJ1mD/Ory3c3zqnUuupjAr3VFIz1otuNvzPBZkZXoU5j9PMYMzsinXDTLgm cWc13QFXyIyYWqBMcXuYy8ZUUWbsZ1RtY7LYbxna5w3iNcjdRb15XXavwDGcwBkQuIQm3EILfGDA4RXe4cMJnCfn2Xn5WV1xyjdH8CfO2zdgvIdT</latexit>
l2
<latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h 6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjkoyydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogw cMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h 6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjkoyydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogw cMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h 6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjkoyydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogw cMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h 6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjkoyydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogw cMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit>
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p4. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyF Jsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+ rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyF Jsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+ rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyF Jsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+ rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyF Jsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+ rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixh Hx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p 69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixh Hx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p 69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixh Hx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p 69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixh Hx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p 69l5/VJS9/cwB/4r19A61MhkY=</latexit>
...
<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> pum 1
 Gp
<latexit sha1_base64="BR+4J8/94/V8R5kyjQMjxSMMt28=">AAAB+XicbVC9TsMwGPxS/kr5KzCyWFRILFQJQoKxggHGItEfqU0rx3Vaq3Zi2Q6iivIAPAYbYmFggYnn4G1wSwZouel0d5/03QWSM21c98spLC2vrK4V10sbm1vbO+XdvaaO E0Vog8Q8Vu0Aa8pZRBuGGU7bUlEsAk5bwfhq6rfuqdIsju7MRFJf4GHEQkawsVK/XOmGCpO0O6Dc4J5EST8VJ16W5Qq67snMptyqOwNaJF5OKpCj3i9/dgcxSQSNDOFY647nSuOnWBlGOM1K3URTickYD2nH0ggLqv30YdYmQ7/tFAutJyLI0JHAZqTnvan4n9dJTHjhpyySiaERsRHrhQlHJkbTGdCAKUoMn1iCiWL2MURG2E5h7Fgl29ib77dImqdVz616t2eV2mXevQgHcAjH4ME51OAG6tAAAo/wCu/w4aTOk/PsvPxEC05+sw9/4Lx9A5y8lCo=</latexit><latexit sha1_base64="BR+4J8/94/V8R5kyjQMjxSMMt28=">AAAB+XicbVC9TsMwGPxS/kr5KzCyWFRILFQJQoKxggHGItEfqU0rx3Vaq3Zi2Q6iivIAPAYbYmFggYnn4G1wSwZouel0d5/03QWSM21c98spLC2vrK4V10sbm1vbO+XdvaaO E0Vog8Q8Vu0Aa8pZRBuGGU7bUlEsAk5bwfhq6rfuqdIsju7MRFJf4GHEQkawsVK/XOmGCpO0O6Dc4J5EST8VJ16W5Qq67snMptyqOwNaJF5OKpCj3i9/dgcxSQSNDOFY647nSuOnWBlGOM1K3URTickYD2nH0ggLqv30YdYmQ7/tFAutJyLI0JHAZqTnvan4n9dJTHjhpyySiaERsRHrhQlHJkbTGdCAKUoMn1iCiWL2MURG2E5h7Fgl29ib77dImqdVz616t2eV2mXevQgHcAjH4ME51OAG6tAAAo/wCu/w4aTOk/PsvPxEC05+sw9/4Lx9A5y8lCo=</latexit><latexit sha1_base64="BR+4J8/94/V8R5kyjQMjxSMMt28=">AAAB+XicbVC9TsMwGPxS/kr5KzCyWFRILFQJQoKxggHGItEfqU0rx3Vaq3Zi2Q6iivIAPAYbYmFggYnn4G1wSwZouel0d5/03QWSM21c98spLC2vrK4V10sbm1vbO+XdvaaO E0Vog8Q8Vu0Aa8pZRBuGGU7bUlEsAk5bwfhq6rfuqdIsju7MRFJf4GHEQkawsVK/XOmGCpO0O6Dc4J5EST8VJ16W5Qq67snMptyqOwNaJF5OKpCj3i9/dgcxSQSNDOFY647nSuOnWBlGOM1K3URTickYD2nH0ggLqv30YdYmQ7/tFAutJyLI0JHAZqTnvan4n9dJTHjhpyySiaERsRHrhQlHJkbTGdCAKUoMn1iCiWL2MURG2E5h7Fgl29ib77dImqdVz616t2eV2mXevQgHcAjH4ME51OAG6tAAAo/wCu/w4aTOk/PsvPxEC05+sw9/4Lx9A5y8lCo=</latexit><latexit sha1_base64="BR+4J8/94/V8R5kyjQMjxSMMt28=">AAAB+XicbVC9TsMwGPxS/kr5KzCyWFRILFQJQoKxggHGItEfqU0rx3Vaq3Zi2Q6iivIAPAYbYmFggYnn4G1wSwZouel0d5/03QWSM21c98spLC2vrK4V10sbm1vbO+XdvaaO E0Vog8Q8Vu0Aa8pZRBuGGU7bUlEsAk5bwfhq6rfuqdIsju7MRFJf4GHEQkawsVK/XOmGCpO0O6Dc4J5EST8VJ16W5Qq67snMptyqOwNaJF5OKpCj3i9/dgcxSQSNDOFY647nSuOnWBlGOM1K3URTickYD2nH0ggLqv30YdYmQ7/tFAutJyLI0JHAZqTnvan4n9dJTHjhpyySiaERsRHrhQlHJkbTGdCAKUoMn1iCiWL2MURG2E5h7Fgl29ib77dImqdVz616t2eV2mXevQgHcAjH4ME51OAG6tAAAo/wCu/w4aTOk/PsvPxEC05+sw9/4Lx9A5y8lCo=</latexit>
l1
<latexit sha1_base64="QLLo9tzAWZDHSWgIr7BAI1OpqN8=">AAAB2XicbZC7TsMwFIZPuJZyKzCyRFRITFWMkGCsYGEsEmkrpVHluKetVTuJbAdRRRnYEAsDCzwNz8Hb4JYM0PJPn853LJ3fU Sq4Np735aysrq1vbFa2qts7u3v7tYPDtk4yxdBniUhUN6IaBY/RN9wI7KYKqYwEdqLJzcx3HlBpnsT3ZppiKOko5kPOqLEjX/RzUvRrda/hzeMuAymhDmVa/dpnb5CwTGJsmKBaB8RLTZhTZTgTWFR7mcaUsgkdYWAxphJ1mD/Ory3c3zqnUuupjAr3VFIz1otuNvzPBZkZXoU5j9PMYMzsinXDTLgmcWc13QFXyIyYWqBMcXuYy8ZUUWbsZ1RtY7LYbxna5w3iNcjdRb15XXavwDGcwBkQuIQm3EILfG DA4RXe4cMJnCfn2Xn5WV1xyjdH8CfO2zdgvIdT</latexit><latexit sha1_base64="QLLo9tzAWZDHSWgIr7BAI1OpqN8=">AAAB2XicbZC7TsMwFIZPuJZyKzCyRFRITFWMkGCsYGEsEmkrpVHluKetVTuJbAdRRRnYEAsDCzwNz8Hb4JYM0PJPn853LJ3fU Sq4Np735aysrq1vbFa2qts7u3v7tYPDtk4yxdBniUhUN6IaBY/RN9wI7KYKqYwEdqLJzcx3HlBpnsT3ZppiKOko5kPOqLEjX/RzUvRrda/hzeMuAymhDmVa/dpnb5CwTGJsmKBaB8RLTZhTZTgTWFR7mcaUsgkdYWAxphJ1mD/Ory3c3zqnUuupjAr3VFIz1otuNvzPBZkZXoU5j9PMYMzsinXDTLgmcWc13QFXyIyYWqBMcXuYy8ZUUWbsZ1RtY7LYbxna5w3iNcjdRb15XXavwDGcwBkQuIQm3EILfG DA4RXe4cMJnCfn2Xn5WV1xyjdH8CfO2zdgvIdT</latexit><latexit sha1_base64="QLLo9tzAWZDHSWgIr7BAI1OpqN8=">AAAB2XicbZC7TsMwFIZPuJZyKzCyRFRITFWMkGCsYGEsEmkrpVHluKetVTuJbAdRRRnYEAsDCzwNz8Hb4JYM0PJPn853LJ3fU Sq4Np735aysrq1vbFa2qts7u3v7tYPDtk4yxdBniUhUN6IaBY/RN9wI7KYKqYwEdqLJzcx3HlBpnsT3ZppiKOko5kPOqLEjX/RzUvRrda/hzeMuAymhDmVa/dpnb5CwTGJsmKBaB8RLTZhTZTgTWFR7mcaUsgkdYWAxphJ1mD/Ory3c3zqnUuupjAr3VFIz1otuNvzPBZkZXoU5j9PMYMzsinXDTLgmcWc13QFXyIyYWqBMcXuYy8ZUUWbsZ1RtY7LYbxna5w3iNcjdRb15XXavwDGcwBkQuIQm3EILfG DA4RXe4cMJnCfn2Xn5WV1xyjdH8CfO2zdgvIdT</latexit><latexit sha1_base64="QLLo9tzAWZDHSWgIr7BAI1OpqN8=">AAAB2XicbZC7TsMwFIZPuJZyKzCyRFRITFWMkGCsYGEsEmkrpVHluKetVTuJbAdRRRnYEAsDCzwNz8Hb4JYM0PJPn853LJ3fU Sq4Np735aysrq1vbFa2qts7u3v7tYPDtk4yxdBniUhUN6IaBY/RN9wI7KYKqYwEdqLJzcx3HlBpnsT3ZppiKOko5kPOqLEjX/RzUvRrda/hzeMuAymhDmVa/dpnb5CwTGJsmKBaB8RLTZhTZTgTWFR7mcaUsgkdYWAxphJ1mD/Ory3c3zqnUuupjAr3VFIz1otuNvzPBZkZXoU5j9PMYMzsinXDTLgmcWc13QFXyIyYWqBMcXuYy8ZUUWbsZ1RtY7LYbxna5w3iNcjdRb15XXavwDGcwBkQuIQm3EILfG DA4RXe4cMJnCfn2Xn5WV1xyjdH8CfO2zdgvIdT</latexit>
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 G2 Gp
<latexit sha1_base64="OFH31l4gE7qTtDEGv1kRT1Dqmfw=">AAACBHicbZBNS8MwHMZTX+d8q3r0EhyCIJR2CHocetDjBPcC61bSLN3CkjYkqThKr34CP4Y38eJBD/ol/DZms4huPqcfz/MP5HlCwajSrvtpLSwuLa+sltbK6xubW9v2zm5TJanEpIETlsh 2iBRhNCYNTTUjbSEJ4iEjrXB0Mclbt0QqmsQ3eixIl6NBTCOKkTZWYDt+JBHO/D5hGvUycVzNYRrwvHDgZa8Kf1DkgV1xHXcqOA9eARVQqB7Yb34/wSknscYMKdXxXKG7GZKaYkbysp8qIhAeoQHpGIwRJ6qb3U2L5fB3nCGu1JiHOTzkSA/VbDYx/8s6qY7OuhmNRapJjM2JyaKUQZ3AySKwTyXBmo0NICyp+RjEQ2RW0Wa3smnszfabh2bV8VzHuz6p1M6L7iWwDw7AEfDAKaiBK1AHDYDBA3gB7+DDurcerSfr+ft0wSre7IE/sl6/AN1mmBQ=</latexit><latexit sha1_base64="OFH31l4gE7qTtDEGv1kRT1Dqmfw=">AAACBHicbZBNS8MwHMZTX+d8q3r0EhyCIJR2CHocetDjBPcC61bSLN3CkjYkqThKr34CP4Y38eJBD/ol/DZms4huPqcfz/MP5HlCwajSrvtpLSwuLa+sltbK6xubW9v2zm5TJanEpIETlsh 2iBRhNCYNTTUjbSEJ4iEjrXB0Mclbt0QqmsQ3eixIl6NBTCOKkTZWYDt+JBHO/D5hGvUycVzNYRrwvHDgZa8Kf1DkgV1xHXcqOA9eARVQqB7Yb34/wSknscYMKdXxXKG7GZKaYkbysp8qIhAeoQHpGIwRJ6qb3U2L5fB3nCGu1JiHOTzkSA/VbDYx/8s6qY7OuhmNRapJjM2JyaKUQZ3AySKwTyXBmo0NICyp+RjEQ2RW0Wa3smnszfabh2bV8VzHuz6p1M6L7iWwDw7AEfDAKaiBK1AHDYDBA3gB7+DDurcerSfr+ft0wSre7IE/sl6/AN1mmBQ=</latexit><latexit sha1_base64="OFH31l4gE7qTtDEGv1kRT1Dqmfw=">AAACBHicbZBNS8MwHMZTX+d8q3r0EhyCIJR2CHocetDjBPcC61bSLN3CkjYkqThKr34CP4Y38eJBD/ol/DZms4huPqcfz/MP5HlCwajSrvtpLSwuLa+sltbK6xubW9v2zm5TJanEpIETlsh 2iBRhNCYNTTUjbSEJ4iEjrXB0Mclbt0QqmsQ3eixIl6NBTCOKkTZWYDt+JBHO/D5hGvUycVzNYRrwvHDgZa8Kf1DkgV1xHXcqOA9eARVQqB7Yb34/wSknscYMKdXxXKG7GZKaYkbysp8qIhAeoQHpGIwRJ6qb3U2L5fB3nCGu1JiHOTzkSA/VbDYx/8s6qY7OuhmNRapJjM2JyaKUQZ3AySKwTyXBmo0NICyp+RjEQ2RW0Wa3smnszfabh2bV8VzHuz6p1M6L7iWwDw7AEfDAKaiBK1AHDYDBA3gB7+DDurcerSfr+ft0wSre7IE/sl6/AN1mmBQ=</latexit><latexit sha1_base64="OFH31l4gE7qTtDEGv1kRT1Dqmfw=">AAACBHicbZBNS8MwHMZTX+d8q3r0EhyCIJR2CHocetDjBPcC61bSLN3CkjYkqThKr34CP4Y38eJBD/ol/DZms4huPqcfz/MP5HlCwajSrvtpLSwuLa+sltbK6xubW9v2zm5TJanEpIETlsh 2iBRhNCYNTTUjbSEJ4iEjrXB0Mclbt0QqmsQ3eixIl6NBTCOKkTZWYDt+JBHO/D5hGvUycVzNYRrwvHDgZa8Kf1DkgV1xHXcqOA9eARVQqB7Yb34/wSknscYMKdXxXKG7GZKaYkbysp8qIhAeoQHpGIwRJ6qb3U2L5fB3nCGu1JiHOTzkSA/VbDYx/8s6qY7OuhmNRapJjM2JyaKUQZ3AySKwTyXBmo0NICyp+RjEQ2RW0Wa3smnszfabh2bV8VzHuz6p1M6L7iWwDw7AEfDAKaiBK1AHDYDBA3gB7+DDurcerSfr+ft0wSre7IE/sl6/AN1mmBQ=</latexit>
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<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixh Hx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p 69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixh Hx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p 69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixh Hx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p 69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixh Hx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p 69l5/VJS9/cwB/4r19A61MhkY=</latexit>
l2
<latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h 6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjkoyydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogw cMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h 6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjkoyydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogw cMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h 6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjkoyydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogw cMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h 6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjkoyydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogw cMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit>
l2p+3
<latexit sha1_base64="UaEbztv7DzPoDudG9sDrhPx28QU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0GQyCIITdKGgZtLGMYC6QrGF2cpIMmdldZmbFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL2dpeWV1bb2w Udzc2t7ZLe3tN3WUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp761gMqzaPwzkxi9CUdhnzAGTV21Ba9tBqfnmW9UtmtuLOQRfByKEOeeq/02e1HLJEYGiao1h3PjY2fUmU4E5gVu4nGmLIxHWLHYkglaj99nB2ckd86pVLriQwyciypGel5Nx3+5zqJGVz6KQ/jxGDI7Ip1g0QQE5FpU9LnCpkREwuUKW4PI2xEFWXG/kfRNvbm+y1Cs1rx3Ip3e16uXeXdC3AIR3ACHlxADW6gDg1gIOAV3uHDuXeenGfn5Wd1ycnfHMCfOG/fAAyIQA==</latexit><latexit sha1_base64="UaEbztv7DzPoDudG9sDrhPx28QU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0GQyCIITdKGgZtLGMYC6QrGF2cpIMmdldZmbFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL2dpeWV1bb2w Udzc2t7ZLe3tN3WUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp761gMqzaPwzkxi9CUdhnzAGTV21Ba9tBqfnmW9UtmtuLOQRfByKEOeeq/02e1HLJEYGiao1h3PjY2fUmU4E5gVu4nGmLIxHWLHYkglaj99nB2ckd86pVLriQwyciypGel5Nx3+5zqJGVz6KQ/jxGDI7Ip1g0QQE5FpU9LnCpkREwuUKW4PI2xEFWXG/kfRNvbm+y1Cs1rx3Ip3e16uXeXdC3AIR3ACHlxADW6gDg1gIOAV3uHDuXeenGfn5Wd1ycnfHMCfOG/fAAyIQA==</latexit><latexit sha1_base64="UaEbztv7DzPoDudG9sDrhPx28QU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0GQyCIITdKGgZtLGMYC6QrGF2cpIMmdldZmbFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL2dpeWV1bb2w Udzc2t7ZLe3tN3WUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp761gMqzaPwzkxi9CUdhnzAGTV21Ba9tBqfnmW9UtmtuLOQRfByKEOeeq/02e1HLJEYGiao1h3PjY2fUmU4E5gVu4nGmLIxHWLHYkglaj99nB2ckd86pVLriQwyciypGel5Nx3+5zqJGVz6KQ/jxGDI7Ip1g0QQE5FpU9LnCpkREwuUKW4PI2xEFWXG/kfRNvbm+y1Cs1rx3Ip3e16uXeXdC3AIR3ACHlxADW6gDg1gIOAV3uHDuXeenGfn5Wd1ycnfHMCfOG/fAAyIQA==</latexit><latexit sha1_base64="UaEbztv7DzPoDudG9sDrhPx28QU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0GQyCIITdKGgZtLGMYC6QrGF2cpIMmdldZmbFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL2dpeWV1bb2w Udzc2t7ZLe3tN3WUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp761gMqzaPwzkxi9CUdhnzAGTV21Ba9tBqfnmW9UtmtuLOQRfByKEOeeq/02e1HLJEYGiao1h3PjY2fUmU4E5gVu4nGmLIxHWLHYkglaj99nB2ckd86pVLriQwyciypGel5Nx3+5zqJGVz6KQ/jxGDI7Ip1g0QQE5FpU9LnCpkREwuUKW4PI2xEFWXG/kfRNvbm+y1Cs1rx3Ip3e16uXeXdC3AIR3ACHlxADW6gDg1gIOAV3uHDuXeenGfn5Wd1ycnfHMCfOG/fAAyIQA==</latexit>
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Figure E.1.: The first and second functional derivative of the branch Fig. 5.21b) with respect to
G(l0, l1) and G(l0, l1)G(l2, l3), respectively. Whereas the first derivative eliminates
the integration variable of the differentiated branch the second derivate contributes
a delta function. Therefore, the integration variable of the branch on which l0 or l2
depends has to be changed such that the delta constrain is satisfied. Alternatively,
the integration variable of the branch on which l1 or l3 depends can be changed
such that the extended momentum conservation rule (5.159) is satisfied at the new
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<latexit sha1_base64="K2A86jUHOXemEnCtIwRPPmgGdR8=">AAACAnicbZBNS8MwHMZTX+d8q3r0EhyCoIxWBD0OPehxgn uBtStplm5hSRuSVBylNz+BH8ObePEgiH4Lv43ZrKCbz+nH8/wDeZ5QMKq043xac/MLi0vLpZXy6tr6xqa9td1USSoxaeCEJbIdIkUYjUlDU81IW0iCeMhIKxxejPPWLZGKJvGNHgnic9SPaUQx0sYK7CMvkghnXo8wjbqZOHRzmAY8Lxx4CX+gK/LArjhVZyI4C 24BFVCoHthvXi/BKSexxgwp1XEdof0MSU0xI3nZSxURCA9Rn3QMxogT5Wd3k1o5/B1niCs14mEO9znSAzWdjc3/sk6qozM/o7FINYmxOTFZlDKoEzjeA/aoJFizkQGEJTUfg3iAzCbarFY2jd3pfrPQPK66TtW9PqnUzovuJbAL9sABcMEpqIErUAcNgMEDeAHv4 MO6tx6tJ+v5+3TOKt7sgD+yXr8AokuXbw==</latexit><latexit sha1_base64="K2A86jUHOXemEnCtIwRPPmgGdR8=">AAACAnicbZBNS8MwHMZTX+d8q3r0EhyCoIxWBD0OPehxgn uBtStplm5hSRuSVBylNz+BH8ObePEgiH4Lv43ZrKCbz+nH8/wDeZ5QMKq043xac/MLi0vLpZXy6tr6xqa9td1USSoxaeCEJbIdIkUYjUlDU81IW0iCeMhIKxxejPPWLZGKJvGNHgnic9SPaUQx0sYK7CMvkghnXo8wjbqZOHRzmAY8Lxx4CX+gK/LArjhVZyI4C 24BFVCoHthvXi/BKSexxgwp1XEdof0MSU0xI3nZSxURCA9Rn3QMxogT5Wd3k1o5/B1niCs14mEO9znSAzWdjc3/sk6qozM/o7FINYmxOTFZlDKoEzjeA/aoJFizkQGEJTUfg3iAzCbarFY2jd3pfrPQPK66TtW9PqnUzovuJbAL9sABcMEpqIErUAcNgMEDeAHv4 MO6tx6tJ+v5+3TOKt7sgD+yXr8AokuXbw==</latexit><latexit sha1_base64="K2A86jUHOXemEnCtIwRPPmgGdR8=">AAACAnicbZBNS8MwHMZTX+d8q3r0EhyCoIxWBD0OPehxgn uBtStplm5hSRuSVBylNz+BH8ObePEgiH4Lv43ZrKCbz+nH8/wDeZ5QMKq043xac/MLi0vLpZXy6tr6xqa9td1USSoxaeCEJbIdIkUYjUlDU81IW0iCeMhIKxxejPPWLZGKJvGNHgnic9SPaUQx0sYK7CMvkghnXo8wjbqZOHRzmAY8Lxx4CX+gK/LArjhVZyI4C 24BFVCoHthvXi/BKSexxgwp1XEdof0MSU0xI3nZSxURCA9Rn3QMxogT5Wd3k1o5/B1niCs14mEO9znSAzWdjc3/sk6qozM/o7FINYmxOTFZlDKoEzjeA/aoJFizkQGEJTUfg3iAzCbarFY2jd3pfrPQPK66TtW9PqnUzovuJbAL9sABcMEpqIErUAcNgMEDeAHv4 MO6tx6tJ+v5+3TOKt7sgD+yXr8AokuXbw==</latexit><latexit sha1_base64="K2A86jUHOXemEnCtIwRPPmgGdR8=">AAACAnicbZBNS8MwHMZTX+d8q3r0EhyCoIxWBD0OPehxgn uBtStplm5hSRuSVBylNz+BH8ObePEgiH4Lv43ZrKCbz+nH8/wDeZ5QMKq043xac/MLi0vLpZXy6tr6xqa9td1USSoxaeCEJbIdIkUYjUlDU81IW0iCeMhIKxxejPPWLZGKJvGNHgnic9SPaUQx0sYK7CMvkghnXo8wjbqZOHRzmAY8Lxx4CX+gK/LArjhVZyI4C 24BFVCoHthvXi/BKSexxgwp1XEdof0MSU0xI3nZSxURCA9Rn3QMxogT5Wd3k1o5/B1niCs14mEO9znSAzWdjc3/sk6qozM/o7FINYmxOTFZlDKoEzjeA/aoJFizkQGEJTUfg3iAzCbarFY2jd3pfrPQPK66TtW9PqnUzovuJbAL9sABcMEpqIErUAcNgMEDeAHv4 MO6tx6tJ+v5+3TOKt7sgD+yXr8AokuXbw==</latexit>
l2p+1










<latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITF WCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA6 5Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7 Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITF WCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA6 5Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7 Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITF WCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA6 5Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7 Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITF WCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA6 5Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7 Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit>
...
<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYy SOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rl OTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2z fHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYy SOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rl OTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2z fHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYy SOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rl OTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2z fHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYy SOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rl OTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2z fHEYeJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhK OlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNH eH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhK OlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNH eH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhK OlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNH eH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhK OlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNH eH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit>
l1
<latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo 6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qpr k7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo 6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qpr k7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo 6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qpr k7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo 6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qpr k7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit>
l2











<latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1 jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA== </latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1 jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA== </latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1 jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA== </latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1 jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA== </latexit>
...
<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq 6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq 6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq 6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq 6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx 5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx 5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx 5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx 5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A61MhkY=</latexit>
l1
<latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfD lLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfD lLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfD lLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfD lLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A669hkc=</latexit>
l2










<latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1 jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA== </latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1 jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA== </latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1 jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA== </latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1 jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA== </latexit>
...
<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq 6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq 6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq 6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq 6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx 5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx 5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx 5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx 5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A61MhkY=</latexit>
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<latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfD lLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfD lLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfD lLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfD lLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/ VJS9/cwB/4r19A669hkc=</latexit>
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<latexit sha1_base64="m+k+N/5c26SziaRVD7gRTaJtT7Q=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJEZYqJLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW /nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcIm+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3dil6tV664VXcesgxeDhXI0+iVP7v9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsShphDrIHue3TslvndFI60kUTslJRM1IL7rZ8D/XSc3gIsi4TFKDktkV6wapICYms5KkzxUyIyYWKFPcHkbYiCrKjP2Kkm3sLfZbhmat6rlV7+asUr/MuxfhCI7hFDw4hzpcQwN8YDCEV3iHD+feeXKenZe f1YKTvzmEP3HevgGwLoZI</latexit><latexit sha1_base64="m+k+N/5c26SziaRVD7gRTaJtT7Q=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJEZYqJLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW /nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcIm+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3dil6tV664VXcesgxeDhXI0+iVP7v9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsShphDrIHue3TslvndFI60kUTslJRM1IL7rZ8D/XSc3gIsi4TFKDktkV6wapICYms5KkzxUyIyYWKFPcHkbYiCrKjP2Kkm3sLfZbhmat6rlV7+asUr/MuxfhCI7hFDw4hzpcQwN8YDCEV3iHD+feeXKenZe f1YKTvzmEP3HevgGwLoZI</latexit><latexit sha1_base64="m+k+N/5c26SziaRVD7gRTaJtT7Q=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJEZYqJLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW /nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcIm+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3dil6tV664VXcesgxeDhXI0+iVP7v9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsShphDrIHue3TslvndFI60kUTslJRM1IL7rZ8D/XSc3gIsi4TFKDktkV6wapICYms5KkzxUyIyYWKFPcHkbYiCrKjP2Kkm3sLfZbhmat6rlV7+asUr/MuxfhCI7hFDw4hzpcQwN8YDCEV3iHD+feeXKenZe f1YKTvzmEP3HevgGwLoZI</latexit><latexit sha1_base64="m+k+N/5c26SziaRVD7gRTaJtT7Q=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJEZYqJLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW /nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcIm+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3dil6tV664VXcesgxeDhXI0+iVP7v9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsShphDrIHue3TslvndFI60kUTslJRM1IL7rZ8D/XSc3gIsi4TFKDktkV6wapICYms5KkzxUyIyYWKFPcHkbYiCrKjP2Kkm3sLfZbhmat6rlV7+asUr/MuxfhCI7hFDw4hzpcQwN8YDCEV3iHD+feeXKenZe f1YKTvzmEP3HevgGwLoZI</latexit>
+ +
l2p+1
<latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5Nky MzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5w dn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5Nky MzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5w dn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5Nky MzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5w dn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5Nky MzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5w dn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit>
l2p+1
<latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5 Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5 Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5 Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5 Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit>
l2p+1
<latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5 Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5 Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5 Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5 Hrm2w+oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit>
p5
p5
<latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6 fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGH w4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6 fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGH w4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6 fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGH w4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit><latexit sha1_base64="MwUKhjz82gTK+itoNYZO5NK9B08=">AAAB13icbZC7TsMwFIZPyq2UW4GRJaJCYqoSBIKxgoWxCHpBbVQ57mlr1U4s20FUUcSGWBhY4HF4Dt4Gt2SAln/6dL5j6 fwOJWfaeN6XU1haXlldK66XNja3tnfKu3tNHSeKYoPGPFbtkGjkLMKGYYZjWyokIuTYCsdXU996QKVZHN2ZicRAkGHEBowSY0e3snfWK1e8qjeLuwh+DhXIU++VP7v9mCYCI0M50brje9IEKVGGUY5ZqZtolISOyRA7FiMiUAfp4+zWzP2tUyK0nogwc48EMSM976bD/1wnMYOLIGWRTAxG1K5YN0i4a2J3WtLtM4XU8IkFQhWzh7l0RBShxn5FyTb25/stQvOk6ntV/+a0UrvMuxfhAA7hGH w4hxpcQx0aQGEIr/AOH8698+Q8Oy8/qwUnf7MPf+K8fQO6TYZP</latexit>
p1 l0 x
<latexit sha1_base64="s6EmpK+EC4pWfGDBHaLmYJORO2I=">AAAB63icbZC7TsMwFIZPyq2UWwAx sbhUSCxUCUKCsYKFsUj0IjVR5Lhua9VOIttBraI+BRtiYWCBh+A5eBuckgFa/unT+Y6l8ztMOFPacb6s0srq2vpGebOytb2zu2fvH7RVnEpCWyTmseyGWFHOItrSTHPaTSTFIuS0E45vc995pFKxOHrQ04T6Ag8 jNmAEazMK7KMkcJFXPfeqiAdOQZPArjl1Zx60DG4BNSjSDOxPrx+TVNBIE46V6rlOov0MS80Ip7OKlyqaYDLGQ9ozGGFBlZ9N5vfP0G+dYaHUVIQzdCqwHqlFlw//c71UD679jEVJqmlEzIpxg5QjHaO8OOozSY nmUwOYSGYOQ2SEJSbafE/FNHYX+y1D+6LuOnX3/rLWuCm6l+EYTuAMXLiCBtxBE1pAIINXeIcPS1hP1rP18rNasoo3h/An1ts3GeGLcQ==</latexit><latexit sha1_base64="s6EmpK+EC4pWfGDBHaLmYJORO2I=">AAAB63icbZC7TsMwFIZPyq2UWwAx sbhUSCxUCUKCsYKFsUj0IjVR5Lhua9VOIttBraI+BRtiYWCBh+A5eBuckgFa/unT+Y6l8ztMOFPacb6s0srq2vpGebOytb2zu2fvH7RVnEpCWyTmseyGWFHOItrSTHPaTSTFIuS0E45vc995pFKxOHrQ04T6Ag8 jNmAEazMK7KMkcJFXPfeqiAdOQZPArjl1Zx60DG4BNSjSDOxPrx+TVNBIE46V6rlOov0MS80Ip7OKlyqaYDLGQ9ozGGFBlZ9N5vfP0G+dYaHUVIQzdCqwHqlFlw//c71UD679jEVJqmlEzIpxg5QjHaO8OOozSY nmUwOYSGYOQ2SEJSbafE/FNHYX+y1D+6LuOnX3/rLWuCm6l+EYTuAMXLiCBtxBE1pAIINXeIcPS1hP1rP18rNasoo3h/An1ts3GeGLcQ==</latexit><latexit sha1_base64="s6EmpK+EC4pWfGDBHaLmYJORO2I=">AAAB63icbZC7TsMwFIZPyq2UWwAx sbhUSCxUCUKCsYKFsUj0IjVR5Lhua9VOIttBraI+BRtiYWCBh+A5eBuckgFa/unT+Y6l8ztMOFPacb6s0srq2vpGebOytb2zu2fvH7RVnEpCWyTmseyGWFHOItrSTHPaTSTFIuS0E45vc995pFKxOHrQ04T6Ag8 jNmAEazMK7KMkcJFXPfeqiAdOQZPArjl1Zx60DG4BNSjSDOxPrx+TVNBIE46V6rlOov0MS80Ip7OKlyqaYDLGQ9ozGGFBlZ9N5vfP0G+dYaHUVIQzdCqwHqlFlw//c71UD679jEVJqmlEzIpxg5QjHaO8OOozSY nmUwOYSGYOQ2SEJSbafE/FNHYX+y1D+6LuOnX3/rLWuCm6l+EYTuAMXLiCBtxBE1pAIINXeIcPS1hP1rP18rNasoo3h/An1ts3GeGLcQ==</latexit><latexit sha1_base64="s6EmpK+EC4pWfGDBHaLmYJORO2I=">AAAB63icbZC7TsMwFIZPyq2UWwAx sbhUSCxUCUKCsYKFsUj0IjVR5Lhua9VOIttBraI+BRtiYWCBh+A5eBuckgFa/unT+Y6l8ztMOFPacb6s0srq2vpGebOytb2zu2fvH7RVnEpCWyTmseyGWFHOItrSTHPaTSTFIuS0E45vc995pFKxOHrQ04T6Ag8 jNmAEazMK7KMkcJFXPfeqiAdOQZPArjl1Zx60DG4BNSjSDOxPrx+TVNBIE46V6rlOov0MS80Ip7OKlyqaYDLGQ9ozGGFBlZ9N5vfP0G+dYaHUVIQzdCqwHqlFlw//c71UD679jEVJqmlEzIpxg5QjHaO8OOozSY nmUwOYSGYOQ2SEJSbafE/FNHYX+y1D+6LuOnX3/rLWuCm6l+EYTuAMXLiCBtxBE1pAIINXeIcPS1hP1rP18rNasoo3h/An1ts3GeGLcQ==</latexit>
y
<latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qxz1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6 fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz56Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBj ThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qxz1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6 fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz56Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBj ThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qxz1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6 fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz56Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBj ThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qxz1trTpOZDuIKMqGWBhY4Hl4Dt4Gt2SAln/6dL5j6 fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz56Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3PgZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBj ThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit>
y = p1   l0   p5
<latexit sha1_base64="0lnuAkjpWtqy07NhoJXGGul8EhU=">AAAB4XicbZDLSsNAFIZP6q3WW9Wlm2AR3LQkouhGKLpxWcFeoA1hMj1th06ScWYihtAHcCduXLjRJ/E5fBunNQtt/Vcf5zsD559AcKa043xZhaXlldW14np pY3Nre6e8u9dScSIpNmnMY9kJiELOImxqpjl2hEQSBhzbwfh66tsPKBWLozudCvRCMozYgFGizchLL4XvVrnvVIV/5pcrTs2ZxV4EN4cK5Gn45c9eP6ZJiJGmnCjVdR2hvYxIzSjHSamXKBSEjskQuwYjEqLyssfZ1RP7t85IqFQaBhP7KCR6pObddPif6yZ6cOFlLBKJxoiaFeMGCbd1bE/r2n0mkWqeGiBUMnOYTUdEEqrNp5RMY3e+3yK0TmquU3NvTyv1q7x7EQ7gEI7BhXOoww00oAkU7uEV3uHDotaT9Wy9/KwWrPzNPvyJ9fYNpp2Jvg==</latexit><latexit sha1_base64="0lnuAkjpWtqy07NhoJXGGul8EhU=">AAAB4XicbZDLSsNAFIZP6q3WW9Wlm2AR3LQkouhGKLpxWcFeoA1hMj1th06ScWYihtAHcCduXLjRJ/E5fBunNQtt/Vcf5zsD559AcKa043xZhaXlldW14np pY3Nre6e8u9dScSIpNmnMY9kJiELOImxqpjl2hEQSBhzbwfh66tsPKBWLozudCvRCMozYgFGizchLL4XvVrnvVIV/5pcrTs2ZxV4EN4cK5Gn45c9eP6ZJiJGmnCjVdR2hvYxIzSjHSamXKBSEjskQuwYjEqLyssfZ1RP7t85IqFQaBhP7KCR6pObddPif6yZ6cOFlLBKJxoiaFeMGCbd1bE/r2n0mkWqeGiBUMnOYTUdEEqrNp5RMY3e+3yK0TmquU3NvTyv1q7x7EQ7gEI7BhXOoww00oAkU7uEV3uHDotaT9Wy9/KwWrPzNPvyJ9fYNpp2Jvg==</latexit><latexit sha1_base64="0lnuAkjpWtqy07NhoJXGGul8EhU=">AAAB4XicbZDLSsNAFIZP6q3WW9Wlm2AR3LQkouhGKLpxWcFeoA1hMj1th06ScWYihtAHcCduXLjRJ/E5fBunNQtt/Vcf5zsD559AcKa043xZhaXlldW14np pY3Nre6e8u9dScSIpNmnMY9kJiELOImxqpjl2hEQSBhzbwfh66tsPKBWLozudCvRCMozYgFGizchLL4XvVrnvVIV/5pcrTs2ZxV4EN4cK5Gn45c9eP6ZJiJGmnCjVdR2hvYxIzSjHSamXKBSEjskQuwYjEqLyssfZ1RP7t85IqFQaBhP7KCR6pObddPif6yZ6cOFlLBKJxoiaFeMGCbd1bE/r2n0mkWqeGiBUMnOYTUdEEqrNp5RMY3e+3yK0TmquU3NvTyv1q7x7EQ7gEI7BhXOoww00oAkU7uEV3uHDotaT9Wy9/KwWrPzNPvyJ9fYNpp2Jvg==</latexit><latexit sha1_base64="0lnuAkjpWtqy07NhoJXGGul8EhU=">AAAB4XicbZDLSsNAFIZP6q3WW9Wlm2AR3LQkouhGKLpxWcFeoA1hMj1th06ScWYihtAHcCduXLjRJ/E5fBunNQtt/Vcf5zsD559AcKa043xZhaXlldW14np pY3Nre6e8u9dScSIpNmnMY9kJiELOImxqpjl2hEQSBhzbwfh66tsPKBWLozudCvRCMozYgFGizchLL4XvVrnvVIV/5pcrTs2ZxV4EN4cK5Gn45c9eP6ZJiJGmnCjVdR2hvYxIzSjHSamXKBSEjskQuwYjEqLyssfZ1RP7t85IqFQaBhP7KCR6pObddPif6yZ6cOFlLBKJxoiaFeMGCbd1bE/r2n0mkWqeGiBUMnOYTUdEEqrNp5RMY3e+3yK0TmquU3NvTyv1q7x7EQ7gEI7BhXOoww00oAkU7uEV3uHDotaT9Wy9/KwWrPzNPvyJ9fYNpp2Jvg==</latexit>
p1   p5   z
<latexit sha1_base64="1VUI0LZC1oJzpKL/v9YV0Iov3dU=">AAAB4HicbZC7TsMwFIZPuJZyKzCyWFRILK0SBIKxgoWxSPQitVHkuKetVSexbAdRou5siIWBBd6E5+BtcEsGaPmnT+c7l s7vUAqujet+OUvLK6tr64WN4ubW9s5uaW+/qZNUMWywRCSqHVKNgsfYMNwIbEuFNAoFtsLR9dS37lFpnsR3ZizRj+gg5n3OqLGjrgw8UiEyOCeVx6BUdqvuLGQRvBzKkKcelD67vYSlEcaGCap1x3Ol8TOqDGcCJ8VuqlFSNqID7FiMaYTazx5mR0/Ib53RSOtxFE7IcUTNUM+76fA/10lN/9LPeCxTgzGzK9b1U0FMQqZtSY8rZEaMLVCmuD2MsCFVlBn7J0Xb2JvvtwjN06rnVr3bs3LtKu 9egEM4ghPw4AJqcAN1aAADCa/wDh9O6Dw5z87Lz+qSk785gD9x3r4BRASI3Q==</latexit><latexit sha1_base64="1VUI0LZC1oJzpKL/v9YV0Iov3dU=">AAAB4HicbZC7TsMwFIZPuJZyKzCyWFRILK0SBIKxgoWxSPQitVHkuKetVSexbAdRou5siIWBBd6E5+BtcEsGaPmnT+c7l s7vUAqujet+OUvLK6tr64WN4ubW9s5uaW+/qZNUMWywRCSqHVKNgsfYMNwIbEuFNAoFtsLR9dS37lFpnsR3ZizRj+gg5n3OqLGjrgw8UiEyOCeVx6BUdqvuLGQRvBzKkKcelD67vYSlEcaGCap1x3Ol8TOqDGcCJ8VuqlFSNqID7FiMaYTazx5mR0/Ib53RSOtxFE7IcUTNUM+76fA/10lN/9LPeCxTgzGzK9b1U0FMQqZtSY8rZEaMLVCmuD2MsCFVlBn7J0Xb2JvvtwjN06rnVr3bs3LtKu 9egEM4ghPw4AJqcAN1aAADCa/wDh9O6Dw5z87Lz+qSk785gD9x3r4BRASI3Q==</latexit><latexit sha1_base64="1VUI0LZC1oJzpKL/v9YV0Iov3dU=">AAAB4HicbZC7TsMwFIZPuJZyKzCyWFRILK0SBIKxgoWxSPQitVHkuKetVSexbAdRou5siIWBBd6E5+BtcEsGaPmnT+c7l s7vUAqujet+OUvLK6tr64WN4ubW9s5uaW+/qZNUMWywRCSqHVKNgsfYMNwIbEuFNAoFtsLR9dS37lFpnsR3ZizRj+gg5n3OqLGjrgw8UiEyOCeVx6BUdqvuLGQRvBzKkKcelD67vYSlEcaGCap1x3Ol8TOqDGcCJ8VuqlFSNqID7FiMaYTazx5mR0/Ib53RSOtxFE7IcUTNUM+76fA/10lN/9LPeCxTgzGzK9b1U0FMQqZtSY8rZEaMLVCmuD2MsCFVlBn7J0Xb2JvvtwjN06rnVr3bs3LtKu 9egEM4ghPw4AJqcAN1aAADCa/wDh9O6Dw5z87Lz+qSk785gD9x3r4BRASI3Q==</latexit><latexit sha1_base64="1VUI0LZC1oJzpKL/v9YV0Iov3dU=">AAAB4HicbZC7TsMwFIZPuJZyKzCyWFRILK0SBIKxgoWxSPQitVHkuKetVSexbAdRou5siIWBBd6E5+BtcEsGaPmnT+c7l s7vUAqujet+OUvLK6tr64WN4ubW9s5uaW+/qZNUMWywRCSqHVKNgsfYMNwIbEuFNAoFtsLR9dS37lFpnsR3ZizRj+gg5n3OqLGjrgw8UiEyOCeVx6BUdqvuLGQRvBzKkKcelD67vYSlEcaGCap1x3Ol8TOqDGcCJ8VuqlFSNqID7FiMaYTazx5mR0/Ib53RSOtxFE7IcUTNUM+76fA/10lN/9LPeCxTgzGzK9b1U0FMQqZtSY8rZEaMLVCmuD2MsCFVlBn7J0Xb2JvvtwjN06rnVr3bs3LtKu 9egEM4ghPw4AJqcAN1aAADCa/wDh9O6Dw5z87Lz+qSk785gD9x3r4BRASI3Q==</latexit>
z
<latexit sha1_base64="j0rcwgKbEGDdtCaW8OoRwDXOWVo=">AAAB1nicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGguhFaqPKcU9aq44T2Q6iRGVDLAw s8Do8B2+DWzJAyz99Ot+xdH4HieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYyvZr59j0rzWN6ZSYJ+RIeSh5xRY0e3j6RfrrhVdx6yDF4OFcjT6Jc/e4OYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGmE2s8e5qdOyW+d0UjrSRRMyUlEzUgvutnwP9dNTXjhZ1wmqUHJ7Ip1YSqIi cmsIxlwhcyIiQXKFLeHETaiijJjf6JkG3uL/ZahdVb13Kp3c16pX+bdi3AEx3AKHtSgDtfQgCYwCOEV3uHD6ThPzrPz8rNacPI3h/Anzts3+9yF2w==</latexit><latexit sha1_base64="j0rcwgKbEGDdtCaW8OoRwDXOWVo=">AAAB1nicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGguhFaqPKcU9aq44T2Q6iRGVDLAw s8Do8B2+DWzJAyz99Ot+xdH4HieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYyvZr59j0rzWN6ZSYJ+RIeSh5xRY0e3j6RfrrhVdx6yDF4OFcjT6Jc/e4OYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGmE2s8e5qdOyW+d0UjrSRRMyUlEzUgvutnwP9dNTXjhZ1wmqUHJ7Ip1YSqIi cmsIxlwhcyIiQXKFLeHETaiijJjf6JkG3uL/ZahdVb13Kp3c16pX+bdi3AEx3AKHtSgDtfQgCYwCOEV3uHD6ThPzrPz8rNacPI3h/Anzts3+9yF2w==</latexit><latexit sha1_base64="j0rcwgKbEGDdtCaW8OoRwDXOWVo=">AAAB1nicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGguhFaqPKcU9aq44T2Q6iRGVDLAw s8Do8B2+DWzJAyz99Ot+xdH4HieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYyvZr59j0rzWN6ZSYJ+RIeSh5xRY0e3j6RfrrhVdx6yDF4OFcjT6Jc/e4OYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGmE2s8e5qdOyW+d0UjrSRRMyUlEzUgvutnwP9dNTXjhZ1wmqUHJ7Ip1YSqIi cmsIxlwhcyIiQXKFLeHETaiijJjf6JkG3uL/ZahdVb13Kp3c16pX+bdi3AEx3AKHtSgDtfQgCYwCOEV3uHD6ThPzrPz8rNacPI3h/Anzts3+9yF2w==</latexit><latexit sha1_base64="j0rcwgKbEGDdtCaW8OoRwDXOWVo=">AAAB1nicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGguhFaqPKcU9aq44T2Q6iRGVDLAw s8Do8B2+DWzJAyz99Ot+xdH4HieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYyvZr59j0rzWN6ZSYJ+RIeSh5xRY0e3j6RfrrhVdx6yDF4OFcjT6Jc/e4OYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGmE2s8e5qdOyW+d0UjrSRRMyUlEzUgvutnwP9dNTXjhZ1wmqUHJ7Ip1YSqIi cmsIxlwhcyIiQXKFLeHETaiijJjf6JkG3uL/ZahdVb13Kp3c16pX+bdi3AEx3AKHtSgDtfQgCYwCOEV3uHD6ThPzrPz8rNacPI3h/Anzts3+9yF2w==</latexit>
l2q+1
<latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t 7ZLe3tN3WUKIYNFolItQOqUXCJDcONwHaskIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit><latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t 7ZLe3tN3WUKIYNFolItQOqUXCJDcONwHaskIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit><latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t 7ZLe3tN3WUKIYNFolItQOqUXCJDcONwHaskIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit><latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t 7ZLe3tN3WUKIYNFolItQOqUXCJDcONwHaskIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit>
l2q+1
<latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t 7ZLe3tN3WUKIYNFolItQOqUXCJDcONwHaskIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit><latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t 7ZLe3tN3WUKIYNFolItQOqUXCJDcONwHaskIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit><latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t 7ZLe3tN3WUKIYNFolItQOqUXCJDcONwHaskIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit><latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t 7ZLe3tN3WUKIYNFolItQOqUXCJDcONwHaskIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit>
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Figure E.2.: The first functional derivative of the branch Fig. 5.21c) with respect to G(l0, l1).
Due to the product rule of functional derivatives the differentiation of the branch
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. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6 zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6 zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6 zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6 zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5 S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5 S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5 S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5 S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A61MhkY=</latexit>
l1










<latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFW CkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65I d4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn8 81D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFW CkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65I d4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn8 81D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFW CkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65I d4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn8 81D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFW CkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65I d4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn8 81D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit>
...
<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYyS OQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOT F7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEY eJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYyS OQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOT F7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEY eJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYyS OQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOT F7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEY eJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYyS OQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOT F7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEY eJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOl C8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+ WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOl C8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+ WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOl C8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+ WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOl C8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+ WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit>
l1










<latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc 2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</la texit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc 2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</la texit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc 2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</la texit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFWCkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc 2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65Id4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn881D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</la texit>
...
<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6 zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6 zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6 zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6 zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5 S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5 S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5 S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5 S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A61MhkY=</latexit>
l1
<latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDl LS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDl LS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDl LS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDl LS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9 /cwB/4r19A669hkc=</latexit>










<latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFW CkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65I d4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn8 81D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFW CkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65I d4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn8 81D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFW CkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65I d4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn8 81D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit><latexit sha1_base64="8alEO7LrvOE5VAebmSgtc3A7G00=">AAAB9XicbZA7T8MwFIUdnqW8AowMWFRITFW CkGCsYICxSPQhNWnkuDetVedR2wGqKCM/gw2xMLDAzO/g3+CWDNByps/3XEv3HD/hTCrL+jIWFpeWV1ZLa+X1jc2tbXNntynjVFBo0JjHou0TCZxF0FBMcWgnAkjoc2j5w8uJ37oDIVkc3apxAm5I+hELGCVKjzzzwAkEoZnTA65I d4RTb5gXL3zVHeWeWbGq1lR4HuwCKqhQ3TM/nV5M0xAiRTmRsmNbiXIzIhSjHPKyk0pICB2SPnQ0RiQE6WYP0yQ5/m1nJJRyHPo5PgqJGshZbzL8z+ukKjh3MxYlqYKI6hXtBSnHKsaTCnCPCaCKjzUQKpg+DNMB0TUoXVRZJ7Zn8 81D86RqW1X75rRSuyiyl9A+OkTHyEZnqIauUR01EEWP6BW9ow/j3ngyno2Xn9UFo/izh/7IePsG602SrA==</latexit>
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<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYyS OQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOT F7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEY eJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYyS OQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOT F7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEY eJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYyS OQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOT F7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEY eJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYyS OQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOT F7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEY eJ</latexit>
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<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOl C8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+ WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOl C8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+ WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOl C8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+ WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31Vn XpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOl C8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+ WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit>
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<latexit sha1_base64="OFH31l4gE7qTtDEGv1kRT1Dqmfw=">AAACBHicbZBNS8MwHMZTX+d8q3r0EhyCIJR2CHocetDjBPcC61 bSLN3CkjYkqThKr34CP4Y38eJBD/ol/DZms4huPqcfz/MP5HlCwajSrvtpLSwuLa+sltbK6xubW9v2zm5TJanEpIETlsh2iBRhNCYNTTUjbSEJ4iEjrXB0Mclbt0QqmsQ3eixIl6NBTCOKkTZWYDt+JBHO/D5hGvUycVzNYRrwvHDgZa8Kf1DkgV1xHXcqOA9eARVQqB7Yb3 4/wSknscYMKdXxXKG7GZKaYkbysp8qIhAeoQHpGIwRJ6qb3U2L5fB3nCGu1JiHOTzkSA/VbDYx/8s6qY7OuhmNRapJjM2JyaKUQZ3AySKwTyXBmo0NICyp+RjEQ2RW0Wa3smnszfabh2bV8VzHuz6p1M6L7iWwDw7AEfDAKaiBK1AHDYDBA3gB7+DDurcerSfr+ft0wSre7 IE/sl6/AN1mmBQ=</latexit><latexit sha1_base64="OFH31l4gE7qTtDEGv1kRT1Dqmfw=">AAACBHicbZBNS8MwHMZTX+d8q3r0EhyCIJR2CHocetDjBPcC61 bSLN3CkjYkqThKr34CP4Y38eJBD/ol/DZms4huPqcfz/MP5HlCwajSrvtpLSwuLa+sltbK6xubW9v2zm5TJanEpIETlsh2iBRhNCYNTTUjbSEJ4iEjrXB0Mclbt0QqmsQ3eixIl6NBTCOKkTZWYDt+JBHO/D5hGvUycVzNYRrwvHDgZa8Kf1DkgV1xHXcqOA9eARVQqB7Yb3 4/wSknscYMKdXxXKG7GZKaYkbysp8qIhAeoQHpGIwRJ6qb3U2L5fB3nCGu1JiHOTzkSA/VbDYx/8s6qY7OuhmNRapJjM2JyaKUQZ3AySKwTyXBmo0NICyp+RjEQ2RW0Wa3smnszfabh2bV8VzHuz6p1M6L7iWwDw7AEfDAKaiBK1AHDYDBA3gB7+DDurcerSfr+ft0wSre7 IE/sl6/AN1mmBQ=</latexit><latexit sha1_base64="OFH31l4gE7qTtDEGv1kRT1Dqmfw=">AAACBHicbZBNS8MwHMZTX+d8q3r0EhyCIJR2CHocetDjBPcC61 bSLN3CkjYkqThKr34CP4Y38eJBD/ol/DZms4huPqcfz/MP5HlCwajSrvtpLSwuLa+sltbK6xubW9v2zm5TJanEpIETlsh2iBRhNCYNTTUjbSEJ4iEjrXB0Mclbt0QqmsQ3eixIl6NBTCOKkTZWYDt+JBHO/D5hGvUycVzNYRrwvHDgZa8Kf1DkgV1xHXcqOA9eARVQqB7Yb3 4/wSknscYMKdXxXKG7GZKaYkbysp8qIhAeoQHpGIwRJ6qb3U2L5fB3nCGu1JiHOTzkSA/VbDYx/8s6qY7OuhmNRapJjM2JyaKUQZ3AySKwTyXBmo0NICyp+RjEQ2RW0Wa3smnszfabh2bV8VzHuz6p1M6L7iWwDw7AEfDAKaiBK1AHDYDBA3gB7+DDurcerSfr+ft0wSre7 IE/sl6/AN1mmBQ=</latexit><latexit sha1_base64="OFH31l4gE7qTtDEGv1kRT1Dqmfw=">AAACBHicbZBNS8MwHMZTX+d8q3r0EhyCIJR2CHocetDjBPcC61 bSLN3CkjYkqThKr34CP4Y38eJBD/ol/DZms4huPqcfz/MP5HlCwajSrvtpLSwuLa+sltbK6xubW9v2zm5TJanEpIETlsh2iBRhNCYNTTUjbSEJ4iEjrXB0Mclbt0QqmsQ3eixIl6NBTCOKkTZWYDt+JBHO/D5hGvUycVzNYRrwvHDgZa8Kf1DkgV1xHXcqOA9eARVQqB7Yb3 4/wSknscYMKdXxXKG7GZKaYkbysp8qIhAeoQHpGIwRJ6qb3U2L5fB3nCGu1JiHOTzkSA/VbDYx/8s6qY7OuhmNRapJjM2JyaKUQZ3AySKwTyXBmo0NICyp+RjEQ2RW0Wa3smnszfabh2bV8VzHuz6p1M6L7iWwDw7AEfDAKaiBK1AHDYDBA3gB7+DDurcerSfr+ft0wSre7 IE/sl6/AN1mmBQ=</latexit>
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<latexit sha1_base64="UaEbztv7DzPoDudG9sDrhPx28QU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0GQyCIITd KGgZtLGMYC6QrGF2cpIMmdldZmbFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL2dpeWV1bb2wUdzc2t7ZLe3tN3WUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp761gMqzaPwzkxi9CUdhnzAGTV21Ba9tBqfnmW9UtmtuLO QRfByKEOeeq/02e1HLJEYGiao1h3PjY2fUmU4E5gVu4nGmLIxHWLHYkglaj99nB2ckd86pVLriQwyciypGel5Nx3+5zqJGVz6KQ/jxGDI7Ip1g0QQE5FpU9LnCpkREwuUKW4PI2xEFWXG/kfRNvbm+y1Cs1rx3Ip3e16uXeXdC3AIR3 ACHlxADW6gDg1gIOAV3uHDuXeenGfn5Wd1ycnfHMCfOG/fAAyIQA==</latexit><latexit sha1_base64="UaEbztv7DzPoDudG9sDrhPx28QU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0GQyCIITd KGgZtLGMYC6QrGF2cpIMmdldZmbFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL2dpeWV1bb2wUdzc2t7ZLe3tN3WUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp761gMqzaPwzkxi9CUdhnzAGTV21Ba9tBqfnmW9UtmtuLO QRfByKEOeeq/02e1HLJEYGiao1h3PjY2fUmU4E5gVu4nGmLIxHWLHYkglaj99nB2ckd86pVLriQwyciypGel5Nx3+5zqJGVz6KQ/jxGDI7Ip1g0QQE5FpU9LnCpkREwuUKW4PI2xEFWXG/kfRNvbm+y1Cs1rx3Ip3e16uXeXdC3AIR3 ACHlxADW6gDg1gIOAV3uHDuXeenGfn5Wd1ycnfHMCfOG/fAAyIQA==</latexit><latexit sha1_base64="UaEbztv7DzPoDudG9sDrhPx28QU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0GQyCIITd KGgZtLGMYC6QrGF2cpIMmdldZmbFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL2dpeWV1bb2wUdzc2t7ZLe3tN3WUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp761gMqzaPwzkxi9CUdhnzAGTV21Ba9tBqfnmW9UtmtuLO QRfByKEOeeq/02e1HLJEYGiao1h3PjY2fUmU4E5gVu4nGmLIxHWLHYkglaj99nB2ckd86pVLriQwyciypGel5Nx3+5zqJGVz6KQ/jxGDI7Ip1g0QQE5FpU9LnCpkREwuUKW4PI2xEFWXG/kfRNvbm+y1Cs1rx3Ip3e16uXeXdC3AIR3 ACHlxADW6gDg1gIOAV3uHDuXeenGfn5Wd1ycnfHMCfOG/fAAyIQA==</latexit><latexit sha1_base64="UaEbztv7DzPoDudG9sDrhPx28QU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0GQyCIITd KGgZtLGMYC6QrGF2cpIMmdldZmbFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL2dpeWV1bb2wUdzc2t7ZLe3tN3WUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp761gMqzaPwzkxi9CUdhnzAGTV21Ba9tBqfnmW9UtmtuLO QRfByKEOeeq/02e1HLJEYGiao1h3PjY2fUmU4E5gVu4nGmLIxHWLHYkglaj99nB2ckd86pVLriQwyciypGel5Nx3+5zqJGVz6KQ/jxGDI7Ip1g0QQE5FpU9LnCpkREwuUKW4PI2xEFWXG/kfRNvbm+y1Cs1rx3Ip3e16uXeXdC3AIR3 ACHlxADW6gDg1gIOAV3uHDuXeenGfn5Wd1ycnfHMCfOG/fAAyIQA==</latexit>
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l2q+4
<latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELYDQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b 3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHnsZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit><latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELYDQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b 3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHnsZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit><latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELYDQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b 3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHnsZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit><latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELYDQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b 3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHnsZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit>
l2q+4
<latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELYDQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b 3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHnsZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit><latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELYDQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b 3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHnsZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit><latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELYDQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b 3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHnsZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit><latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELYDQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b 3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHnsZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit>
l2q+4
<latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELY DQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHn sZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI 7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit><latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELY DQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHn sZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI 7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit><latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELY DQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHn sZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI 7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit><latexit sha1_base64="ztbAb4eloBbIWpuMZL79b53Xn8w=">AAAB3HicbZC7SgNBFIbPxFuMt1VLm8UgCELY DQEtgzaWEcwFkjXMTk6SIbMXZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+8WPBlXacL1JYWV1b3yhulra2d3b3rP2DlooSybDJIhHJjk8VCh5iU3MtsBNLpIEvsO1Prma+/YBS8Si81dMYvYCOQj7kjGoz6oh+Wr0/q2V9q+xUnHn sZXBzKEOeRt/67A0ilgQYaiaoUl3XibWXUqk5E5iVeonCmLIJHWHXYEgDVF76OD84s3/rlAZKTQM/s08Cqsdq0c2G/7luoocXXsrDONEYMrNi3DARto7sWVN7wCUyLaYGKJPcHGazMZWUafMfJdPYXey3DK1qxXUq7k2tXL/MuxfhCI 7hFFw4hzpcQwOawEDAK7zDB7kjT+SZvPysFkj+5hD+hLx9AwLyiEI=</latexit>
y = p1   l0   l2
<latexit sha1_base64="JT1JH6qiqvz5MzZykurjodUnxxc=">AAAB4XicbZBNS8NAEIYn9avWr6pHL8EieLEkpaAXoejFYwX7AW0Im+20XbrZxN2NGEJ/gDfx4sGL/hJ/h//Gbc1BW18YeJlnBuadIOZMacf5s gorq2vrG8XN0tb2zu5eef+graJEUmzRiEeyGxCFnAlsaaY5dmOJJAw4doLJ9Yx3HlAqFok7ncbohWQk2JBRok3LSy9j3z3jvmOq5pcrTtWZy142bm4qkKvplz/7g4gmIQpNOVGq5zqx9jIiNaMcp6V+ojAmdEJG2DNWkBCVlz3Or57av3FGQqXSMJjaJyHRY7XIZs3/WC/RwwsvYyJONApqRgwbJtzWkT2Law+YRKp5agyhkpnDbDomklBtnlIyid3FfMumXau6TtW9rVcaV3n2IhzBMZyCC+fQgBtoQgso3MMrvMOHRa0n69l6+RktWP nOIfyR9fYNnH6Jtw==</latexit><latexit sha1_base64="JT1JH6qiqvz5MzZykurjodUnxxc=">AAAB4XicbZBNS8NAEIYn9avWr6pHL8EieLEkpaAXoejFYwX7AW0Im+20XbrZxN2NGEJ/gDfx4sGL/hJ/h//Gbc1BW18YeJlnBuadIOZMacf5s gorq2vrG8XN0tb2zu5eef+graJEUmzRiEeyGxCFnAlsaaY5dmOJJAw4doLJ9Yx3HlAqFok7ncbohWQk2JBRok3LSy9j3z3jvmOq5pcrTtWZy142bm4qkKvplz/7g4gmIQpNOVGq5zqx9jIiNaMcp6V+ojAmdEJG2DNWkBCVlz3Or57av3FGQqXSMJjaJyHRY7XIZs3/WC/RwwsvYyJONApqRgwbJtzWkT2Law+YRKp5agyhkpnDbDomklBtnlIyid3FfMumXau6TtW9rVcaV3n2IhzBMZyCC+fQgBtoQgso3MMrvMOHRa0n69l6+RktWP nOIfyR9fYNnH6Jtw==</latexit><latexit sha1_base64="JT1JH6qiqvz5MzZykurjodUnxxc=">AAAB4XicbZBNS8NAEIYn9avWr6pHL8EieLEkpaAXoejFYwX7AW0Im+20XbrZxN2NGEJ/gDfx4sGL/hJ/h//Gbc1BW18YeJlnBuadIOZMacf5s gorq2vrG8XN0tb2zu5eef+graJEUmzRiEeyGxCFnAlsaaY5dmOJJAw4doLJ9Yx3HlAqFok7ncbohWQk2JBRok3LSy9j3z3jvmOq5pcrTtWZy142bm4qkKvplz/7g4gmIQpNOVGq5zqx9jIiNaMcp6V+ojAmdEJG2DNWkBCVlz3Or57av3FGQqXSMJjaJyHRY7XIZs3/WC/RwwsvYyJONApqRgwbJtzWkT2Law+YRKp5agyhkpnDbDomklBtnlIyid3FfMumXau6TtW9rVcaV3n2IhzBMZyCC+fQgBtoQgso3MMrvMOHRa0n69l6+RktWP nOIfyR9fYNnH6Jtw==</latexit><latexit sha1_base64="JT1JH6qiqvz5MzZykurjodUnxxc=">AAAB4XicbZBNS8NAEIYn9avWr6pHL8EieLEkpaAXoejFYwX7AW0Im+20XbrZxN2NGEJ/gDfx4sGL/hJ/h//Gbc1BW18YeJlnBuadIOZMacf5s gorq2vrG8XN0tb2zu5eef+graJEUmzRiEeyGxCFnAlsaaY5dmOJJAw4doLJ9Yx3HlAqFok7ncbohWQk2JBRok3LSy9j3z3jvmOq5pcrTtWZy142bm4qkKvplz/7g4gmIQpNOVGq5zqx9jIiNaMcp6V+ojAmdEJG2DNWkBCVlz3Or57av3FGQqXSMJjaJyHRY7XIZs3/WC/RwwsvYyJONApqRgwbJtzWkT2Law+YRKp5agyhkpnDbDomklBtnlIyid3FfMumXau6TtW9rVcaV3n2IhzBMZyCC+fQgBtoQgso3MMrvMOHRa0n69l6+RktWP nOIfyR9fYNnH6Jtw==</latexit>
y
<latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qxz1trTpOZDuIK MqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz56Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3P gZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qxz1trTpOZDuIK MqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz56Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3P gZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qxz1trTpOZDuIK MqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz56Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3P gZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit><latexit sha1_base64="JQfaCyziVSdk80xtXBUzn/2AFZQ=">AAAB1XicbZC7TsMwFIZPyq2UW4GRxaJCYqoShFTGChbGVqIXqY0qxz1trTpOZDuIK MqGWBhY4Hl4Dt4Gt2SAln/6dL5j6fwOYsG1cd0vp7SxubW9U96t7O0fHB5Vj0+6OkoUww6LRKT6AdUouMSO4UZgP1ZIw0BgL5jfLXzvEZXmkXwwaYx+SKeSTzijxo7a6ahac+vuMmQdvAJqUKQ1qn4OxxFLQpSGCar1wHNj42dUGc4E5pVhojGmbE6nOLAoaYjaz56Wl+bkt85oqHUaBjm5CKmZ6VW3GP7nBomZ3P gZl3FiUDK7Yt0kEcREZFGRjLlCZkRqgTLF7WGEzaiizNiPqNjG3mq/dehe1T237rWva83bonsZzuAcLsGDBjThHlrQAQYIr/AOH07PyZ1n5+VnteQUb07hT5y3b6cAhbA=</latexit>
↵
<latexit sha1_base64="B6Y/GgwSsp1JhS2QAXNqGV164QM=">AAAB2nicbZC7SgNBFIbPxluMt6ilzWIQrMKuCFoGbSwjmAtkl3B2cpKMmb0wMyuGZRs7sbGw 0ZfxOXwbJ3ELTfyrj/OdgfNPkAiutON8WaWV1bX1jfJmZWt7Z3evun/QVnEqGbVYLGLZDVCR4BG1NNeCuokkDANBnWByPfOdB5KKx9GdnibkhziK+JAz1GbU9lAkY+xXa07dmcdeBreAGhRp9quf3iBmaUiRZgKV6rlOov0MpeZMUF7xUkUJsgmOqGcwwpCUnz3Oz83t3zrDUKlpGOT2SYh6rBbdbPif66V6eOlnPEpSTREzK8YNU2Hr 2J71tAdcEtNiagCZ5OYwm41RItPmNyqmsbvYbxnaZ3XXqbu357XGVdG9DEdwDKfgwgU04Aaa0AIG9/AK7/BhedaT9Wy9/KyWrOLNIfyJ9fYNJhqHyw==</latexit><latexit sha1_base64="B6Y/GgwSsp1JhS2QAXNqGV164QM=">AAAB2nicbZC7SgNBFIbPxluMt6ilzWIQrMKuCFoGbSwjmAtkl3B2cpKMmb0wMyuGZRs7sbGw 0ZfxOXwbJ3ELTfyrj/OdgfNPkAiutON8WaWV1bX1jfJmZWt7Z3evun/QVnEqGbVYLGLZDVCR4BG1NNeCuokkDANBnWByPfOdB5KKx9GdnibkhziK+JAz1GbU9lAkY+xXa07dmcdeBreAGhRp9quf3iBmaUiRZgKV6rlOov0MpeZMUF7xUkUJsgmOqGcwwpCUnz3Oz83t3zrDUKlpGOT2SYh6rBbdbPif66V6eOlnPEpSTREzK8YNU2Hr 2J71tAdcEtNiagCZ5OYwm41RItPmNyqmsbvYbxnaZ3XXqbu357XGVdG9DEdwDKfgwgU04Aaa0AIG9/AK7/BhedaT9Wy9/KyWrOLNIfyJ9fYNJhqHyw==</latexit><latexit sha1_base64="B6Y/GgwSsp1JhS2QAXNqGV164QM=">AAAB2nicbZC7SgNBFIbPxluMt6ilzWIQrMKuCFoGbSwjmAtkl3B2cpKMmb0wMyuGZRs7sbGw 0ZfxOXwbJ3ELTfyrj/OdgfNPkAiutON8WaWV1bX1jfJmZWt7Z3evun/QVnEqGbVYLGLZDVCR4BG1NNeCuokkDANBnWByPfOdB5KKx9GdnibkhziK+JAz1GbU9lAkY+xXa07dmcdeBreAGhRp9quf3iBmaUiRZgKV6rlOov0MpeZMUF7xUkUJsgmOqGcwwpCUnz3Oz83t3zrDUKlpGOT2SYh6rBbdbPif66V6eOlnPEpSTREzK8YNU2Hr 2J71tAdcEtNiagCZ5OYwm41RItPmNyqmsbvYbxnaZ3XXqbu357XGVdG9DEdwDKfgwgU04Aaa0AIG9/AK7/BhedaT9Wy9/KyWrOLNIfyJ9fYNJhqHyw==</latexit><latexit sha1_base64="B6Y/GgwSsp1JhS2QAXNqGV164QM=">AAAB2nicbZC7SgNBFIbPxluMt6ilzWIQrMKuCFoGbSwjmAtkl3B2cpKMmb0wMyuGZRs7sbGw 0ZfxOXwbJ3ELTfyrj/OdgfNPkAiutON8WaWV1bX1jfJmZWt7Z3evun/QVnEqGbVYLGLZDVCR4BG1NNeCuokkDANBnWByPfOdB5KKx9GdnibkhziK+JAz1GbU9lAkY+xXa07dmcdeBreAGhRp9quf3iBmaUiRZgKV6rlOov0MpeZMUF7xUkUJsgmOqGcwwpCUnz3Oz83t3zrDUKlpGOT2SYh6rBbdbPif66V6eOlnPEpSTREzK8YNU2Hr 2J71tAdcEtNiagCZ5OYwm41RItPmNyqmsbvYbxnaZ3XXqbu357XGVdG9DEdwDKfgwgU04Aaa0AIG9/AK7/BhedaT9Wy9/KyWrOLNIfyJ9fYNJhqHyw==</latexit>
↵ = p1       l2
<latexit sha1_base64="a6jp3iS9710g/9kVhkQPa4gzJn8=">AAAB8HicbZDLSsNAFIYnXmu9Rd3pZrAIblqSIuhGKLpxWcFeoAnhZDpth06SYWYilhDwMdyJGxdu9A18Dt/Gac1CW//Vx/nPwHwnFJwp7Thf1 tLyyuraemmjvLm1vbNr7+23VZJKQlsk4YnshqAoZzFtaaY57QpJIQo57YTj62nfuadSsSS+0xNB/QiGMRswAtqMAvvQAy5GgC+xCDI3r3oh1VDlQVbPA7vi1JxZ8CK4BVRQkWZgf3r9hKQRjTXhoFTPdYT2M5CaEU7zspcqKoCMYUh7BmOIqPKzh5lEjn/XGURKTaIwxycR6JGa76bD/7peqgcXfsZikWoaE7NiukHKsU7w1B73maRE84kBIJKZj2EyAglEmxuVjbE777cI7XrNdWru7VmlcVW4l9AROkanyEXnqIFuUBO1EEGP6BW9ow 9LWk/Ws/Xys7pkFW8O0J9Yb9+frY+A</latexit><latexit sha1_base64="a6jp3iS9710g/9kVhkQPa4gzJn8=">AAAB8HicbZDLSsNAFIYnXmu9Rd3pZrAIblqSIuhGKLpxWcFeoAnhZDpth06SYWYilhDwMdyJGxdu9A18Dt/Gac1CW//Vx/nPwHwnFJwp7Thf1 tLyyuraemmjvLm1vbNr7+23VZJKQlsk4YnshqAoZzFtaaY57QpJIQo57YTj62nfuadSsSS+0xNB/QiGMRswAtqMAvvQAy5GgC+xCDI3r3oh1VDlQVbPA7vi1JxZ8CK4BVRQkWZgf3r9hKQRjTXhoFTPdYT2M5CaEU7zspcqKoCMYUh7BmOIqPKzh5lEjn/XGURKTaIwxycR6JGa76bD/7peqgcXfsZikWoaE7NiukHKsU7w1B73maRE84kBIJKZj2EyAglEmxuVjbE777cI7XrNdWru7VmlcVW4l9AROkanyEXnqIFuUBO1EEGP6BW9ow 9LWk/Ws/Xys7pkFW8O0J9Yb9+frY+A</latexit><latexit sha1_base64="a6jp3iS9710g/9kVhkQPa4gzJn8=">AAAB8HicbZDLSsNAFIYnXmu9Rd3pZrAIblqSIuhGKLpxWcFeoAnhZDpth06SYWYilhDwMdyJGxdu9A18Dt/Gac1CW//Vx/nPwHwnFJwp7Thf1 tLyyuraemmjvLm1vbNr7+23VZJKQlsk4YnshqAoZzFtaaY57QpJIQo57YTj62nfuadSsSS+0xNB/QiGMRswAtqMAvvQAy5GgC+xCDI3r3oh1VDlQVbPA7vi1JxZ8CK4BVRQkWZgf3r9hKQRjTXhoFTPdYT2M5CaEU7zspcqKoCMYUh7BmOIqPKzh5lEjn/XGURKTaIwxycR6JGa76bD/7peqgcXfsZikWoaE7NiukHKsU7w1B73maRE84kBIJKZj2EyAglEmxuVjbE777cI7XrNdWru7VmlcVW4l9AROkanyEXnqIFuUBO1EEGP6BW9ow 9LWk/Ws/Xys7pkFW8O0J9Yb9+frY+A</latexit><latexit sha1_base64="a6jp3iS9710g/9kVhkQPa4gzJn8=">AAAB8HicbZDLSsNAFIYnXmu9Rd3pZrAIblqSIuhGKLpxWcFeoAnhZDpth06SYWYilhDwMdyJGxdu9A18Dt/Gac1CW//Vx/nPwHwnFJwp7Thf1 tLyyuraemmjvLm1vbNr7+23VZJKQlsk4YnshqAoZzFtaaY57QpJIQo57YTj62nfuadSsSS+0xNB/QiGMRswAtqMAvvQAy5GgC+xCDI3r3oh1VDlQVbPA7vi1JxZ8CK4BVRQkWZgf3r9hKQRjTXhoFTPdYT2M5CaEU7zspcqKoCMYUh7BmOIqPKzh5lEjn/XGURKTaIwxycR6JGa76bD/7peqgcXfsZikWoaE7NiukHKsU7w1B73maRE84kBIJKZj2EyAglEmxuVjbE777cI7XrNdWru7VmlcVW4l9AROkanyEXnqIFuUBO1EEGP6BW9ow 9LWk/Ws/Xys7pkFW8O0J9Yb9+frY+A</latexit>
  = p1   l0   p5
<latexit sha1_base64="5WmDYPVMzzuCAithteytMl9++N4=">AAAB8HicbZDLSgMxFIbP1Futt6o73 QSL4KZlRhTdCEU3LivYVmjLcCZN29BkZkgyYhkGfAx34saFG30Dn8O3Ma1daOu/+jjfCeQ/QSy4Nq775eQWFpeWV/KrhbX1jc2t4vZOQ0eJoqxOIxGpuwA1EzxkdcONYHexYigDwZrB8Grsm/dMaR6Ft2YUs47Ef sh7nKKxI7+41+6jlEguSOynXlYWfupmZcunmV8suRV3EjIP3hRKME3NL362uxFNJAsNFah1y3Nj00lRGU4FywrtRLMY6RD7rGUxRMl0J32YlMjIb52i1Hokg4wcSjQDPevGw/9cKzG9807KwzgxLKR2xbpeIoiJy Lg96XLFqBEjC0gVtx8jdIAKqbE3KtjG3my/eWgcVzy34t2clKqX0+552IcDOAIPzqAK11CDOlB4hFd4hw9HOU/Os/Pys5pzpm924U+ct2+eCo9/</latexit><latexit sha1_base64="5WmDYPVMzzuCAithteytMl9++N4=">AAAB8HicbZDLSgMxFIbP1Futt6o73 QSL4KZlRhTdCEU3LivYVmjLcCZN29BkZkgyYhkGfAx34saFG30Dn8O3Ma1daOu/+jjfCeQ/QSy4Nq775eQWFpeWV/KrhbX1jc2t4vZOQ0eJoqxOIxGpuwA1EzxkdcONYHexYigDwZrB8Grsm/dMaR6Ft2YUs47Ef sh7nKKxI7+41+6jlEguSOynXlYWfupmZcunmV8suRV3EjIP3hRKME3NL362uxFNJAsNFah1y3Nj00lRGU4FywrtRLMY6RD7rGUxRMl0J32YlMjIb52i1Hokg4wcSjQDPevGw/9cKzG9807KwzgxLKR2xbpeIoiJy Lg96XLFqBEjC0gVtx8jdIAKqbE3KtjG3my/eWgcVzy34t2clKqX0+552IcDOAIPzqAK11CDOlB4hFd4hw9HOU/Os/Pys5pzpm924U+ct2+eCo9/</latexit><latexit sha1_base64="5WmDYPVMzzuCAithteytMl9++N4=">AAAB8HicbZDLSgMxFIbP1Futt6o73 QSL4KZlRhTdCEU3LivYVmjLcCZN29BkZkgyYhkGfAx34saFG30Dn8O3Ma1daOu/+jjfCeQ/QSy4Nq775eQWFpeWV/KrhbX1jc2t4vZOQ0eJoqxOIxGpuwA1EzxkdcONYHexYigDwZrB8Grsm/dMaR6Ft2YUs47Ef sh7nKKxI7+41+6jlEguSOynXlYWfupmZcunmV8suRV3EjIP3hRKME3NL362uxFNJAsNFah1y3Nj00lRGU4FywrtRLMY6RD7rGUxRMl0J32YlMjIb52i1Hokg4wcSjQDPevGw/9cKzG9807KwzgxLKR2xbpeIoiJy Lg96XLFqBEjC0gVtx8jdIAKqbE3KtjG3my/eWgcVzy34t2clKqX0+552IcDOAIPzqAK11CDOlB4hFd4hw9HOU/Os/Pys5pzpm924U+ct2+eCo9/</latexit><latexit sha1_base64="5WmDYPVMzzuCAithteytMl9++N4=">AAAB8HicbZDLSgMxFIbP1Futt6o73 QSL4KZlRhTdCEU3LivYVmjLcCZN29BkZkgyYhkGfAx34saFG30Dn8O3Ma1daOu/+jjfCeQ/QSy4Nq775eQWFpeWV/KrhbX1jc2t4vZOQ0eJoqxOIxGpuwA1EzxkdcONYHexYigDwZrB8Grsm/dMaR6Ft2YUs47Ef sh7nKKxI7+41+6jlEguSOynXlYWfupmZcunmV8suRV3EjIP3hRKME3NL362uxFNJAsNFah1y3Nj00lRGU4FywrtRLMY6RD7rGUxRMl0J32YlMjIb52i1Hokg4wcSjQDPevGw/9cKzG9807KwzgxLKR2xbpeIoiJy Lg96XLFqBEjC0gVtx8jdIAKqbE3KtjG3my/eWgcVzy34t2clKqX0+552IcDOAIPzqAK11CDOlB4hFd4hw9HOU/Os/Pys5pzpm924U+ct2+eCo9/</latexit>
 
<latexit sha1_base64="oqTMh6JikxTlbhTEBRa64AAjcyU=">AAAB23icb ZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc4FkCWcnJ8mQmd1lZlYMIZWd2FjY6MP4HL6Nk7iFJv7Vx/nOwPknSqUw1ve/vJXVtfWNzcJWcXtnd2+/dHDYMEm mOdV5IhPditCQFDHVrbCSWqkmVJGkZjS6mfnmA2kjkvjejlMKFQ5i0RccrRs1OwNUClm3VPYr/jxsGYIcypCn1i19dnoJzxTFlks0ph34qQ0nqK3gkqbFTmYo RT7CAbUdxqjIhJPH+b1T9ltPUBkzVtGUnSq0Q7PoZsP/XDuz/atwIuI0sxRzt+JcP5PMJmxWlPWEJm7l2AFyLdxhjA9RI7fuO4qucbDYbxka55XArwR3F+Xqdd 69AMdwAmcQwCVU4RZqUAcOI3iFd/jwQu/Je/ZeflZXvPzNEfyJ9/YNdxeH8g==</latexit><latexit sha1_base64="oqTMh6JikxTlbhTEBRa64AAjcyU=">AAAB23icb ZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc4FkCWcnJ8mQmd1lZlYMIZWd2FjY6MP4HL6Nk7iFJv7Vx/nOwPknSqUw1ve/vJXVtfWNzcJWcXtnd2+/dHDYMEm mOdV5IhPditCQFDHVrbCSWqkmVJGkZjS6mfnmA2kjkvjejlMKFQ5i0RccrRs1OwNUClm3VPYr/jxsGYIcypCn1i19dnoJzxTFlks0ph34qQ0nqK3gkqbFTmYo RT7CAbUdxqjIhJPH+b1T9ltPUBkzVtGUnSq0Q7PoZsP/XDuz/atwIuI0sxRzt+JcP5PMJmxWlPWEJm7l2AFyLdxhjA9RI7fuO4qucbDYbxka55XArwR3F+Xqdd 69AMdwAmcQwCVU4RZqUAcOI3iFd/jwQu/Je/ZeflZXvPzNEfyJ9/YNdxeH8g==</latexit><latexit sha1_base64="oqTMh6JikxTlbhTEBRa64AAjcyU=">AAAB23icb ZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc4FkCWcnJ8mQmd1lZlYMIZWd2FjY6MP4HL6Nk7iFJv7Vx/nOwPknSqUw1ve/vJXVtfWNzcJWcXtnd2+/dHDYMEm mOdV5IhPditCQFDHVrbCSWqkmVJGkZjS6mfnmA2kjkvjejlMKFQ5i0RccrRs1OwNUClm3VPYr/jxsGYIcypCn1i19dnoJzxTFlks0ph34qQ0nqK3gkqbFTmYo RT7CAbUdxqjIhJPH+b1T9ltPUBkzVtGUnSq0Q7PoZsP/XDuz/atwIuI0sxRzt+JcP5PMJmxWlPWEJm7l2AFyLdxhjA9RI7fuO4qucbDYbxka55XArwR3F+Xqdd 69AMdwAmcQwCVU4RZqUAcOI3iFd/jwQu/Je/ZeflZXvPzNEfyJ9/YNdxeH8g==</latexit><latexit sha1_base64="oqTMh6JikxTlbhTEBRa64AAjcyU=">AAAB23icb ZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc4FkCWcnJ8mQmd1lZlYMIZWd2FjY6MP4HL6Nk7iFJv7Vx/nOwPknSqUw1ve/vJXVtfWNzcJWcXtnd2+/dHDYMEm mOdV5IhPditCQFDHVrbCSWqkmVJGkZjS6mfnmA2kjkvjejlMKFQ5i0RccrRs1OwNUClm3VPYr/jxsGYIcypCn1i19dnoJzxTFlks0ph34qQ0nqK3gkqbFTmYo RT7CAbUdxqjIhJPH+b1T9ltPUBkzVtGUnSq0Q7PoZsP/XDuz/atwIuI0sxRzt+JcP5PMJmxWlPWEJm7l2AFyLdxhjA9RI7fuO4qucbDYbxka55XArwR3F+Xqdd 69AMdwAmcQwCVU4RZqUAcOI3iFd/jwQu/Je/ZeflZXvPzNEfyJ9/YNdxeH8g==</latexit>




<latexit sha1_base64="WbaVW/aMteBHFRgnifAof8N25Ik=">AAACB3icbZDLSsNAFIYn9VbrLerSzWARhNKSpAXdFIpuXFawF2 hjmEyn7dBJMmYm0jLkAXwCH8OduBFxo8/g2zitXWjrvzj8nO8cOP/xOaNCWtaXkVlZXVvfyG7mtrZ3dvfM/YOmiJIYkwaOWBS3fSQIoyFpSCoZafOYoMBnpOWPLqe8dU9iQaPwRk44cQM0CGmfYiR1yzPtMaxC7iknLTJP2bNaTmERdkUSeIpWnbtCJb1VDi+UU81o6pl5 q2TNBJeNPTd5MFfdM9+6vQgnAQklZkiIjm1x6SoUS4oZSXPdRBCO8AgNSEfbEAVEuGo8y5bC31ihQIhJ4KfwJEByKBbZtPkf6ySyf+4qGvJEkhDrEc36CYMygtOnwB6NCZZsog3CMdWHQTxEMcJSvy6nE9uL+ZZN0ynZVsm+ruRrF/PsWXAEjsEpsMEZqIErUAcNgMEjeA Uf4NN4MJ6MZ+PlZzRjzHcOwR8Z798nw5gZ</latexit><latexit sha1_base64="WbaVW/aMteBHFRgnifAof8N25Ik=">AAACB3icbZDLSsNAFIYn9VbrLerSzWARhNKSpAXdFIpuXFawF2 hjmEyn7dBJMmYm0jLkAXwCH8OduBFxo8/g2zitXWjrvzj8nO8cOP/xOaNCWtaXkVlZXVvfyG7mtrZ3dvfM/YOmiJIYkwaOWBS3fSQIoyFpSCoZafOYoMBnpOWPLqe8dU9iQaPwRk44cQM0CGmfYiR1yzPtMaxC7iknLTJP2bNaTmERdkUSeIpWnbtCJb1VDi+UU81o6pl5 q2TNBJeNPTd5MFfdM9+6vQgnAQklZkiIjm1x6SoUS4oZSXPdRBCO8AgNSEfbEAVEuGo8y5bC31ihQIhJ4KfwJEByKBbZtPkf6ySyf+4qGvJEkhDrEc36CYMygtOnwB6NCZZsog3CMdWHQTxEMcJSvy6nE9uL+ZZN0ynZVsm+ruRrF/PsWXAEjsEpsMEZqIErUAcNgMEjeA Uf4NN4MJ6MZ+PlZzRjzHcOwR8Z798nw5gZ</latexit><latexit sha1_base64="WbaVW/aMteBHFRgnifAof8N25Ik=">AAACB3icbZDLSsNAFIYn9VbrLerSzWARhNKSpAXdFIpuXFawF2 hjmEyn7dBJMmYm0jLkAXwCH8OduBFxo8/g2zitXWjrvzj8nO8cOP/xOaNCWtaXkVlZXVvfyG7mtrZ3dvfM/YOmiJIYkwaOWBS3fSQIoyFpSCoZafOYoMBnpOWPLqe8dU9iQaPwRk44cQM0CGmfYiR1yzPtMaxC7iknLTJP2bNaTmERdkUSeIpWnbtCJb1VDi+UU81o6pl5 q2TNBJeNPTd5MFfdM9+6vQgnAQklZkiIjm1x6SoUS4oZSXPdRBCO8AgNSEfbEAVEuGo8y5bC31ihQIhJ4KfwJEByKBbZtPkf6ySyf+4qGvJEkhDrEc36CYMygtOnwB6NCZZsog3CMdWHQTxEMcJSvy6nE9uL+ZZN0ynZVsm+ruRrF/PsWXAEjsEpsMEZqIErUAcNgMEjeA Uf4NN4MJ6MZ+PlZzRjzHcOwR8Z798nw5gZ</latexit><latexit sha1_base64="WbaVW/aMteBHFRgnifAof8N25Ik=">AAACB3icbZDLSsNAFIYn9VbrLerSzWARhNKSpAXdFIpuXFawF2 hjmEyn7dBJMmYm0jLkAXwCH8OduBFxo8/g2zitXWjrvzj8nO8cOP/xOaNCWtaXkVlZXVvfyG7mtrZ3dvfM/YOmiJIYkwaOWBS3fSQIoyFpSCoZafOYoMBnpOWPLqe8dU9iQaPwRk44cQM0CGmfYiR1yzPtMaxC7iknLTJP2bNaTmERdkUSeIpWnbtCJb1VDi+UU81o6pl5 q2TNBJeNPTd5MFfdM9+6vQgnAQklZkiIjm1x6SoUS4oZSXPdRBCO8AgNSEfbEAVEuGo8y5bC31ihQIhJ4KfwJEByKBbZtPkf6ySyf+4qGvJEkhDrEc36CYMygtOnwB6NCZZsog3CMdWHQTxEMcJSvy6nE9uL+ZZN0ynZVsm+ruRrF/PsWXAEjsEpsMEZqIErUAcNgMEjeA Uf4NN4MJ6MZ+PlZzRjzHcOwR8Z798nw5gZ</latexit>
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Figure E.3.: The second functional derivative of the branch Fig. 5.21c) with respect to
G(l0, l1)G(l2, l3). Due to the product rule of functional derivatives the differen-
tiation of the branch yields 12 terms. Due to symmetry considerations there are
only 4 distinct terms. Additional factors of 2 in the least three terms are due to the
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<latexit sha1_base64="YJBvS6eM2Bk6JmQFS6vLP0GfRaY=">AAAB6XicbZC7TsNAEEVnwyuElyEljUOERENkIxCUETSUQSIPKbas9WaTrLK2V7trhGXlI+gQDQUNfAXfwd+wCS4g4TZzNWdGmjuh4Expx/lCpZXVtfWN8mZla3tnd8/aP+ioJJWEtknCE9kLsaKcxbSt mea0JyTFUchpN5zczHj3gUrFkvheZ4L6ER7FbMgI1qYVWFURuF7t1KuJ4GJeeeAEVt1pOHPZy8YtTB0KtQLr0xskJI1orAnHSvVdR2g/x1Izwum04qWKCkwmeET7xsY4osrPH+fXT+3fOMeRUlkUTu3jCOuxWmSz5n+sn+rhlZ+zWKSaxsSMGDZMua0TexbbHjBJieaZMZhIZg6zyRhLTLR5TsUkdhfzLZvOWcN1Gu7deb15XWQvwyEcwQm4cAlNuIUWtIFABq/wDh9ogp7QM3r5GS2hYqcKf4TevgHb+4tp</latexit><latexit sha1_base64="YJBvS6eM2Bk6JmQFS6vLP0GfRaY=">AAAB6XicbZC7TsNAEEVnwyuElyEljUOERENkIxCUETSUQSIPKbas9WaTrLK2V7trhGXlI+gQDQUNfAXfwd+wCS4g4TZzNWdGmjuh4Expx/lCpZXVtfWN8mZla3tnd8/aP+ioJJWEtknCE9kLsaKcxbSt mea0JyTFUchpN5zczHj3gUrFkvheZ4L6ER7FbMgI1qYVWFURuF7t1KuJ4GJeeeAEVt1pOHPZy8YtTB0KtQLr0xskJI1orAnHSvVdR2g/x1Izwum04qWKCkwmeET7xsY4osrPH+fXT+3fOMeRUlkUTu3jCOuxWmSz5n+sn+rhlZ+zWKSaxsSMGDZMua0TexbbHjBJieaZMZhIZg6zyRhLTLR5TsUkdhfzLZvOWcN1Gu7deb15XWQvwyEcwQm4cAlNuIUWtIFABq/wDh9ogp7QM3r5GS2hYqcKf4TevgHb+4tp</latexit><latexit sha1_base64="YJBvS6eM2Bk6JmQFS6vLP0GfRaY=">AAAB6XicbZC7TsNAEEVnwyuElyEljUOERENkIxCUETSUQSIPKbas9WaTrLK2V7trhGXlI+gQDQUNfAXfwd+wCS4g4TZzNWdGmjuh4Expx/lCpZXVtfWN8mZla3tnd8/aP+ioJJWEtknCE9kLsaKcxbSt mea0JyTFUchpN5zczHj3gUrFkvheZ4L6ER7FbMgI1qYVWFURuF7t1KuJ4GJeeeAEVt1pOHPZy8YtTB0KtQLr0xskJI1orAnHSvVdR2g/x1Izwum04qWKCkwmeET7xsY4osrPH+fXT+3fOMeRUlkUTu3jCOuxWmSz5n+sn+rhlZ+zWKSaxsSMGDZMua0TexbbHjBJieaZMZhIZg6zyRhLTLR5TsUkdhfzLZvOWcN1Gu7deb15XWQvwyEcwQm4cAlNuIUWtIFABq/wDh9ogp7QM3r5GS2hYqcKf4TevgHb+4tp</latexit><latexit sha1_base64="YJBvS6eM2Bk6JmQFS6vLP0GfRaY=">AAAB6XicbZC7TsNAEEVnwyuElyEljUOERENkIxCUETSUQSIPKbas9WaTrLK2V7trhGXlI+gQDQUNfAXfwd+wCS4g4TZzNWdGmjuh4Expx/lCpZXVtfWN8mZla3tnd8/aP+ioJJWEtknCE9kLsaKcxbSt mea0JyTFUchpN5zczHj3gUrFkvheZ4L6ER7FbMgI1qYVWFURuF7t1KuJ4GJeeeAEVt1pOHPZy8YtTB0KtQLr0xskJI1orAnHSvVdR2g/x1Izwum04qWKCkwmeET7xsY4osrPH+fXT+3fOMeRUlkUTu3jCOuxWmSz5n+sn+rhlZ+zWKSaxsSMGDZMua0TexbbHjBJieaZMZhIZg6zyRhLTLR5TsUkdhfzLZvOWcN1Gu7deb15XWQvwyEcwQm4cAlNuIUWtIFABq/wDh9ogp7QM3r5GS2hYqcKf4TevgHb+4tp</latexit>
p5





. . .<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIk ESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIk ESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIk ESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit><latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIk ESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
l2p+1
<latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5Hrm2w+ oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5Hrm2w+ oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5Hrm2w+ oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit><latexit sha1_base64="umH6OvZH7u7SFjx1N0gzhH0VIms=">AAAB3HicbZC7SgNBFIbPxluMt6ilzWIQBCHsBEHLoI1lBHOBZA2zk5NkyMzuMjMrhmU7O7GxsNF38Tl8GydxC038q4/znYHzTxALro3nfTmFldW19Y3iZmlre2d3r7x/0NJRohg2WSQi1QmoRsFDbBpuBHZihVQGAtvB5Hrm2w+ oNI/COzON0Zd0FPIhZ9TYUUf001p8RrJ+ueJVvXncZSA5VCBPo1/+7A0ilkgMDRNU6y7xYuOnVBnOBGalXqIxpmxCR9i1GFKJ2k8f5wdn7m+dUqn1VAaZeyKpGetFNxv+57qJGV76KQ/jxGDI7Ip1w0S4JnJnTd0BV8iMmFqgTHF7mMvGVFFm7H+UbGOy2G8ZWrUq8ark9rxSv8q7F+EIjuEUCFxAHW6gAU1gIOAV3uHDuXeenGfn5We14ORvDuFPnLdv/RmIPg==</latexit>
l0
<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6 xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6 xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6 xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6 xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit>
l1
<latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0Krr BuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0Krr BuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0Krr BuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0Krr BuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit>
l2
<latexit sha1_base64="m+k+N/5c26SziaRVD7gRTaJtT7Q=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJEZYqJLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcI m+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3dil6tV664VXcesgxeDhXI0+iVP7v9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsShphDrIHue3TslvndFI60kUTslJRM1IL7rZ8D/XSc3gIsi4TFKDktkV6wapICYms5KkzxUyIyYWKFPcHkbYiCrKjP2Kkm3sLfZbhmat6rlV7+asUr/MuxfhCI7hFDw4hzpcQwN8YDCEV3iHD+feeXKenZef1YKTvzmEP3HevgGwLoZI</latexit><latexit sha1_base64="m+k+N/5c26SziaRVD7gRTaJtT7Q=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJEZYqJLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcI m+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3dil6tV664VXcesgxeDhXI0+iVP7v9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsShphDrIHue3TslvndFI60kUTslJRM1IL7rZ8D/XSc3gIsi4TFKDktkV6wapICYms5KkzxUyIyYWKFPcHkbYiCrKjP2Kkm3sLfZbhmat6rlV7+asUr/MuxfhCI7hFDw4hzpcQwN8YDCEV3iHD+feeXKenZef1YKTvzmEP3HevgGwLoZI</latexit><latexit sha1_base64="m+k+N/5c26SziaRVD7gRTaJtT7Q=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJEZYqJLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcI m+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3dil6tV664VXcesgxeDhXI0+iVP7v9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsShphDrIHue3TslvndFI60kUTslJRM1IL7rZ8D/XSc3gIsi4TFKDktkV6wapICYms5KkzxUyIyYWKFPcHkbYiCrKjP2Kkm3sLfZbhmat6rlV7+asUr/MuxfhCI7hFDw4hzpcQwN8YDCEV3iHD+feeXKenZef1YKTvzmEP3HevgGwLoZI</latexit><latexit sha1_base64="m+k+N/5c26SziaRVD7gRTaJtT7Q=">AAAB13icbZDLTgIxFIbP4A3xhrp000hMXJEZYqJLohuXGB3AwIR0ygEaOp1J2zGSCXFn3Lhwo4/jc/g2FpyFgv/qy/lOk/M3TATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6jhVDH0Wi1i1Q6pRcI m+4UZgO1FIo1BgKxxfzXzrAZXmsbwzkwSDiA4lH3BGjR3dil6tV664VXcesgxeDhXI0+iVP7v9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsShphDrIHue3TslvndFI60kUTslJRM1IL7rZ8D/XSc3gIsi4TFKDktkV6wapICYms5KkzxUyIyYWKFPcHkbYiCrKjP2Kkm3sLfZbhmat6rlV7+asUr/MuxfhCI7hFDw4hzpcQwN8YDCEV3iHD+feeXKenZef1YKTvzmEP3HevgGwLoZI</latexit>
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Figure E.4.: The first functional derivative of the branch Fig. 5.21 d) with respect to G(l0, l1).
This branch type contributes itself a further functional derivative.
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<latexit sha1_base64="K2A86jUHOXemEnCtIwRPPmgGdR8=">AAACAnicbZBNS8MwHMZTX+d8q3r0EhyCoIxWBD0OPehxgnuBtStplm5hSRuSVByl Nz+BH8ObePEgiH4Lv43ZrKCbz+nH8/wDeZ5QMKq043xac/MLi0vLpZXy6tr6xqa9td1USSoxaeCEJbIdIkUYjUlDU81IW0iCeMhIKxxejPPWLZGKJvGNHgnic9SPaUQx0sYK7CMvkghnXo8wjbqZOHRzmAY8Lxx4CX+gK/LArjhVZyI4C24BFVCoHthvXi/BKSexxgwp1XEdof0MSU0xI3nZSxURCA9Rn3QMxog T5Wd3k1o5/B1niCs14mEO9znSAzWdjc3/sk6qozM/o7FINYmxOTFZlDKoEzjeA/aoJFizkQGEJTUfg3iAzCbarFY2jd3pfrPQPK66TtW9PqnUzovuJbAL9sABcMEpqIErUAcNgMEDeAHv4MO6tx6tJ+v5+3TOKt7sgD+yXr8AokuXbw==</latexit><latexit sha1_base64="K2A86jUHOXemEnCtIwRPPmgGdR8=">AAACAnicbZBNS8MwHMZTX+d8q3r0EhyCoIxWBD0OPehxgnuBtStplm5hSRuSVByl Nz+BH8ObePEgiH4Lv43ZrKCbz+nH8/wDeZ5QMKq043xac/MLi0vLpZXy6tr6xqa9td1USSoxaeCEJbIdIkUYjUlDU81IW0iCeMhIKxxejPPWLZGKJvGNHgnic9SPaUQx0sYK7CMvkghnXo8wjbqZOHRzmAY8Lxx4CX+gK/LArjhVZyI4C24BFVCoHthvXi/BKSexxgwp1XEdof0MSU0xI3nZSxURCA9Rn3QMxog T5Wd3k1o5/B1niCs14mEO9znSAzWdjc3/sk6qozM/o7FINYmxOTFZlDKoEzjeA/aoJFizkQGEJTUfg3iAzCbarFY2jd3pfrPQPK66TtW9PqnUzovuJbAL9sABcMEpqIErUAcNgMEDeAHv4MO6tx6tJ+v5+3TOKt7sgD+yXr8AokuXbw==</latexit><latexit sha1_base64="K2A86jUHOXemEnCtIwRPPmgGdR8=">AAACAnicbZBNS8MwHMZTX+d8q3r0EhyCoIxWBD0OPehxgnuBtStplm5hSRuSVByl Nz+BH8ObePEgiH4Lv43ZrKCbz+nH8/wDeZ5QMKq043xac/MLi0vLpZXy6tr6xqa9td1USSoxaeCEJbIdIkUYjUlDU81IW0iCeMhIKxxejPPWLZGKJvGNHgnic9SPaUQx0sYK7CMvkghnXo8wjbqZOHRzmAY8Lxx4CX+gK/LArjhVZyI4C24BFVCoHthvXi/BKSexxgwp1XEdof0MSU0xI3nZSxURCA9Rn3QMxog T5Wd3k1o5/B1niCs14mEO9znSAzWdjc3/sk6qozM/o7FINYmxOTFZlDKoEzjeA/aoJFizkQGEJTUfg3iAzCbarFY2jd3pfrPQPK66TtW9PqnUzovuJbAL9sABcMEpqIErUAcNgMEDeAHv4MO6tx6tJ+v5+3TOKt7sgD+yXr8AokuXbw==</latexit><latexit sha1_base64="K2A86jUHOXemEnCtIwRPPmgGdR8=">AAACAnicbZBNS8MwHMZTX+d8q3r0EhyCoIxWBD0OPehxgnuBtStplm5hSRuSVByl Nz+BH8ObePEgiH4Lv43ZrKCbz+nH8/wDeZ5QMKq043xac/MLi0vLpZXy6tr6xqa9td1USSoxaeCEJbIdIkUYjUlDU81IW0iCeMhIKxxejPPWLZGKJvGNHgnic9SPaUQx0sYK7CMvkghnXo8wjbqZOHRzmAY8Lxx4CX+gK/LArjhVZyI4C24BFVCoHthvXi/BKSexxgwp1XEdof0MSU0xI3nZSxURCA9Rn3QMxog T5Wd3k1o5/B1niCs14mEO9znSAzWdjc3/sk6qozM/o7FINYmxOTFZlDKoEzjeA/aoJFizkQGEJTUfg3iAzCbarFY2jd3pfrPQPK66TtW9PqnUzovuJbAL9sABcMEpqIErUAcNgMEDeAHv4MO6tx6tJ+v5+3TOKt7sgD+yXr8AokuXbw==</latexit>
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<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
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<latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrMKuCLEM2lhGNBdJljA7OUmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d 3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48dBncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAWovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0IR3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit><latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrMKuCLEM2lhGNBdJljA7OUmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d 3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48dBncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAWovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0IR3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit><latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrMKuCLEM2lhGNBdJljA7OUmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d 3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48dBncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAWovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0IR3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit><latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrMKuCLEM2lhGNBdJljA7OUmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d 3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48dBncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAWovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0IR3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit>
...
<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
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<latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrM KuCLEM2lhGNBdJljA7OUmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48d BncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAWovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0I R3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit><latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrM KuCLEM2lhGNBdJljA7OUmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48d BncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAWovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0I R3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit><latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrM KuCLEM2lhGNBdJljA7OUmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48d BncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAWovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0I R3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit><latexit sha1_base64="snYVus5GDR9GXq4sh+14MqM304c=">AAAB13icbZC7SgNBFIbPxFuMt6ilzWAQrM KuCLEM2lhGNBdJljA7OUmGzF6YmRXDstiJjYWNPo7P4ds4iVto4l99nO8MnH/8WAptHOeLFFZW19Y3ipulre2d3b3y/kFLR4ni2OSRjFTHZxqlCLFphJHYiRWywJfY9idXM99+QKVFFN6ZaYxewEahGArOjB3dxv1av1xxqs48d BncHCqQp9Evf/YGEU8CDA2XTOuu68TGS5kygkvMSr1EY8z4hI2wazFkAWovfZzfmtHfOmWB1tPAz+hJwMxYL7rZ8D/XTczwwktFGCcGQ25XrBsmkpqIzkrSgVDIjZxaYFwJexjlY6YYN/YrSraxu9hvGVpnVdepujfnlfpl3r0I R3AMp+BCDepwDQ1oAocRvMI7fJB78kSeycvPaoHkbw7hT8jbN70vhlE=</latexit>
x<latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2SAln/6dL5j6f wOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDA zSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2SAln/6dL5j6f wOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDA zSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2SAln/6dL5j6f wOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDA zSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit><latexit sha1_base64="raTBTHIJqPKB2XjJrxRPzxdDSQI=">AAAB1XicbZC7TsMwFIZPyq2UW4CRxaJCYqoShARjBQtjK9GL1EaV4562Vu0ksh3UKsqGWBhY4Hl4Dt4Gt2SAln/6dL5j6f wOE8G18bwvp7SxubW9U96t7O0fHB65xydtHaeKYYvFIlbdkGoUPMKW4UZgN1FIZSiwE07vF77zhErzOHo08wQDSccRH3FGjR01ZwO36tW8Zcg6+AVUoUhj4H72hzFLJUaGCap1z/cSE2RUGc4E5pV+qjGhbErH2LMYUYk6yGbLS3PyW2dUaj2XYU4uJDUTveoWw/9cLzWj2yDjUZIajJhdsW6UCmJisqhIhlwhM2JugTLF7WGETaiizNiPqNjG/mq/dWhf1Xyv5jevq/W7onsZzuAcLsGHG6jDA zSgBQwQXuEdPpyOkzvPzsvPaskp3pzCnzhv36WPha8=</latexit>
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<latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit> <latexit sha1_base64="kDURHKPjlthO0QrS9tqhr4j7gcg=">AAAB2nicbZC7TsNAEEXH4RXCK0BJYxEhUUU2QoIygoYySOQhJVa03kySJeuHdseIyHJDh2goaOBn+A7+hnVwAQm3uppzR5o7fiyFJsf5skorq2vrG+XNytb2zu5edf+graNEcWzxSEaq6zONUoTYIkESu7FCFvgSO/70OuedB1RaROEdzWL0AjYOxUhwRmbU7g8j0pVBtebUnbnsZeMWpgaFmoPqp1nkSYAhccm07rlOTF7KFAkuMav0E40x41M2xp6xIQtQe+nj/NzM/o1TFmg9C/zMPgkYTfQiy4f/sV5Co0svFWGcEIbcRAwbJdKmyM572kOhkJOcGcO4EuYwm0+YYpzMN/LG7mK/ZdM+q7tO3b09rzWuiu5lOIJjOAUXLqABN9CEFnC4h1d4hw+rbz1Zz9bLT7RkFTuH8EfW2zfHEYeJ</latexit>
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<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W 3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUo nKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578 p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W 3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUo nKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578 p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W 3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUo nKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578 p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W 3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQzrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUo nKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578 p69l5/VJS9/cwB/4r19A61MhkY=</latexit>
l1
<latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W 3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilk pUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578 p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W 3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilk pUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578 p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W 3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilk pUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578 p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W 3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVPNsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilk pUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578 p69l5/VJS9/cwB/4r19A669hkc=</latexit>
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<latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQ zrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQ zrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQ zrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit><latexit sha1_base64="ZB1jqplUJ6WN2tg0T7QTJpzfuho=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrkpGBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixhHx5S8srq2vrhY3i5tb2zm5pb79h4lQ zrLNYxLoVUYOCK6xbbgW2Eo1URgKb0ehq6psPqA2P1Z0dJxhKOlC8zxm1bnQruqRbKpMKmcVfhCCHMuSpdUufnV7MUonKMkGNaQcksWFGteVM4KTYSQ0mlI3oANsOFZVowuxxduvE/60zKo0Zy2jiH0tqh2beTYf/uXZq+xdhxlWSWlTMrTjXT4VvY39a0u9xjcyKsQPKNHeH+WxINWXWfUXRNQ7m+y1C47QSkEpwc1auXubdC3AIR3ACAZxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A61MhkY=</latexit>
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<latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVP NsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVP NsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVP NsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit><latexit sha1_base64="6Bs46/MZ19tnPvvWC2WU2h5l3Nc=">AAAB13icbZDLSgMxFIbPeK31VnXpZrAIrspEBF0W3bisaC/SDiWTnrahSWZIMmIZijtx48KNPo7P4duY1llo67/6ON8JnD9RIrixQfDlLS2vrK6tFzaKm1vbO7ulvf2GiVP NsM5iEetWRA0KrrBuuRXYSjRSGQlsRqOrqW8+oDY8Vnd2nGAo6UDxPmfUutGt6JJuqRxUgln8RSA5lCFPrVv67PRilkpUlglqTJsEiQ0zqi1nAifFTmowoWxEB9h2qKhEE2aPs1sn/m+dUWnMWEYT/1hSOzTzbjr8z7VT278IM66S1KJibsW5fip8G/vTkn6Pa2RWjB1Qprk7zGdDqimz7iuKrjGZ77cIjdMKCSrk5qxcvcy7F+AQjuAECJxDFa6hBnVgMIBXeIcP79578p69l5/VJS9/cwB/4r19A669hkc=</latexit>
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l2
<latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjko yydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogwcMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjko yydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogwcMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjko yydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogwcMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjko yydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogwcMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit>
l2
<latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjko yydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogwcMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjko yydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogwcMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjko yydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogwcMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit><latexit sha1_base64="kmHT6aK4uK7SMW5/ER0Q0owcrTo=">AAAB2XicbZC7TsMwFIZPyq2UW4CRxaJCYqqSCgnGChbGIpG2UhpVjnvaWnUush1EFWVgQywMLPA0PAdvg1syQMs/fTrfsXR+h6ngSjvOl1VZW9/Y3Kpu13Z29/YP7MOjjko yydBjiUhkL6QKBY/R01wL7KUSaRQK7IbTm7nvPqBUPInv9SzFIKLjmI84o9qMPDHIm8XArjsNZxGyCm4JdSjTHtif/WHCsghjzQRVynedVAc5lZozgUWtnylMKZvSMfoGYxqhCvLHxbUF+a1zGik1i8KCnEVUT9Symw//c36mR1dBzuM00xgzs2LcKBNEJ2Rekwy5RKbFzABlkpvDCJtQSZk2n1Ezjd3lfqvQaTZcp+HeXdRb12X3KpzAKZyDC5fQgltogwcMOLzCO3xYvvVkPVsvP6sVq3xzDH9ivX0DYi6HVA==</latexit>
l2q+1
<latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t7ZLe3tN3WUKIYNFolItQOqUXCJDcONwH askIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit><latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t7ZLe3tN3WUKIYNFolItQOqUXCJDcONwH askIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit><latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t7ZLe3tN3WUKIYNFolItQOqUXCJDcONwH askIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit><latexit sha1_base64="TUSCLP9SyyXqzV6NQwixXGOrlTU=">AAAB3HicbZC7SgNBFIbPeo3xFrW0WQyCIISdIGgZtLGMYC6QrGF2cpIMmZ1dZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtfG8L2dpeWV1bb2wUdzc2t7ZLe3tN3WUKIYNFolItQOqUXCJDcONwH askIaBwFYwvpr61gMqzSN5ayYx+iEdSj7gjBo7aoteWr0/JVmvVPYq3izuIpAcypCn3it9dvsRS0KUhgmqdYd4sfFTqgxnArNiN9EYUzamQ+xYlDRE7aePs4Mz97dOaaj1JAwy9zikZqTn3XT4n+skZnDhp1zGiUHJ7Ip1g0S4JnKnTd0+V8iMmFigTHF7mMtGVFFm7H8UbWMy328RmtUK8Srk5qxcu8y7F+AQjuAECJxDDa6hDg1gIOAV3uHDuXOenGfn5Wd1ycnfHMCfOG/f/o2IPw==</latexit>
l2q+2
<latexit sha1_base64="KwmnmDyqk5kxc+9dCjZDUEvXY6E=">AAAB3HicbZC7SgNBFIbPeI3xFrW0WQyCIITdIGgZtLGMYC6QrGF 2cpIMmdldZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL7K0vLK6tl7YKG5ube/slvb2mzpKFMMGi0Sk2gHVKHiIDcONwHaskMpAYCsYX0196wGV5lF4ayYx+pIOQz7gjBo7aoteWr0/rWa9UtmtuLM4i+DlUIY89V7ps9uPWCIxNExQrTueGxs/pcpwJjArdhON MWVjOsSOxZBK1H76ODs4c37rlEqtJzLInGNJzUjPu+nwP9dJzODCT3kYJwZDZlesGyTCMZEzber0uUJmxMQCZYrbwxw2oooyY/+jaBt78/0WoVmteG7Fuzkr1y7z7gU4hCM4AQ/OoQbXUIcGMBDwCu/wQe7IE3kmLz+rSyR/cwB/Qt6+AQAOiEA=</latexit><latexit sha1_base64="KwmnmDyqk5kxc+9dCjZDUEvXY6E=">AAAB3HicbZC7SgNBFIbPeI3xFrW0WQyCIITdIGgZtLGMYC6QrGF 2cpIMmdldZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL7K0vLK6tl7YKG5ube/slvb2mzpKFMMGi0Sk2gHVKHiIDcONwHaskMpAYCsYX0196wGV5lF4ayYx+pIOQz7gjBo7aoteWr0/rWa9UtmtuLM4i+DlUIY89V7ps9uPWCIxNExQrTueGxs/pcpwJjArdhON MWVjOsSOxZBK1H76ODs4c37rlEqtJzLInGNJzUjPu+nwP9dJzODCT3kYJwZDZlesGyTCMZEzber0uUJmxMQCZYrbwxw2oooyY/+jaBt78/0WoVmteG7Fuzkr1y7z7gU4hCM4AQ/OoQbXUIcGMBDwCu/wQe7IE3kmLz+rSyR/cwB/Qt6+AQAOiEA=</latexit><latexit sha1_base64="KwmnmDyqk5kxc+9dCjZDUEvXY6E=">AAAB3HicbZC7SgNBFIbPeI3xFrW0WQyCIITdIGgZtLGMYC6QrGF 2cpIMmdldZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL7K0vLK6tl7YKG5ube/slvb2mzpKFMMGi0Sk2gHVKHiIDcONwHaskMpAYCsYX0196wGV5lF4ayYx+pIOQz7gjBo7aoteWr0/rWa9UtmtuLM4i+DlUIY89V7ps9uPWCIxNExQrTueGxs/pcpwJjArdhON MWVjOsSOxZBK1H76ODs4c37rlEqtJzLInGNJzUjPu+nwP9dJzODCT3kYJwZDZlesGyTCMZEzber0uUJmxMQCZYrbwxw2oooyY/+jaBt78/0WoVmteG7Fuzkr1y7z7gU4hCM4AQ/OoQbXUIcGMBDwCu/wQe7IE3kmLz+rSyR/cwB/Qt6+AQAOiEA=</latexit><latexit sha1_base64="KwmnmDyqk5kxc+9dCjZDUEvXY6E=">AAAB3HicbZC7SgNBFIbPeI3xFrW0WQyCIITdIGgZtLGMYC6QrGF 2cpIMmdldZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL7K0vLK6tl7YKG5ube/slvb2mzpKFMMGi0Sk2gHVKHiIDcONwHaskMpAYCsYX0196wGV5lF4ayYx+pIOQz7gjBo7aoteWr0/rWa9UtmtuLM4i+DlUIY89V7ps9uPWCIxNExQrTueGxs/pcpwJjArdhON MWVjOsSOxZBK1H76ODs4c37rlEqtJzLInGNJzUjPu+nwP9dJzODCT3kYJwZDZlesGyTCMZEzber0uUJmxMQCZYrbwxw2oooyY/+jaBt78/0WoVmteG7Fuzkr1y7z7gU4hCM4AQ/OoQbXUIcGMBDwCu/wQe7IE3kmLz+rSyR/cwB/Qt6+AQAOiEA=</latexit>
l2q+2
<latexit sha1_base64="KwmnmDyqk5kxc+9dCjZDUEvXY6E=">AAAB3HicbZC7SgNBFIbPeI3xFrW0WQyCIITdIGgZtLGMYC6QrGF2cpIMmdldZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL7K0vLK6tl7YKG5ube/slvb2mzpKFMMGi0Sk2gHVKHiIDcONwH askMpAYCsYX0196wGV5lF4ayYx+pIOQz7gjBo7aoteWr0/rWa9UtmtuLM4i+DlUIY89V7ps9uPWCIxNExQrTueGxs/pcpwJjArdhONMWVjOsSOxZBK1H76ODs4c37rlEqtJzLInGNJzUjPu+nwP9dJzODCT3kYJwZDZlesGyTCMZEzber0uUJmxMQCZYrbwxw2oooyY/+jaBt78/0WoVmteG7Fuzkr1y7z7gU4hCM4AQ/OoQbXUIcGMBDwCu/wQe7IE3kmLz+rSyR/cwB/Qt6+AQAOiEA=</latexit><latexit sha1_base64="KwmnmDyqk5kxc+9dCjZDUEvXY6E=">AAAB3HicbZC7SgNBFIbPeI3xFrW0WQyCIITdIGgZtLGMYC6QrGF2cpIMmdldZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL7K0vLK6tl7YKG5ube/slvb2mzpKFMMGi0Sk2gHVKHiIDcONwH askMpAYCsYX0196wGV5lF4ayYx+pIOQz7gjBo7aoteWr0/rWa9UtmtuLM4i+DlUIY89V7ps9uPWCIxNExQrTueGxs/pcpwJjArdhONMWVjOsSOxZBK1H76ODs4c37rlEqtJzLInGNJzUjPu+nwP9dJzODCT3kYJwZDZlesGyTCMZEzber0uUJmxMQCZYrbwxw2oooyY/+jaBt78/0WoVmteG7Fuzkr1y7z7gU4hCM4AQ/OoQbXUIcGMBDwCu/wQe7IE3kmLz+rSyR/cwB/Qt6+AQAOiEA=</latexit><latexit sha1_base64="KwmnmDyqk5kxc+9dCjZDUEvXY6E=">AAAB3HicbZC7SgNBFIbPeI3xFrW0WQyCIITdIGgZtLGMYC6QrGF2cpIMmdldZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL7K0vLK6tl7YKG5ube/slvb2mzpKFMMGi0Sk2gHVKHiIDcONwH askMpAYCsYX0196wGV5lF4ayYx+pIOQz7gjBo7aoteWr0/rWa9UtmtuLM4i+DlUIY89V7ps9uPWCIxNExQrTueGxs/pcpwJjArdhONMWVjOsSOxZBK1H76ODs4c37rlEqtJzLInGNJzUjPu+nwP9dJzODCT3kYJwZDZlesGyTCMZEzber0uUJmxMQCZYrbwxw2oooyY/+jaBt78/0WoVmteG7Fuzkr1y7z7gU4hCM4AQ/OoQbXUIcGMBDwCu/wQe7IE3kmLz+rSyR/cwB/Qt6+AQAOiEA=</latexit><latexit sha1_base64="KwmnmDyqk5kxc+9dCjZDUEvXY6E=">AAAB3HicbZC7SgNBFIbPeI3xFrW0WQyCIITdIGgZtLGMYC6QrGF2cpIMmdldZ2bFsGxnJzYWNvouPodv4yRuoYl/9XG+M3D+CWLBtXHdL7K0vLK6tl7YKG5ube/slvb2mzpKFMMGi0Sk2gHVKHiIDcONwH askMpAYCsYX0196wGV5lF4ayYx+pIOQz7gjBo7aoteWr0/rWa9UtmtuLM4i+DlUIY89V7ps9uPWCIxNExQrTueGxs/pcpwJjArdhONMWVjOsSOxZBK1H76ODs4c37rlEqtJzLInGNJzUjPu+nwP9dJzODCT3kYJwZDZlesGyTCMZEzber0uUJmxMQCZYrbwxw2oooyY/+jaBt78/0WoVmteG7Fuzkr1y7z7gU4hCM4AQ/OoQbXUIcGMBDwCu/wQe7IE3kmLz+rSyR/cwB/Qt6+AQAOiEA=</latexit>
l2q+2
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Figure E.5.: The first functional derivative of the branch Fig. 5.21 e) with respect to G(l0, l1).




[1] Pfeffer T and Pollet L 2017 New Journal of Physics 19 043005
[2] Pfeffer T and Pollet L 2018 Phys. Rev. B 98(19) 195104
[3] van Delft D and Kes P 2010 Physics Today 63(9) 38
[4] Kapitza P 1938 Nature 141 74
[5] Allen J F and Misner A D 1938 Nature 141 75
[6] Landau L D 1937 Zh. Eksp. Teor. Fiz. 7 19
[7] Bogoliubov N 1947 J. Phys. USSR 11 23
[8] Bardeen J, Cooper L N and Schrieffer J R 1957 Phys. Rev. 106(1) 162–164
[9] Wilson K G 1971 Phys. Rev. B 4(9) 3174–3183
[10] Wilson K G 1971 Phys. Rev. B 4(9) 3184–3205
[11] Wilson K G and Fisher M E 1972 Phys. Rev. Lett. 28(4) 240–243
[12] Berezinskii V 1971 Sov. Phys. JETP 32 907
[13] Berezinskii V 1972 Sov. Phys. JETP 34 610
[14] Kosterlitz J M and Thouless D J 1973 Journal of Physics C: Solid State Physics 6 1181
[15] Berthold J E, Bishop D J and Reppy J D 1977 Phys. Rev. Lett. 39(6) 348–352
[16] Bishop D J and Reppy J D 1978 Phys. Rev. Lett. 40(26) 1727–1730
[17] Resnick D J, Garland J C, Boyd J T, Shoemaker S and Newrock R S 1981 Phys. Rev. Lett.
47(21) 1542–1545
[18] Hadzibabic Z, Kru¨ger P, Cheneau M, Battelier B and Dalibard J 2006 Nature 441 1118
[19] Mondal M, Kumar S, Chand M, Kamlapure A, Saraswat G, Seibold G, Benfatto L and
Raychaudhuri P 2011 Phys. Rev. Lett. 107(21) 217003
[20] Kosterlitz J M 1974 Journal of Physics C: Solid State Physics 7 1046
[21] Tsui D C, Stormer H L and Gossard A C 1982 Phys. Rev. Lett. 48(22) 1559–1562
[22] Laughlin R B 1983 Phys. Rev. Lett. 50(18) 1395–1398
[23] Kitaev A and Preskill J 2006 Phys. Rev. Lett. 96(11) 110404
[24] Levin M and Wen X G 2006 Phys. Rev. Lett. 96(11) 110405
[25] Anderson P 1973 Materials Research Bulletin 8 153 – 160
133
[26] Coldea R, Tennant D A, Tsvelik A M and Tylczynski Z 2001 Phys. Rev. Lett. 86(7)
1335–1338
[27] Pilon D V, Lui C H, Han T H, Shrekenhamer D, Frenzel A J, Padilla W J, Lee Y S and
Gedik N 2013 Phys. Rev. Lett. 111(12) 127401
[28] Fu M, Imai T, Han T H and Lee Y S 2015 Science 350 655–658
[29] Bednorz J G and Mu¨ller K A 1986 Zeitschrift fu¨r Physik B Condensed Matter 64 189–193
[30] Renner C, Revaz B, Genoud J Y, Kadowaki K and Fischer O 1998 Phys. Rev. Lett. 80(1)
149–152
[31] Varma C M, Littlewood P B, Schmitt-Rink S, Abrahams E and Ruckenstein A E 1989
Phys. Rev. Lett. 63(18) 1996–1999
[32] Pollet L 2012 Reports on Progress in Physics 75 094501
[33] Trotzky S, Pollet L, Gerbier F, Schnorrberger U, Bloch I, Prokof’ev N V, Svistunov B and
Troyer M 2010 Nature Physics 6 998
[34] Pollet L and Prokof’ev N 2012 Phys. Rev. Lett. 109(1) 010401
[35] Boninsegni M, Kuklov A B, Pollet L, Prokof’ev N V, Svistunov B V and Troyer M 2006
Phys. Rev. Lett. 97(8) 080401
[36] Pollet L, Boninsegni M, Kuklov A B, Prokof’ev N V, Svistunov B V and Troyer M 2007
Phys. Rev. Lett. 98(13) 135301
[37] Scalapino D J and Sugar R L 1981 Phys. Rev. Lett. 46(8) 519–521
[38] Blankenbecler R, Scalapino D J and Sugar R L 1981 Phys. Rev. D 24(8) 2278–2286
[39] Rubtsov A N, Savkin V V and Lichtenstein A I 2005 Phys. Rev. B 72(3) 035122
[40] Prokof’ev N V and Svistunov B V 1998 Phys. Rev. Lett. 81(12) 2514–2517
[41] Mishchenko A S, Prokof’ev N V, Sakamoto A and Svistunov B V 2000 Phys. Rev. B 62(10)
6317–6336
[42] Georges A, Kotliar G, Krauth W and Rozenberg M J 1996 Rev. Mod. Phys. 68(1) 13–125
[43] Kotliar G, Savrasov S Y, Haule K, Oudovenko V S, Parcollet O and Marianetti C A 2006
Rev. Mod. Phys. 78(3) 865–951
[44] Hettler M H, Mukherjee M, Jarrell M and Krishnamurthy H R 2000 Phys. Rev. B 61(19)
12739–12756
[45] Toschi A, Katanin A A and Held K 2007 Phys. Rev. B 75(4) 045118
[46] Brezin E, Guillou J L, Zinn-Justin J and Nickel B 1973 Physics Letters A 44 227 – 228
[47] Le Guillou J C and Zinn-Justin J 1980 Phys. Rev. B 21(9) 3976–3998
[48] Wetterich C 1993 Physics Letters B 301 90 – 94
[49] White S R 1992 Phys. Rev. Lett. 69(19) 2863–2866
[50] Schollwo¨ck U 2011 Annals of Physics 326 96 – 192 january 2011 Special Issue
134
[51] Verstraete F, Murg V and Cirac J 2008 Advances in Physics 57 143–224
[52] Vidal G 2008 Phys. Rev. Lett. 101(11) 110501
[53] Mermin N D and Wagner H 1966 Phys. Rev. Lett. 17(22) 1133–1136
[54] Giamarchi T and Schulz H J 1987 EPL (Europhysics Letters) 3 1287
[55] Giamarchi T and Schulz H J 1988 Phys. Rev. B 37(1) 325–340
[56] Ristivojevic Z, Petkovic´ A, Le Doussal P and Giamarchi T 2014 Phys. Rev. B 90(12)
125144
[57] Kashurnikov V A, Podlivaev A I, Prokof’ev N V and Svistunov B V 1996 Phys. Rev. B
53(19) 13091–13105
[58] Svistunov B V 1996 Phys. Rev. B 54(22) 16131–16134
[59] Altman E, Kafri Y, Polkovnikov A and Refael G 2004 Phys. Rev. Lett. 93(15) 150402
[60] Altman E, Kafri Y, Polkovnikov A and Refael G 2008 Phys. Rev. Lett. 100(17) 170402
[61] Altman E, Kafri Y, Polkovnikov A and Refael G 2010 Phys. Rev. B 81(17) 174528
[62] Pielawa S and Altman E 2013 Phys. Rev. B 88(22) 224201
[63] Kane C L and Fisher M P A 1992 Phys. Rev. Lett. 68(8) 1220–1223
[64] Kane C L and Fisher M P A 1992 Phys. Rev. B 46(23) 15233–15262
[65] Pollet L, Prokof’ev N V and Svistunov B V 2013 Phys. Rev. B 87(14) 144203
[66] Pollet L, Prokof’ev N V and Svistunov B V 2014 Phys. Rev. B 89(5) 054204
[67] Yao Z, Pollet L, Prokof’ev N and Svistunov B 2016 New Journal of Physics 18 045018
[68] Gerster M, Rizzi M, Tschirsich F, Silvi P, Fazio R and Montangero S 2016 New Journal of
Physics 18 015015
[69] Hrahsheh F and Vojta T 2012 Phys. Rev. Lett. 109(26) 265303
[70] Doggen E V H, Lemarie´ G, Capponi S and Laflorencie N 2017 Phys. Rev. B 96(18) 180202
[71] Kardar M 2007 Statistical Physics of Fields (Cambridge University Press)
[72] Nelson D R and Kosterlitz J M 1977 Phys. Rev. Lett. 39(19) 1201–1205
[73] Svistunov B, Babaev E and Prokof’ev N 2015 Superfluid States of Matter (Taylor & Francis)
[74] Harris A B 1974 Journal of Physics C: Solid State Physics 7 1671
[75] Vojta T 2013 Phases and Phase Transitions in Disordered Quantum Systems (AIP, Melville,
NY)
[76] Pollock E L and Ceperley D M 1987 Phys. Rev. B 36(16) 8343–8352
[77] Prokof’ev N and Svistunov B 2001 Phys. Rev. Lett. 87(16) 160601
[78] Weber H and Minnhagen P 1988 Phys. Rev. B 37(10) 5986–5989
135
[79] Hsieh Y D, Kao Y J and Sandvik A W 2013 Journal of Statistical Mechanics: Theory and
Experiment 2013 P09001
[80] Hasenbusch M 2008 Journal of Statistical Mechanics: Theory and Experiment 2008 P08003
[81] Pelissetto A and Vicari E 2013 Phys. Rev. E 87(3) 032105
[82] Fisher M P A and Zwerger W 1985 Phys. Rev. B 32(10) 6190–6206
[83] Altland A and Simons B D 2010 Condensed Matter Field Theory 2nd ed (Cambridge
University Press)
[84] Giamarchi T 2003 Quantum Physics in One Dimension International Series of Monographs
on Physics (Clarendon Press)
[85] McCoy B M and Wu T T 1968 Phys. Rev. 176(2) 631–643
[86] Sachdev S 1999 Quantum Phase Transitions (Cambridge University Press)
[87] Prokof’ev N V and Svistunov B V 2000 Phys. Rev. B 61(17) 11282–11284
[88] Troyer M and Wiese U J 2005 Phys. Rev. Lett. 94(17) 170201
[89] Rossi R, Prokof’ev N, Svistunov B, Houcke K V and Werner F 2017 EPL (Europhysics
Letters) 118 10004
[90] Orrick W P, Nickel B G, Guttmann A J and Perk J H H 2001 Phys. Rev. Lett. 86(18)
4120–4123
[91] Zinn-Justin J 2002 Quantum Field Theory and Critical Phenomena International series of
monographs on physics (Clarendon Press)
[92] Serone M, Spada G and Villadoro G 2018 Journal of High Energy Physics 2018 148
[93] Parisi G 1980 Journal of Statistical Physics 23 49–82
[94] Dyson F J 1952 Phys. Rev. 85(4) 631–632
[95] Benfatto G, Giuliani A and Mastropietro V 2006 Annales Henri Poincare´ 7 809–898
[96] Bender C M and Wu T T 1969 Phys. Rev. 184(5) 1231–1260
[97] Bender C M and Wu T T 1973 Phys. Rev. D 7(6) 1620–1636
[98] Bre´zin E and Parisi G 1978 Journal of Statistical Physics 19 269–292
[99] Schulte-Frohlinde V and Kleinert H 2001 Critical properties of phi4-theories (World Scientific
Publishing Company)
[100] Pelissetto A and Vicari E 2002 Physics Reports 368 549 – 727
[101] Rivers R J 1987 Path Integral Methods in Quantum Field Theory Cambridge Monographs
on Mathematical Physics (Cambridge University Press)
[102] Freericks J K and Zlatic´ V 2003 Rev. Mod. Phys. 75(4) 1333–1382
[103] Press W H, Teukolsky S A, Vetterling W T and Flannery B P 2007 Numerical Recipes
3rd Edition: The Art of Scientific Computing 3rd ed (New York, NY, USA: Cambridge
University Press)
136
[104] Liao S 2012 Homotopy Analysis Method in Nonlinear Differential Equations (Springer
Berlin Heidelberg)
[105] Vajravelu K and Van Gorder R 2013 Nonlinear Flow Phenomena and Homotopy Analysis:
Fluid Flow and Heat Transfer (Springer Berlin Heidelberg)
[106] Liu C 2010 Applied Mathematics and Computation 216 1299 – 1303
[107] Liu C 2011 Communications in Nonlinear Science and Numerical Simulation 16 1254 –
1262
[108] Gorder R A V 2017 Numerical Algorithms 76 151–162
[109] Hille E 1997 Ordinary Differential Equations in the Complex Domain Dover books on
mathematics (Dover Publications)
[110] Bender C and Orszag S 1999 Advanced Mathematical Methods for Scientists and Engineers
I: Asymptotic Methods and Perturbation Theory Advanced Mathematical Methods for
Scientists and Engineers (Springer)
[111] Stevenson P M 1984 Phys. Rev. D 30(8) 1712–1726
[112] Buckley I R C, Duncan A and Jones H F 1993 Phys. Rev. D 47(6) 2554–2559
[113] Kleinert H 1993 Physics Letters A 173 332 – 342
[114] Kleinert H 2009 Path Integrals in Quantum Mechanics, Statistics, Polymer Physics, and
Financial Markets EBL-Schweitzer (World Scientific)
[115] Rossi R, Werner F, Prokof’ev N and Svistunov B 2016 Phys. Rev. B 93(16) 161102
[116] Serone M, Spada G and Villadoro G 2017 Journal of High Energy Physics 2017 56
[117] Riordan J 2014 An Introduction to Combinatorial Analysis Princeton Legacy Library
(Princeton University Press)
[118] Josephson B 1962 Physics Letters 1 251 – 253
[119] Kozik E, Ferrero M and Georges A 2015 Phys. Rev. Lett. 114(15) 156402
[120] Alloul H, Ohno T and Mendels P 1989 Phys. Rev. Lett. 63(16) 1700–1703
[121] Norman M R, Pines D and Kallin C 2005 Advances in Physics 54 715–733
[122] Ferrero M, Cornaglia P S, De Leo L, Parcollet O, Kotliar G and Georges A 2009 Phys.
Rev. B 80(6) 064501
[123] Gull E, Parcollet O, Werner P and Millis A J 2009 Phys. Rev. B 80(24) 245102
[124] Gunnarsson O, Scha¨fer T, LeBlanc J P F, Gull E, Merino J, Sangiovanni G, Rohringer G




This PhD thesis would not have been possible and such a valuable experience without the support
of the people I list below, to whom I want to direct my deepest gratitude:
. . . my supervisor Lode Pollet who has the largest share in making this thesis possible. I really
appreciate his advice, patience and trust in my work, which enabled me to grow intellectually as
well as personally during the last years. This would not have been possible without the freedom
and the support he provided.
. . . Uli Schollwo¨ck for a great time during our stay at the Flatiron Institute, interesting
discussions, and valuable support.
. . . Matthias Punk for examining this thesis and being part of my PhD commission.
. . . Joachim Ra¨dler and Ivo Sachs for being part of my PhD commission.
. . . Boris Svistunov for the invitation to present our work at the Simons foundation summer
school of the Many Electron Collaboration as well as for valuable discussions.
. . . Zhiyuan Yao for illustrating the basic ideas of papers performing RG calculations in exotic
conventions.
. . . Peter Kroiss for introducing me to “Hello World” and Monte Carlo methods. We had a
great time together during and after work.
. . . Dario Hu¨gel for sharing my interests in and beyond physics and for proof reading the thesis.
I will miss our many discussions during and after work.
. . . Sebastian Schulteß for being a great office mate and valuable discussion partner.
. . . Jens Grimm for your warm welcome to the office on my first day and for not even trying
to pretend to be professional.
. . . Sam Mardazad for explaining me how things are really supposed to be and for proof
reading parts of the thesis.
. . . Tuomas Vanhala for being a valuable discussion partner and for proof reading parts of the
thesis.
. . . Ke Liu for your refreshing way of thinking. After attending the APS meeting we realized
that, after all, it is not too bad to be a scientist.
. . . Jacopo Nespolo for the daily coffee breaks at the secret coffee machine and for bringing
some breath of fresh air to our group.
. . . Andrew Hayward, Jan Stolpp, Carlos Velasco, Ines de Vega, Nils-Oliver Lin-
den, Carlos Parra and many others. Our joint lunches were welcoming breaks of any workday.
139
. . . Cordula Weber for all the perfect administrative support and for always being patient
with me having missed various deadlines.
. . . Raphael Goll for proof reading the thesis and for always being a motivated climbing partner.
I am still convinced that in the end it boils down to finger strength.
. . . last but not least to Marina and my family.
140
